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1. Basic Probability Theory

1.1 Puvoperties of probability Tfuaction:

€\

70
. PC(AUB) = P(A) +P(B) — P(A1B) €e>
« Boole's inequality: PCAUB) S P(A) + P(B)

v Bonferoni 'S inequahty: P(ANB) 2 P(A) +P(B) — |
PAR) = PA)tP(B) - P(AUR)

=]

1.2 Conditional Probability

DEF| T P(@ >0, e Conditional probobility bf A Jiven B (S

PAIB) = P:::Q)B)




1.% Law of Total Probability
Theoremn TF \SB., Bz, -.. 'j is pavtition of Sawple Spaw S, aud P(Bi) > o VL.

then P(A) = ‘% P(B() P(A] BL)
B )B2 /q €3 s "
& P = P( O (A f\BL))
B
\Bl‘,‘ e'cg\igsdiv\t n
B ) = 2 P(ANBL)
ok 2
ed T S peOPAIBD)

)
1.4. Baye's Rule:

Theorew I PA) >0, amd P(B) >0, tun
P(ALB) = P(BIAYP(A)

P(B|A)PA)+ P@IA) PK)

Praof. By def of Cond- Prob. & Law of toial Probability,

P(AI B) = Pg\cg?

P(BIA)P@A)
P(BIA)PAR) + Preix) IX)

2. Ranglom Vaiiables

A RV is a function fiom T Somple sPak S o the read Ling TR,

A Cumulative distnbution tuaction (CoF) 6f a RV x (S
) = R (Xs%), ¥#er.

PropertieS of COF:
e T (X) is nonclecreasing - %N<%z 2 Fo(x) S Fx(x).
. dim B =0, dmFo-1.
%>

X

. F,\(-) is Vight (ontinuwous . —
—__ ( —




« Continuous RV 1If F(x)is toutinuous
- probobiuty density function (pdf) fx (%D = %HFX (x) .
By fundanantad tieovem of (alculus
RO = [F fwdade , ¥x.
. Discrete Rv £ K(x) 15 a step function
- probowility mast function (pmf)  Tx(X) =P(X=x), VX,

Transformation of Rv , see Topic 1 Slides.

DEF| The expectalion pr mean of a Rv G(X) is
ELgw] = 7 godrm)
(23w f0da  if co.

X%_% 300 P(x=%) f discrete
C e Support I o random vanable X .

Properties .
« lnear operotov: E[aX+b) = aE[R] T D
Ko Jensen's ineqmahtly
/
§ g0 is conex, G(EDQ) § E[900] -
o F0%) s covcave, E[%Lx):\ < %(EC*:D ,[/7‘,_
;\ : D

‘DEFI The varidnw of X 13 0;2 = E[(x- EDCD‘}
The Stomdava daviation of X (s Tx = (0@ .

Tweorem  var(x) = ELx?) —-(EE)«:\Y
var (ax+b) = a*var(x)



2. Random Vecors (Bivanate)
Joint dlistibution fumction - Ty (x.Y) = P(xsx,Y 516)
= p(Ixs¥3nfrsyl)
Joint prabability mass function © £ (x.4) = P(X=%, Y=1)
Joint Puobability density function « T(xy) =§3§\?F(%\4) T Oy)
Marginal distribution K@ F(®)= P(xsx)=P(Xs%, ¥ sw) is cost - RAE(-

Marginal pmE s ¥ (k) =P(%X=x) =BGZRF(‘X.£3) YV xeR
Margjinal .' = (7
gl pdf s Fxio = | fxygdy.

Y. Conditional disthbution
Conditional diisthbution fumction of Y| x is:
disoete  Fyy(yix) =P(Tsy|x=x) = P(‘r;(z . %«)
Lontinuous FY\,(L% (%) :“ie_i)v: Plysy \ X-& sKs ';H-&)

. £(x:y)
Condlitional PO‘\C/PMJF is fx (Ylx) = ‘Fx(:() ,» Tx(x)>0.

X

DEF| Two random vaiiable X, ave statistically jncopendent T

F(x9) = RO CY) .  written XLV,
= flxy) = @) feiy) 2 Trx (Y1) = fe(y)

naegrinal K
Law of Tteratedq Oxpetation /V S Y

Theorean TF ELIYID <. ElY] = E[E[YIXJJ_
ECy1 = J § yfeupdydx
= JJ Y £ ) fix(Ylr) dyar

= jfx(x) S Y frix (41 x) Ay aX

= f{x(x) ELYIX=x)dx = E[E[lejj



2. [Hansen 1.16] Suppose that the unconditional probability of a disease is 0.0025. A screening
test for this disease has a detection rate of 0.9, and has a false positive rate of 0.01. Given that

the screening test returns positive, what is the conditional probability of having the disease?

event D : hawdisease

guent P : positive Screening test
P(D) = 00025
Pp(PID) =09
P( P|b°) =00l

p(olp) = —ooBaR) PLPIDIPE)
Dlp P(P) P(PIDP®) + P(PI D) P
0.9 X0.0028

i\

09 k0002 + Do x0.99%%

= 0. (3Y.

5. [Hong 5.54] Suppose (X,Y") have a joint pdf

ze ¥, if0<z<y<oo,
fXY(Ia y) = —_——
0, otherwise.

a) Find the conditional pdf fy|x(y|z) of Y given X = z.

(
(b) Find the conditional mean E(Y]X = z).

)
)

¢) Find the conditional variance var(Y|X = x).
)

(
(d) Are X and Y independent? Give your reasoning.
., -9 -4 |%° - -X
ca) fx(x)= jx Xe Tdy = —Xe |x = 0-(-Xe ") = XE, forxo
xy(xiy)
% (%)

¥, if o<x<Y<rwe.

then {Y\X(% %) =

o) , Otherwise .

(b) ECvwix= x)= j:o Y Fem (Y1%) dy



— (% x-Y
29 e ™ ay
= e" :’%e“i\o\% Sudv=uv—j\10\w
b i A€ o N
Ao PR —go- =e S gdy=dle)

> [Pyd(-€”)
e fuce|T - (- Jreta) §
er f o- (-xe*) + (-€®l}y) 3

e"f xe” + e‘xk = X+ 1

@ var(Yix=x) = E[ (Y- ELvIx=x3)* | x=x]
= elr? %] = (elrxd)”

EL v ix=n)= [ g* faxtyiody

= X*t+2x+2

var (71 X=x%)

(l

ELy21v=o] ~ (ECrin=«3)
= x’+2xtz — (x¢)> = 1.

p—l

) ELvix=x]1= %+

NOT Sy inctepevdent -
I{ s0, s(Y|x=xd showdit be A function of X -



