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Introduction

The note is a collection of concepts and results that I scrounged from many places that I think you
will find useful in navigating and completing your first year in the field of economics at Cornell
University. It is intended to be a self-contained reference for you as you progress in your first year.
The course itself prioritises practicality, rather than rigour. We will only go over proofs that deepens
your understanding of the relevant result and/or to help you familiarise yourselves with the proof
techniques that would be useful in your core classes. We will not be spending time to practice the
mathematics you cover—you will be doing that throughout the rest of the year. Finally, even if
some materials seem esoteric at times (especially at the beginning of the class), I promise you that
there is a good reason behind why we are going over them.

Tips for success Reading books and notes and listening to lectures (i.e. passing learning) won’t
work—you have to learn actively by working through the proofs and examples we go over in class
(active reading), taking notes during class (active listening), and solving practice questions. Working
in groups is strongly encouraged BUT always try to work through all problems on your own before
meeting with others. And check your understanding by explaining it to others!

Textbooks
e Sundaram, “A First Course in Optimization Theory”.
e Simon and Blume, “Mathematics for Economists”.
e Sydsaester, Hammond, Seierstad and Strom, “Further Mathematics for Economic Analysis”.

e Hansen, “Probability and Statistics for Economists”

If you find any mistakes and /or typos, please let me know by emailing me at takumahabu@cornell.edu.


mailto:takumahabu@cornell.edu
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Part I
Foundational concepts

1 Preliminaries

Throughout, I will use the symbol “:=” to define things.! For example, if I want to define a function
f to be a constant function that always equals 1, I will write f(z) := 1. Note that I can write 1 :== 2
and it wouldn’t technically be wrong—it just means that I will use 1 to mean 2 (of course, I will
not write such nonsense!).

I denote N := {1,2,...} as the set of natural numbers,®> Z := {...,—2,-1,0,1,2,...} as the
set of integers, Q := {% : a € Z, b € N} as the set of rational numbers, and R as the set of real
numbers.

1.1 Proofs

1.1.1 Propositional logic

A proposition is a statement that has either value true (T) or false (F) but not both. Let p and
q be two propositions. Two statements p and q are logically equivalent, written p = ¢, if they
always have the same truth/false value; i.e., they have the same truth values. Write the negation
of proposition p as —p (read “not p”). The compound statement “p and ¢” is written p A q. The
compound statement “p or ¢” is written pV gq. The table below sets is a truth table the truth values
of negation and compounding of proposition(s).

Table 1: A truth table.

SRR LS
3 m A
H = md

Exercise 1 (De Morgan’s laws). When negating compound statements, prove that we can move
the negation “inside” and flip the “sign” as below:

—(pVaq)=-pA—g,
—(pANqg)=-pVq.

A statement that is always false is called a contradiction (e.g., p A (—p)). A statement that is
always true is called a tautology (e.g., p V (—p)).

We say p implies g, denoted p = ¢ , if it is the case that “if p (is true), then ¢ (is true);”’
importantly, no conclusion about g can be drawn if p is false. The converse of p = ¢ is ¢ = p (read
either as “if ¢, then p” or “p only if ¢”). A two-way implication, written p < ¢ (read if and only if
(iff)), means p = ¢ and ¢ = p; i.e.,

peq=(@=q9N(q=Dp).

The contrapositive of p = q is —q = —p.

LOther notations include e and =g.f.
2Sometime people also include 0 as part of N.
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Exercise 2 (Truth table). Extend the truth table, Table 1, to include p = ¢, ¢ = p, p < ¢, and

Exercise 3 (Modus Ponens). Suppose it is the case that “if it is raining, then there are clouds”
and “it is raining.” Can you conclude whether there are any clouds?

Exercise 4 (Modus Tollens). Suppose it is the case that “if it is raining, then there are clouds”
and “there are no clouds.” Can you conclude whether it is raining?

A wvariable proposition, or predicates, are propositions whose truth value depends on some other
parameter, say x that can take values from a collection of values X. Write p(z) as the truth value
of statement p given parameter . Say that p(z) is sufficient for ¢(z) if p(x) = g(z) is true for all
possible values of z, and say that p(x) is necessary for g(x) if the converse, ¢(x) = p(z), is true for
all possible values of x. The statement “Va € X, p(x)”, or equivalently, “p(x) Vo € X”, means that
p(x) is true for all possible parameter z in X. The symbol V is called the universal quantifier and
can also be read as “for every.” The statement “Jz € X, p(z)” means that p(z) is true for some
parameter x in X. The symbol 3 is called the existential qualifier and can also be read as “there
exists” or “for at least one.” Write 3! to mean “there exists unique”.

Proposition 1. When negating qualifiers, we can move the negation “inside” and swap the “sign”
as below:

~(VzeX, p(x)=@EreX, plr),

—(Fz e X, p(x)) = Ve e X, —p(x)).

Proof. Note that
VzeX, p(x)=p@)Ap@@)n--

Applying De Morgan law repeatedly to gives
~(Vze X, p(z)=-p@)V-p@)A---

and so there must be at least one x in X for which p(z) is false. The proof for the negation of the
existential qualifier is analogous. |

Exercise 5. Read the following statement.
Ve >0, 3 >0, l[y— f(s)] <eVseS\{z}:|z—s| <da.
Convince yourself that the statement above can equivalently be written as
Ve>0, e >0, (|t — 8| <deu, s€S\{z}) = y—f(s)| <e

Finally, write and read the negation of the statement(s) above?

