Econ 6190 Problem Set 3

Fall 2024

1. [Hong 6.8] Establish the following recursion relations for sample means and sample vari-
ances. Let X,, and s2 be the sample mean and sample variances based on random sample

{X1, X5...X,}. Then suppose another observation, X, .1, becomes available. Show:

() Xppy = Soitne,

(b) 718721_1_1 = (TL - 1)331 + HLH(Xn-H - Xn)Q

2. |Hong 6.6] Suppose X" = (X1,..., X,) is an iid N(u, 0?) random sample, Y™ = (Y,...,Y,) is
an iid N(u,0?) random sample, and the two random samples are mutually independent. Let
X,, and Y,, be the sample means of the first and second random samples, respectively, and let

s3 and s? be the sample variances of the first and second random samples respectively. Find:
(a) the distribution of (X,, — Y;,)/v/202/n ;

(b) the distribution of (X, — Y;,)/+/25% /n;

(c) the distribution of (X, — Y,)/\/2s% /n;

(d) the distribution of (X,, — Y,,)//(s% + s%)/n;

(e) the distribution of (X, — Y,,)/+v/s2/n, where s2 is the sample variance of the difference
sample Z" = (Z1,Zy ... Z,), where Z; = X; = Y;,i=1,2...n.

3. [Hong 6.9] Let X;,i = 1,2, 3 be independent with N(3,?) distributions. For each of the following

situations, use X, X5, X3 to construct a statistic with the indicated distribution:

(a) Chi-square distribution of 3 degrees of freedom;

(b) t distribution with 2 degrees of freedom;

4. |[Final exam, 2022] Let {Xi,...X,} be iid with pdf f(z | §) = e @=91{z > 0}. Show

Y =min{Xy,...X,} is a sufficient statistic for # without using the Factorization Theorem.



5. Let {Xy,...,X,} be a random sample with the pdf for each X

el x>if
f(z|0) =

0 x < i .
Show min; (XT) is a sufficient statistic for 6.

6. Show that the following claim is true: any one-to-one function of a sufficient statistic is a also

sufficient statistic.

7. Let X be one observation from N(0, 0?). Is | X| a sufficient statistic for 027 Give your reasoning

clearly.
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(o). Xi~ N, %), then XiZl | Nco i)
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Answer: The joint density of {X1,... X} is
flay, o) = M e @01, > 60}
— T (I (1 > 0))

n . .
e 2Zi=i%ie  min{x,...x,} >0

0 otherwise ’

which can be written as
flzy,...xp) =€ Yis1iq {min{zy,...2,} > 0} el
Nezt, we derive the pdf of Y = min{Xy,... X, }. To do so, note the cdf of Y is

P{Y <y} = P{min {X,,... X,,} <y}
=1— P{min{X,,... X,,} >y}
=1-P{Xy1>y,...X,, >y}

=1
=1- H/ e~ =01{t > 0}dt.

i=1"Y



+han

Note

/OO 01t > gyt — Jo e 0dt y <0
y fyoo e~ t=0dt >0
1 y <0
w0 y>0
Thus,
P{Y <yl=(1-e"v)1{y>0}.

And the pdf of Y is fy(y) = (17,(3_“(”_‘9)) 1{y > 0} by taking derivatives. Therefore,

floy, . wn) e Xi=1 %1 {min {zy,...2,} > 0} e
fY(?/) - (n(i—n(min{au,...1‘7,,}—9)) 1 {Inin {_7;17 . Tn} > 9}
e i1 Ti

ne—n(min{xl,...x,,} ! for min fx” . aXn:P/Q

which does not depend on 0. Thus, min {X1,... X, } is a sufficient statistic.

19— X .
X. o) = . vi, = 2% & min(5)2°
0 otherwise,
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