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Yiwei Sun
Hypothesis test

® Hypothesis test is a decision based on data
® The decision either accepts Hy or rejects Hy in favor of Hj

® Procedures of hypothesis testing

® Construct a real valued function of the data called test
statistic
T= T(Xl,XQ Xn) eR

® Pick a critical region C — How1tg pick cvitical region H
® One sided test: C = {x: x > c} for critical value ¢

® Two sided test: C = {x : |x| > c} for critical value ¢
® State hypothesis test as the decision rule

accept Hy if T ¢ C
reject Hg if Te C

Evalwation 0L hypothesis Test
(Power function) The protability of rejection
T(F) = P(rdetHo IF) =P(TecC (F)

DEF| Type T €wvor : Mejet Ho under truth Ho

Size of o test: probabiuty of type I evvor P(reject Ho | Fo) = T(R)

Type T ewor: AClept Ho under tvuth H

power of atest: probability of rejedt Ho under truth Hy ( I— Typell €wo!‘3
P(vejeet Ho | T ) = T(F))

e Type T & T ewor (annpt be redute Simultaneously .

« Pick C that Contwol Site and then maximite power sit. §ize Constraint.
1. Let X ~ binomial(5,6) with # unknown. Consider testing Hy : 6 = 1 versus H; : 6 > 1.

(a) Consider test alpha that rejects Hy if and only if all “successes” are observed. Derive

the power function of this test. Calculate its type I error. Express its type II error as a
function of § where § > 1.

(b) Consider an alternative test beta that rejects Hy if we observe X = 3,4, or 5. Write down
the power function of this test. Calculate its type I error. Express its type II error as a
function of # where 6 > %

(c) Between tests alpha and beta, which test has a smaller type I error? Which test has a

smaller type II error? Which test would you prefer?



X~ binomial (5, 8) = pmf P(x=k)= (2)e"(-e) "
(@) T (E) = P(an sucess IF)
= (2)e t-ef
= 95
Type L evior: Tu(F) = 96 |e=-;z = (‘;‘:)g = ‘3“7_
Type T ewor: | — Mu(F) = 1= ©°, where 8>z,

S when B>z, 6 <0.0313 = Type T €rvor i§ (arger
) TB(F) = P(x=3.4c|F)
= (5)dwe)” + (i) u-ey+ (2)ee
= 106°(1-0)" + 56*(-6) + ©°
TypeLeror: Te(Fo) = 10(1)P(U2)" +5 () )+ (1Y = 2
Type T ewor: | = Ta(F) =1 - 106°(1-6)" - 56*(1-8) — ©° , for ©>'iz

() Ma(E) = ?lz < Te(R)=llz = Test alpha has smalier Typel enor

= TIa(F) = 1€ > 1-100°(-6)" - 56"(6) — 6° = | - T1,(F,)

= Test p has Swailer type I ervor.

3. Take the model X ~ N(u,4). We want to test the null hypothesis Hy : g = 20 against

Hy : > 20. A sample of n = 16 independent realizations of X was collected, and the sample
mean X = 20.5.

(a) Propose a test with size a equal to 1%. What is the condition for rejecting Hy for this
test?
(b) What is the p value of this test?

(¢) What is the condition for rejecting Hy with av = 1% if we increase the size of the sample
to n =257

(d) We want a test with power 90% if p = 21. What is the size of the sample n needed for
that? Explain briefly how n affects the power of the test.

(e) Now consider the two-sided test H : ¢ = 20 against Hj : o # 20. Write down the power

function of the test if ¢ = 21. Compare with (d). Do you need a larger or smaller n in
order to achieve 90% power?

%-20
(ay TE o 1S known , under Ho, T= —<  ~wW(o 1) & 2Ztest
2 20.£-20 w
Sine T =Y, Nn=lb, T= = =1.

A test with Size 19 = reject Ho,vrnater Ho with 1%.

= V'ej&}t Ho “F T > Zo.‘n
- . 0.99 11 Quanti 0f W (o)
=) Do not vejet Ho with «= 1%



(b) [DEE] P-vas is p= 1 - G(t|F)

NS sampling diStubition of T (coF)

o~ Wlo)
P= 1- G(21.u=20)
= 1= 3(2) = i— 0.34i7 = 0.168%

R COF of N (o)
PL) PAf of o)

20.9 -20 E
CL) Under Ho, T = — = = %4 =125
@

A test with site (%o reject Ho if T > Z,39

S——

(g
125 2.33

Do not Vejer Ho underd = | %o.

(A) With Ho: u=20 against H1: 720, the rejedion ruleat (o significang

. ] . X-2
level (s rejet Ho if T= "o >2.33.
"
Choose sample Site N sit. power oftest =0.9.

The power at m=21 iS 90% if
P( rejet Ho | m=21) =09

P 7% > 2.33 I/,),‘:Zl) =09

Y- 21
Under m=21\, =z~ wWi(oil) , so
N
;(—ZH-(
Pl —2— >2.23 | wm=2|
n

{n z-
> 233" = = X2
5 z "’M 2‘) ) Tz__ ‘VJ\Y(OA)
n

= I—@(L%?)“Ei-)
we choose N sit. | — B(z33-%) =09



=) n=(#22) x (3.
Hs ﬂTl 5(2'?’5'{7\/1«)¢ ’ POw?FT

(e) Consider twosided test with size (% .
With Ho: u=20 , Hi: u$20 ., Hw lejection rule at (%o level (S
- . -2
fejece Ho i(f T= ‘ X_ﬂ__f'\ > Ziooos = 25%

()

Power function at =21 is

P< ‘ i’zol >2.5% ‘ /U\=2‘>

£
"
X -20 X 20
=P ( z > L% or z  <-uBt | wE2
W 2

sl

X2 £l X -2l
=P z > 25X or <-2&t | m=zl
n

X -2\ x-21
= F ( 2 > 2.5} - \(-—2- or 2 <-2.§}—"m/z M=2l>
17 ™

= | - @(29}'@2) T E(‘Zﬁ?‘&/z) - (o)

Solve h St (BY=09. = n 2 bo.