1.1.2 Proof methods

A proof of a statement shows that the statement is always true given some assumptions. An example
does not constitute a proof; however, a countererample can be used to show that a statement is
false (i.e., can be used to disprove a statement). Following are the main methods to approach a
proof.

e Deduction/direct proof: Start with what you know, set up a chain of argument to end up
with what you wanted to show.
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e Contraposition: direct proof of the contrapositive statement.
e Contradiction: Assume that the required result is false then work to obtain a contradiction.

e Induction: Prove the base case (e.g., n = 0) then the induction step while assuming the
induction hypothesis (assume it holds for n, then show that this implies the result for n + 1).
Then, invoke the Principle of Mathematical Induction.

Principle of Mathematical Induction If S is a subset of N such that 1 € Sandi+ 1€ S
whenever ¢ € S, then S = N.

Example 1. Suppose we wish to prove that the sum of the first n natural numbers is w for

any n € N.

e A direct proof is to fix n € N, and let the sum be S,,:
Sp=1+2+--4+(n—-1)+n.

Writing in reverse order:
Sp=n+n-1)+---+2+1

And os
28y =n+1)+n+1)+---+(n+1)+(n+1).

n(n+1)
2

Rearranging gives S,, = . Since we chose n arbitrarily, the result holds for all n € N.

e A proof by induction proceeds first by ensuring that the base case n = 1 holds—the sum of

just the first natural number is just 1. From that formula, we also have S; = w = 1.

Thus, the formula holds for n = 1. To proceed, now suppose that the formula holds for some
specific value of n, say n = k for some k € N. We ask now if the formula holds for n = k + 1.
That is, suppose
kE(k+1
Sk:1+2+"'+k‘—1+k’=%.

Then,

k(k+1)+(k+1): (k+1)(k+1+1).

2 2

Because the last expression is the same as the formula for S; when we replace k by k+ 1, we
can conclude that if the formula is correct for k, then it is also correct for k£ + 1. Finally, we
invoke the Principle of Mathematical Induction to conclude that formula is correct for all n.

Spr1 =S+ (k+1) =

Example 2 (Proof by induction). We take the overlapping generation (OLG) model that you will
cover in Macroeconomics. An agent, or a generation, that lives for two periods is born in each time
period t € N. Let #¢ € R and ¢! € R denote generation i’s consumption and endowment in period
t respectively in a pure exchange economy. Assume that there is an “initial old” generation in ¢t = 1
whose consumption is denoted x9. By assumption, i = 0 and e} = 0 for all ¢+ ¢ N\{i,i + 1}, and
each generation have strictly positive endowments while they are alive; i.e., for all i € N, ei > 0 for
t € {i,i+ 1}. Market clearing (or feasibility) condition is that

et ol =l pel Ve N
Let p, € Ry be the price of goods in period t, then the budget constraint for generation ¢t € N is

e + pt+117§+1 = piey +pt+1€§+1, (1.1)

- 10 -
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where we have implicitly assumed that the preferences are strictly increasing so that the, budget
constraint binds. We will prove by induction that any competitive equilibrium is autarky (meaning
no trade); i.e., for any price vector,

it =l 2t =Vt e N (1.2)

First, we prove the base case: Since the initial old care only about consumption in ¢t = 1, it
must be that
xi = ej.

Combining with the period-1 market-clearing condition, 9 + 1 = € + e}, implies

e
Thus, (1.2) holds for ¢ = 1.

Now, we make the inductive hypothesis that (1.2) holds for some period ¢ > 1. The goal is
to show that (1.2) then holds for period ¢ + 1. Since z! = e by the inductive hypothesis, budget
constraint, (1.1), implies that x? 41 = el 4+1- Combining this with the period-t + 1 market clearing
condition, at,; + z{T] = el ; +e{T], yields that z{T{ = e;T]. Thus, (1.2) indeed holds for period
t+ 1.

Therefore, by induction, (1.2) holds for all ¢ € N.

Remark 1. 1 often write “TFU: [some statement]”. The TFU stands “True, False, or Uncertain,”
what I mean here is that I'm looking for a proof of the statement (the “T” case), or a counterexample
(the “F” case), or cases in which the statement is sometimes true and other times false (the “U”
case).

1.2 Sets

A set X is a collection of objects or elements. If x is an element of X, we write z € X and if x is
not an element of X, then we write x ¢ X. The symbol @ = {z : z # x} denotes the empty set
and @ C X for any set X. A set X is nonempty if X # @.
Suppose X and Y are sets. Then, X is a subset of Y if every element of X is also an element
of Y; i.e.,
XCY&sVreX, zeY.

The set X is a proper subset of Y if X is a subset of Y and, in addition, there exists y ¢ X such
that y € V.3
XCcY&e VeeX, zeY)AN(FyeY, y¢ X).

Two sets X and Y are equal if every element of one is contained in the other; i.e.,
X=Y&XIVANYCX)e(zeX&zeY).
The union of two sets X and Y are defined as
XUY ={z:(2€X)VvV(zeY)}.
The intersection of two sets X and Y are defined as

XNY ={z:eX)A(zeY)}={zeX:2€eY}={zeY :2€ X}.

3Rather confusingly, some write C to mean C, in which case a proper subset is denoted C or g

- 11 -
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The intersection and union are both commutative (i.e., XNY =Y NX and XUY =Y U X) and
associative (i.e., (X NY)NZ=XN(Y NZ)and (XUY)UZ=XU (Y UZ)). Moreover,

XNY=X&XCY,
XUY=X&YCX.

