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motivation convenient symbol for random variables and random vectors

which converge in probabilityto zero or are stochastically bounded

DEF NonStochasticOrders

For usomastic sequence Xn and an

small on Xn o an if In o as a a

as n is Xn is eventually small compared to an

big oh Xn 0 an if finitescalars M Nm sit n Nm In am

Xn and an may be of the same order but is alwaysbounded
for sufficiently large n

Important special case arise an 1 1 then

Xn 1 if Xn o as now

Xn Oct if limSYP Xu co Xn is boundeduniformly in n

DEF Stochastic Orders

For static sequence in
and.gemgf.c

sequence an

small oh p Xn op an

Xn is of smaller stochastic order than an

big oh p Xn Op an if Eso Me Nem sit

P 1 91 Me E n Neim
Xn is of the same stochastic order as an

Again consider special case an 1 1

Xn op i if Xn 0 Xn vanishes








































































Xn Opci if Eso constant Me sit limmsup P 1 n Me E

Xn is stochastically bounded

Note If Xn is stochastically bounded this doesn't imply a determinis

upper bound on Xn even for large n

What is means is Xn can't take arbitrarily high values with
non vanishingprobability

Notes Op i is a weaker notion than op i in the sense that

Xn op i Xn Op i not the reverse

A typical instance of Xn Op i is that Xn Z where Z is some

known random variable

ex If Xn is a studentized test statistic let Z W 0,1

very large values of Z are possible but very unlikely
Another important use of the term is In consistent

An estimation error 0 is said to be of stochastic order

n If O O Op nth in 0 00 Op i

ByChebyshev inequality we can show 8 0 Op MET
Proof For each Eso pick Me

By Chebyshev inequality

P 195 me P 10 001 F jme
E 0 0012

MSE O

MSECOJM S
2 E n Ne m

TE

Algebra of stochastic orders

If Xn Op an Yn Op bn then



XnYn Op anbn

Xn Yn Op max an bn

Replace 0 with o everywhere in still holds

If Xn Op an Yn Op bn then XnYu op anbn

If Xn Op an and 9 0 then Xn op bn

Op i op i op i

Op I Opci Op I

Op i Op i Op I

Op I Op I OP I

OP I Op i op I

Op i Opci Op i

a since E xi1 ocb iid by WCCN x ̅ E xi 0

x ̅ opci convergence

To find the sharpeststochastic order want to find the rate of a
x ̅ 0 x ̅ Op EE

Op Fn or is a finiteconstant

Op Op In



x ̅ Op In

b Y E Yi 3 var Yi 2

By WUN Y E Yi 3 0

Y Op I

or equivalently Y 3 Y 3 op 1

Op I

c x ̅
From a x ̅ Op In
XP x ̅ x ̅ Op In.tn Op t

byOpalgebra

d 413
From b Y Op i
Y 3 Y 5 I Op 1 1 1 Op i

e XY

Since Xi Yi mutually independent E XY EÉÉYI o

var XY E 4 E 41

E X 42
in

E XIE 421

var x ECI var y ECT b

ByChebyshev inequality XY EXT OP FEE
XY ELY Op tn

XY Op tn



f x ̅ 2

From a x ̅ Op tn
x ̅ 2 Op ta Op i Op max In 1 Op i