Let I be some set, and X; be sets for each ¢ € I. We refer to {X; }icr as a collection of sets (i.e., a
set of sets) and I as an index set. Denote the union and intersection of all X;’s, respectively, as

UXi::{:E:EIiEI, x € X},
iel

ﬂXi::{x:VieL reX;}.
el

When I = {1,...,n} for some n € N, we may also write {X;}7,, U;_; X; and N;_, X;. The
intersection is distributive with respect to the union; i.e.,

YN (U)@-) =Jnxi;
icl i€l
The union is distributive with respect to the intersection; i.e.,
Y U <ﬂXi> = (YuX;).
i€l icl

The two sets X and Y are disjoint if they do not share elements; i.e., if X NY = &. The difference
of two sets X and Y, or complement of Y relative to X,* are defined as

X\Y ={z:zeX)ANz¢Y)}={zeX :2¢Y}.

If X and Y are disjoint, then X\Y = X. Let Z bet the set of all “relevant” objects and suppose
X C X. The complement of X is defined as

X© = 2\X.

Note x ¢ X & z € X¢and (X°)° = X.
Suppose (X;)ier € Z. De Morgan’s laws tell us that

(U AZ) =) 45, (ﬂ Ai> =4
icl il il icl
Given a set X, the power set of X, denoted 2%X or P(X), is the collection of all subsets of X
(including the empty set); i.e.,

2 =P(X)={S:SC X}.

Set of all sets is not well defined (google Russell’s paradoz)—this is a potential issue that can arise
in, for example, information design when thinking about the set of all possible “signals” about an
unknown state of the world.

4Sometimes, X\Y is written X — Y.
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Example 3. Let X :={a,b,c}. Then,

2¥ = {2,{a} , {b} . {c} ,{a,b} ,{b,c} ,{a,c}, X}.

The cardinality of a set X, denoted | X|, is the number of elements the set X contains. The set
X is finite if | X| < oo and infinite if it is not finite. If X is finite, then

XCY=|X|<|Y].

Given two sets X and Y, and x € X and y € Y, (x,y) is an ordered pair (or a tuple) such that
(z,y) is different from (y,z). The Cartesian product of two sets X and Y is the set of all ordered
pairs; i.e.,

XxY:={(z,y):veX, yeY}.

More generally, given a finite index set I = {1,...,n}, the Cartesian product of sets X;,..., X, is
the set of all n-tuples; i.e.,’

X X ={(z1,...,zn) 2, € Xy Vie{l,...,n}}.

If X; =X forall i € I (and |I| = n), then we write
X" = XieIXi~

A partition of Y is a collection of disjoint sets whose union is Y; i.e., a collection {X;}? , is a
partition of Y if

(OXZ':Y> ANXiNX; =2 Vi#j).
i=1
(“Vi # j7 means V(i, j) € {(x,y) € {1,...,n}? 1z #y}.)

1.3 Binary relations, partial and total orders
1.3.1 Binary relations

Given sets X and Y, R C X x Y is called a binary relation from X to Y. Write

xRy & (x,y) € R,
2Ry < (z,y) ¢ R.

The inverse of a binary relation R from X to Y is a binary relation from Y to X defined as
R'={(y,2) €Y x X : (z,y) € R}.
Say that a binary relation on X is:
o reflexive if Vo € X, xRx;
o symmetric if Va,y € X, zRy < yRuz;
o transitive if Vr,y,z € X, (tRy ANyRz) = xRz;
e antisymmetric if Yo,y € X, (xRy ANyRzx) = x =y (i.e., rules out ties);

o complete if Y,y € X, either xRy or yRx (i.e., every pair is ordered).

5Sometimes, Cartesian product is also written as HiEI X;.
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Note, in particular, that completeness implies reflexiveness.

1.3.2 Other relations
A Dbinary relation > on X (i.e., >C X x X) is:
e a preorder if it is reflexive and transitive;
e an equivalence relation, denoted ~, if it is reflexive, symmetric and transitive;
e a partial order if it is reflexive, transitive and antisymmetric
e a total order if it is complete, transitive and antisymmetric.6

Given a partial order on X, say that (X, >) is a partially ordered set (poset). Given a total order
on X, say that (X,>) is a totally order set (toset).
For any x € X, equivalence class of x relative to ~ is defined as

], ={ye X :y~zx}.

A quotient set of X relative to ~, denoted X/ ~, is the class of all equivalence classes relative to
~; i.e.,

X/ ~={[z].:x € X}.

Totally ordered set is a special case of partially ordered sets. Based on a partially ordered set
(X,>), we may define

>={(my) eX?: (@>y) A=(y>a)},
< =271

< =>"1.

Observe that if > is a binary relation on X, then > is a binary relation on any S C X. A rational
preference relation on X is a binary relation on X that is complete and transitive. You will see
more of this in consumer theory.

Example 4. (R,>) is a total order defined as:
>i= {(x, y) € R?:y —x is nonnegative} .
However, (R, >) with n € N\{1} is a partial order defined as
>={((w:);—y, (yi)iy) € R x R™ : y; — x; is nonnegative Vi € {1,...,n}}.
Observe that above is not complete (e.g., with n =2, (1,2) and (2, 1) are not ordered).

Example 5. Given a set X, (2%, C) is a partial order.

There are many other examples of partial orders: e.g., first-order and second-order stochastic
dominance of distributions, ordering of utility functions using absolute risk aversion.

6Some people refer to total orders as linear orders.
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1.3.3 Upper and lower bounds

Let (X,>) be a partially ordered set and S C X. An element u € X is an upper bound of S if,
Vs € S, u > s. If such an u exists, then we say that the set S is bounded from above. An element in
S is a maximum of S if it is an upper bound of S and we denote it as max S. Similarly, £ € X is a
lower bound of S if, Vs € S, £ < s . If such an / exists, then we say that the set S is bounded from
below. A set S is bounded if its both bounded from above and bounded from below. An element is
a minimum of S if it is a lower bound of S and we denote it as min S.

An element is the least upper bound or the supremum of S, denoted supS, if (i) sup S is an
upper bound of S; and (ii) sup S < u for any upper bound u of S. An element is the greatest lower
bound or the infimum of S, denoted inf S € X, if (i) inf X is a lower bound of S; and (ii) inf X > ¢
for any lower bound ¢ € X of S.

Whenever a maximum or a minimum of S exists, they must be unique so that it make sense to
refer to them as the maximum or minimum.

Proposition 2. If a mazimum or a minimum of S exists, then it must be unique.

Proof. By way of contradiction (BWOC), suppose that there are two distinct maxima of S, denoted
51 and 33, where 51 # So. By definition of maximum, 31,35 > s Vs € S. In particular, it must be
that

51 > 52 and 59 > 5.

Since S is a partially ordered set, antisymmetry implies that 3; = Sa; a contradiction. |

By definition, the supremum is the minimum of the set of upper bounds and the infimum is the
maximum of the set of lower bounds.

Proposition 3. If a mazimum exists, then it is also the supremum. If a minimum exists, then it
is also the infimum.

The following tells us that taking supreme of a smaller set is lower and infimum of a smaller set
is greater.

Proposition 4. Suppose that S C X where (X, >) is a partially ordered set. If sup S and sup X
exist, then sup S <sup X. If inf S and inf X exist, then inf S > inf X.

Proof. Since sup X is an upper bound of X and S C X, sup X is also an upper bound of S. Since
sup S is the least upper bound of S, we must have sup S < sup X. Since inf X is a lower bound of
X and S C X, inf X is also a lower bound of S. Since inf S is the greatest lower bound of S, we
must have inf X <inf S. [ |

Supremum or infimum may not exist even when upper or lower bounds exist. For example,
suppose X = R\{0} and S := {# € R: z < 0}. Then, S C X, (X, <) is a partially ordered set,
and, for example, 1 € X is an upper bound of S. However, there is no least upper bound. Thus,
we say that a partially ordered set (X, <) has the least upper bound (resp. greatest lower bound)
property if any nonempty subset of X bounded from above (resp. below) has a least upper (resp.
greatest lower) bound. We will study such sets in details in ECON 6701 in the context of lattices.
We also briefly mention a lemma that we will use a little later.

Lemma 1 (Zorn’s lemma). Suppose a partially order set (X,>) has the property that every totally
ordered subset of X has an upper bound in X. Then, the set X contains at least one mazximal
element.
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1.4 Functions

A function (or a mapping) f is a binary relation f from X to Y such that: Vo € X, (i) Jy € Y,
(z,y) € f; and (i) (z,y1), (x,y2) € f = y1 = y2. That is, a function assigns a single element in Y
to every element in X. A function from X to Y is denoted

f:X—=Yorfev¥

and the assigned element is denoted f(x). We call X as the domain and Y as the codomain of f.
If X =Y, then the function is a self-map on X.
The image of a set S C X under a function f: X — Y is

f(S)={yeY:3s€es8, f(s)=y}.

The range of f: X — Y is the set of all values that f can generate in its codomain and is denoted
f(X). It is possible that f(X) C Y.
The graph of a function f : X — Y is defined

er(f) ={(z,y) e X xY :y=f(2)},

The preimage (or the inverse image) of f : X — Y is defined as subset of the set of all elements in
the domain that maps to members of the codomain; i.e.,

Py ={zeX:f(x)eY}.

Proposition 5. Suppose f: X =Y, X1, X0 C X, and Y1,Y2 C Y.

(i) X1 € X = [(X1) € [(X2) and Yy C Yo = [71(11) € [~L(Va);

(i) f(X1UXp) = f(X1)U f(X2);

(11i) f(X1NXg) C f(X1)N f(X2) (why not equal?);

(iv) [T (Y1 UYe) = fH (Y1) U f7H(Ya);

(w) f7A(YinYs) = 1) N fH(Ys) (why is this equal?);

(vi) f7H(Y\V) = X\f’l(Y)'
Exercise 6. In the previous proposition, given an example in which (iii) holds “strictly.” Prove
(v).

A function f: X — Y is:

)
)
(
(Y

e one-one or injective if every x € X is assigned to a unique element in Y’ i.e.,

VlEl,SUQ S X, f(l’l) = f((L'Q) = T1 = Ta.

e onto or surjective if, for all y € Y, there exists € X such that f(z) = y; i.e.,

f(X)=Y;

bijective if it is injective and surjective so that every element in the domain is mapped to a
unique element in the codomain;

invertible if the inverse image mapping is a function from Y to X.
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Figure 1.1: Functions.

(¢) An injective (but not (d) A surjective (but not
(a) A function. (b) Not a function.  surjective) function. injective) function.

d\
u u

v (% v

Observe that preimage of f, f~!, may not be a function if multiple z’s are assigned to the same
element y € Y. We say that a function f is invertible if its preimage is itself a function.

Proposition 6. A function is invertible if and only if it is bijective.
Exercise 7. Prove the proposition above.

Suppose S € X C Z and f: X — Y. The restriction of f to S is a function f|g : S — Y
defined as

fls (s) = f(s).

An extension of f to Z is a function f*: Z — Y such that f*|x = f.
A projection from X XY onto X is a function f: X xY — X defined by f(z,y) := . Similarly,
a projection from X X Y onto Y is a function f: X x Y — Y defined by f(z,y) =y.

Proposition 7. Suppose f: X - Y, ACX, and BCY.
(i) F(f~1(V)) = F(X) and fH(f(X)) = X;

(ii) f(f~Y(B)) C B with equality if f is surjective;

(iii) A C f=Y(f(A)) with equality if f is injective.

)
)

Exercise 8. Prove the previous proposition.

Remark 2 (Cardinality of sets). For example, X = {1,2,3,4} is numerically equivalent to Y =
{4,7,10,13} under the (bijective) function f(z) =3z + 1. A set X is countable if it is numerically
equivalent to N and uncountable if it is not countable. Note Q is countable while R is uncountable.

1.4.1 Composition and arithmetic of functions

Given two functions f: X — Y and g: Y — Z, the composite function is a mapping from X to Z
defined as

gof=g(f(a) VaeX.

The composite operation is associative (i.e., (hog)o f = ho(go f)) but not commutative (i.e.,

gof#fog).
If f,g: X =Y, then:

e the sum, denoted f + g, is defined by (f + g)(z) := f(z) + g(x);

multiplication by a scalar constant, denoted A\f with A € R, is defined by (Af)(x) = Af(z);

the product, denoted fg, is defined by (fg)(z) = f(x)g(x);

the quotient, denoted 5, is defined by (5)@) = J;E;g
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1.4.2 Monotonicity

When both the domain and codomain of functions are ordered sets, we can talk about monotonicity
of a function.
Suppose (X, >x) and (Y, >y ) are posets, then a function f: X — Y is

o weakly increasing (or nondecreasing) if Ve, 2’ € X, z >x ' = f(z) >y f(2');

o weakly decreasing (or nonincreasing) if Ve, o' € X, z >x ' = f(z) <y f(z');

o strictly increasing if Vr,2' € X, x >x 2/ = f(z) >y f(z');

o strictly decreasing if Vo, 2’ € X, x >x ' = f(x) <y f().
A monotone function is a function that is either weakly increasing or weakly decreasing. A strictly
monotone function is either strictly increasing or strictly decreasing.

1.4.3 Correspondence

A correspondence F is a binary relation F' from X to Y such that: Vo € X, Jy € Y, (x,y) € F.
That is, a correspondence assigns not-necessarily single elements Y to every element in X; it is a
generalisation of a function by removing the uniqueness requirement. A correspondence F' from X
to Y is denoted

F:X=Y.

We will study correspondences in detail in ECON 6170.

1.5 Fields

The goal now is to formalise the idea of “numbers”. We want to allow for number system that allows
basic operations like addition and multiplication. We may define additions and multiplications as
binary operations, which are functions from X x X to X.

A field is a 3-tuple (X, +,-), where X is a set and +,- : X x X — X that satisfy the following
properties:

o (Associativity) (x+y)+z=x+ (y+z)andz-(y-2) = (x-y) -2z Vr,y,2 € X;

Commutativity) x +y=y+xand z-y=y -z Vz,y € X;

Ezistence of identity elements) 30,1 € X, 2+ 0=0+z=zandz-1=1-z =z Vz € X,

(
(
(Distributivity) - (y+2) =z -y+z -2 Vr,y,2 € X;
(
(

Ezistence of inverse elements) Vo € X, IW(—z) € X, v+ (—z) = (—z)+ 2 = 0 and Vz €
X\{0},Fz" . z-x7t =27z =1.

Given a field (X, +,-), + is the addition operation and - is the multiplication operation. Given
a field (X, +,), we can define the subtraction operation as — : X x X — X such that z — y =
—(#,y) == 2+ (—y) and the division operation as - : X x X — X such that ¥ = :(z,y) =" y LT
We often simply say that X is a field without specifying + and -.

Note that N is closed under the operations of addition and multiplication; i.e., the sum and
the product of any two natural numbers is a natural number. However, N is not closed under
subtraction and division (examples?). Z (unlike the natural numbers) is closed under subtraction,
but not division (check). Finally, the set of rational numbers, Q is closed under all four operations.

"Strictly speaking, - is not a binary operation since 1/0 is not defined in X.
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Proposition 8. R and Q are fields while N and Z are not.

An ordered field is a 4-tuple (X, +,+,>) such that (X, +, ") is a field and > is a partial order on
X that is compatible with the operations + and - meaning

r>y=>c+z>y+zVe,y,z€ X,
z-z2y-zVr,y,z€ X :2>0.

Given an ordered field, we define

Xy ={reX:z>0}, X_={reX:z<0},
Xip={zeX:2>0}, X__={zeX:z<0}.

In particular, we write R’ to denote nonnegative real vectors with n € N components, and R’} ,
to denote the set of vectors with n € N components whose individual components are all strictly

positive.
Let (X,+,-,>) be an ordered field. Define the absolute value function, |-|: X — X, as
T if x>0,
=] = .
—x ifx<O.

The following proposition tells us that the Triangle Inequality is derived from the properties of an
ordered field.

Proposition 9 (Triangle Inequality). Let (X, +,-,>) be an ordered field. Then,

[z +yl < 2| + [yl v,y € X. (1.3)
Lemma 2. For any x,y,2 € X, (i) x+y=xc+z2Ey=2z; (ii) — (—x) =x; and (4i) — (x +y) =
-+ —y.
Proof. (i) For any w € X, we have w =0+ w = (—z+ ) + w = —z + (z + w). Letting w =y, if
r+y=x+ 2, we obtain

y=—-x+@+y)=—2+@+z2)=(—2x+2)+2=0+2=2z.

For the converse, follow the steps in reverse.
(i)
r=x+0=z+(—z—(-2)=(+—-2)+—(—2) =0+ — (—2).

(iii) Since the additive inverse of = + y is unique, the claim follows since

@+y)+(—z+-y)=@+y) +(-y+-2)
=r+(y+(-y+—2))
=z+((y+-y)+ -2
=2+ (0+ —2x)
=x+—x=0. ]

Proof of Proposition 9. We first show that (a) |z| > z. If z > 0, then |z| = z by definition. If
x < 0, then
2| =—2=0+—c>2c+—-2=0>ux.
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Next, we show that (b) > 0= —2 <0 and z < 0= —z > 0. Suppose z > 0, then
O=z+(—2z) >0+ (—z) = —=z.
Suppose instead x < 0, then
O=2+4+(—z) <0+ (—z)=—-a< —x>0.

Next, we show that (¢) x > —|z|. If > 0 so that z = |z|, then x > 0 > —x = —|z|, where the
second inequality follows from (b). If < 0, then |z| = —z so that + = —(—x) = —|z|, where we
used (ii) from Lemma 2.

We now show that (d) z >y = —y> —x .

r=z+0=a+(-y+y) 2y+@+-2)=y+0=y
S@ty)—y>@ty)+-—r=y+z)+-x
& -y > -,

where, in the last line, we used the (i) from Lemma 2.
We are now ready to prove the triangle inequality. It suffices to show that

|| + [yl > x +y and [z[+|y| > - (x+y) .

By applying (a) twice,
|+l =z + 1yl =z +y.

Apply (c¢) twice gives
r+y > —lol+y ==z + -yl = = (Jz[+[yl),
where we used (iii) from Lemma 2 in the last equality. By (d) and (ii) from Lemma 2, we have
r+y 2 — (el +y) = [z[+ |yl = = (= (x| + |y])) =2 = (x + ). u
Corollary 1. Let (X,+,-,>) be an ordered field. Then, for any n € N,
|1+ 4 x| <ai| 4+ + |2n] Y1, 2, € X

Proof. The inequality trivially holds if n = 1. For n > 2, we prove this by induction on n. For
n = 2, we have already shown that the inequality holds. We now make the inductive hypothesis
that the inequality holds some arbitrary n > 2. Our goal is to to show that the expression holds
for n 4+ 1. Define z,, =1 + - - - + z,. By Proposition 9, since z,,x,+1 € X,

|20 + @nga| < lznl + [2nga].-
By the induction hypothesis, |z,| < |z1| + - - + |z, | so that
2| + |Znsa| < Jza] + -+ fon| + 204l
Combining, we have that
|1+ + Tn + Tt | = |20 + aga| Sz + o0+ zn] + 20|

The desired result then follows by the Principle of Mathematical Induction.
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We also have the following (the second is called the reverse triangle inequality). |

Proposition 10. Let (X,+,-,>) be an ordered field. Then, Vx,y € X, (i) |z -y| = |z| - |y|; and
(i) |z =yl = [|=] = lyl|.

We can define operations on correspondences too. For example, the sumset of two sets X and
Y is defined as
X4Y ={z+y:(z,y) € X xY}.

1.5.1 Real numbers, R

Recall the various sets of numbers:
NCZcQcRCcC,

where C is the set of complex numbers, R is the set of real numbers, Q is the set of rational numbers
(i.e., numbers that can be expressed as fractions), Z is the set of integers, and N is the set of natural
numbers.® You may know that there is a sense in which Q has “holes” and the set of real number,
R, is obtained by filling in these holes. We will not attempt to construct numbers formally, and
only note that the crucial difference between Q and R is the following.

Axiom 1 (Completeness Axiom). Every nonempty subset S of R that is bounded from above (resp.
below) has a supremum (resp. infimum) in R.

Given X C R, if X is not bounded above, we write sup X = oco. If X is not bounded below, we
write inf X = —oo.

We have already noted that, (R,>) is a total order and that (R,+,-,>) is an ordered field.
Thus, above tells us that R is a complete ordered field.

Proposition 11 (The Archimedean Property). For any (x,y) € R x Ry, there exists an n € N
such that v <n-y.

Proof. By way of contradiction, suppose that the claim is false; i.e., I(z,y) € R x Ry such that
x > n-y for all n € N. In other words, there must exist y € R such that {n-y : n € N} is bounded
from above (by z). But then s := sup{n -y : n € N} would be a real number by the Completeness
Axiom. Since y > 0 and s is the least upper bound, it must be that s — y < s is not an upper
bound of {n -y : n € N}; ie., there exists an n* € N such that s —y <n* -y & s < (n*+1) -y,
which contradicts the choice of s as an upper bound. |

We often use the Archimedean Property reformulated (check) as follows:

Ve >0, dn € N, l<e.
n

We say that £ C R is dense in R, if an element of E lies between any two real numbers. The
Archimedean Property is used to establish that rational numbers are dense in real numbers.

Corollary 2. For any z,y € R such that x < y, there exists ¢ € Q such that r < q < y.

Proof. Fix z,y € R such that y > x. By the Archimedean Property (Proposition 11)—setting
y =y —ax > 0 and ¢ = 1—there exists an n € N such that n(y —z) > 1 & ny > nx + 1.
Let m = min{k € Z : k > na}.’ By definition, na < m and na > m — 1 (why?) and so

m

na < m < 1+na <nb. Letting q := 7 and noting that g is rational completes the proof. |

81 will use the convention that 0 ¢ N= {1,2,...}.
90ne way to formally prove the existence of m is to prove that every nonempty subset of N that is bounded from
below has a minimum.
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Exercise 9. Let x,y € R. Prove that, foralle >0, z <y+e=x <uy.

Exercise 10. Let z,y € R. Prove that, |z — y| < € for all € > 0 implies z = y.

1.5.2 Extended real numbers

The extended real numbers is the set that contains R, —oco and oo, denoted
R:=RU{-00,00}.

We extend the total order > of R to R by letting oo > —o0 and oo > & > —oo for all z € R.
Thus, (R, >) is a totally ordered set. The benefit from doing so is that every subset S in R has an
infimum and a supremum. We can extend the standard operations of addition and multiplication
to R: for any = € R,

T+ 00 :=00=00+1, 00 + 00 == 00,
r—00:=—00= —00+z, —00 + —00 ‘= —00,

{oo fo<z <o
T-00 =

=007,
—o0 if —co<z<0
- if 0 <x <

x-(—o0) = ot r=00 (—00) - x.
00 if —co<ax<0

Note that 400 and —oo are not real numbers. Thus, statements on real numbers do not (automat-
ically) extend to them. Plausible facts like o + 0o = 00, (—00) + (—00) = —o0, etc. are true in R.
However, expressions like +00 + (—00), 0o - 0, etc. are left undefined (just like 1/0 is undefined in
R). Consequently, R is not a field.

1.5.3 Intervals
For any z,y € R, with = < y, we can define the following intervals:
@y {zeRiz<z<y}, (2,y]=(z,y)U{y},

[,y ={zeR:2<z<y}, [z,y) ={z}U(z,y).

We refer to (z,y) as an open interval, (z,y] and [z,y) as semi-open (or half-open) intervals, and
[x,y] as a closed interval. A set S C R is open if, for each 2 € S, there exists » > 0 such that
(x —r,z+71r) CS. We will generalise these concepts when we go over topology.

Real intervals are bounded and of length given by the difference. An interval is nondegenerate
if y —x > 0. We assume that intervals are nondegenerate whenever we write (z,v), (z,y] or [z, y).
Unbounded intervals are defined as

(x,00) ={z€R:z>z}, [r,00):={z}U(x,00),
(—o0,y) ={z € R: 2 <y}, (o0, y] = (—o0,y) U{y}.

Note that

sup (—o0,y) = sup (z,y) = sup (z,y] =y,

inf (x,00) = inf (z,y) = inf [z,y) = .

The Completeness Axiom says that every nonempty subset S of R that fits in an interval of finite
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length has both an infimum and a supremum. Conversely, if S does not fit in any interval of the
form (—o0,b), then sup .S does not exist and we write sup S = co. Similarly, if S does not fit in the
interval of the form (x,c0), then inf S does not exist and we write inf S = —o0.

As we will study more in ECON 6701, an interval that is both closed and bounded are compact.

1.5.4 R"

Consider R? and define the additive and multiplicative operator as

z+y=+(z,y) = (1 +y,z2+12),
x-y=-(x,y) = (z1y1 — Tay2, T1y2 + Tay1) ,

we can show that (R?,+,-) is a field, with the additive identity (0,0), the multiplicative identity
(1,0), the additive inverse (of x) as (—x1, —z3), and the multiplicative inverse (of x) ((1 + x5 - 22 -
xfl)_l, —sr:gxfl(xl + X9 - X9 - xfl)_l).lo Note that this allows complex numbers, C, to be a field.

However, it turns out that generalisation of the example above is not possible. We will simply
state the following result.

Proposition 12. R™ cannot be a field for any n > 2 with n € N.

This fact motivates us to generalise fields to linear spaces so that we can deal with R™.

1.6 Complex numbers

While it is somewhat rare, complex numbers do pop up in economics such as when studying the
stability of dynamic systems in macroeconomics and in econometrics. Let us go over complex
numbers briefly.

Consider the equation 2 + 1 = 0 which has no solutions in real numbers. We know that a
quadratic equations generally have 0, 1 or 2 solutions. What complex numbers allows us to do
(among other things!) is to think that quadratic equations always have two solutions. We do so
by extending the of real numbers. Let i denote the solution to i2 = —1. With this notation, it is
clear that the equation x? + 1 = 0 has exactly two solutions, £ = i and £ = —i. More generally, a
complex number is a number of the form a + b, for any a,b € R. The set of all complex numbers
if denoted C.

Two complex numbers are added or multiplied term by term using the usual rules of algebra,
remembering that 2 = —1.

Example 6. Let z := a + bi and w := ¢+ di. Then,

z+w=(a+c)+ (b+d)i,
—w=—c—di
z—w=(a—c)+(b—d)i
2w = (a+ bi) (¢ + di) = ac + adi + bei + bdi*
= (ac — bd) + (adi + bc) ,

10The multiplicative operator cannot be defined as a dot product operator (i.e., = -y # x1y1 + T2y2) since the
result would be in R and not R2 (recall multiplicative operator is a function from R2 x R? to ]R2). Similarly,
z-y = (z1-y1,T2 - y2) is not a valid operator since (0,1) would not have a multiplicative inverse. To see this, first
observe that the multiplicative identity must be (1,1). Then, for (y1,y2) to be the multiplicative inverse of (0, 1), it
implies a contradiction since

(1,1) = (0,1) - (y1,y2) = (0,y2) = 1 = 0.
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and finally
z=we (a=c)AN(b=d).

Every complex number z = a + bi can be represented by a point (a,b) in the (z,y) plane called
complex plane, where the z-axis corresponds to the real part (a) and y-axis corresponds to the
imaginary part (b). The point (a,b) can be expressed in polar coordinates; i.e., by a pair (r,6),
where r is the distance from the origin to the point (a,b) and 6 is the angle, measured in radians,
relative to the z-axis. Recalling some trigonometry gives that

a=rcosf and b = rsin6.

Note that
a®>+ b2 =r2cos? 0+ r%sin? 0 = r? (cos2 6 + sin? 9) =2
[ —
=1

and so r = va? + b2. Moreover,

b rsin 6 b
~ = =tanf & 0 = arctan [ — | .
a rcosf a

Since 8 = 0 + 2k for any k € Z, we usually define the principal value of the argument to lie in the
range 0 < 0 < 2. Using polar coordinates, one can show that, given z; = (rq1,61) and zo = (ro, 62)

2129 = (rira, 01 + 02)

27" = (ri™,—mby) Ym €N,

G- <“,91 —92>.
Z2 T2

Note that (these are called Maclauren series—infinite Taylor expansions)

2
ET:1+I+£+...’

2!
2?2 2t
cosx:lf§+ﬂf~~,
. 3 xb
Slnz:a?ngrﬁf

For z € C, define
2
z
Z'i —_— DRI
e ~—1+Z+2!+ .

If we now write z = i (where 6 € R), then

(i6)*

0 _ .
eV =146 + 51

+---=cosf + isind,
which is known as the Fuler’s formula. In this way, any complex number z = r(cos § +sin ) can be

written as z = re’® which allows us to use the usual laws of algebra to obtain the rules of algebra
above (with polar coordinates).
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2 Structures on spaces

A space is another word for a set, which itself is just a collection of objects. Here, we will introduce
various structures we can place on sets. We will first introduce the concept of a linear structure and
study linear spaces (sometimes called vector spaces). We also briefly introduce a metric structure
to introduce distance between objects into a space (not necessarily linear). We then explore further
structure that we can place on linear spaces: a norm structure, which gives us the concept of size of
objectives, and an inner product structure, which gives us the concept of angles. We will find that
every inner product space is a normed space, which, in turn, is a metric space. Note that a metric
space need not be linear while normed and an inner product spaces are defined on a linear spaces.
Finally, we introduce topology, which gives us a way to think about neighbourhoods of elements of
the space.

2.1 Linear space

We have already seen that R™ can be endowed with an order structure so that any two elements can
be meaningfully compared. We also saw that R has a “linear” (i.e., algebraic) structure meaning

I However, we saw that R™ is not a field in

that we can add and multiply any two elements.
general which makes us wonder whether R™ has a linear structure. We will see here that R™ is also
endowed with a linear structure in the sense that we can “add” and “scale” any two elements. We
will formalise the “linearity” using the concept of a linear space (of which R™ would be an example).

A linear space (or a vector space) over a field F is a 4-tuple (V, (F,+F, r),+, ), where V is the
set of elements called vectors, (F,+p, ) is a field, a binary operation + : V x V' — V called vector

addition, and a binary operation - : F' x V' — V called scalar multiplication such that

o (Closure) x+yeVVVx,yeVand \-xeVVxeVVAeF,

(Associativity) (x+y)+z=x+(y+2z) Vx,y,z€ V,and (A -p8)-x=X-(8-x) VA\,B € F
Vx e V;

(Commutativity) x +y =y + x ¥x,y € V;

(Distributivity) A - (y+2z)=A-y+XA-zVx,yeVVIe F,and A +rpf) - x=X-x+08-x
VABeEFYVxeV;

(Existence of identity) 0 €V, x+0=04+x=xand Il € F,1-x=xVx € V;

(Existence of additive inverse) ¥x € V, l(—x) € V, x + (—x) = 0.

We express elements of linear space V' in bold,'? and say that V is a linear space without specifying
F, +r and -p. We also often do not distinguish between +r and 4 or -p and -. We refer to 0 as
the origin or the zero vector, and refer to any x € V\{0} as a nonzero vector.

We can define vector subtraction as —: V x V — V such that x —y = —(x,y) == x+ (—y) and
scalar division as - : F' x V' — V such that ¥ = *(\,x) = A~1.x. Note also that: (i) 0 is unique
(why?); (ii) (—x) is unique for all x € V; (iii) —x = (=1) -x Vx € V; and (iv) 0-x =0 Vx € V and
A-0=0VAEF.

Example 7. A trivial example of a linear space is the set {0}, which is a single set consisting of
the origin. Any linear space that contains more than one vector is nontrivial.

1By linear, we mean that we can add and scale elements.
12You might see & instead of x.
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Example 8. A familiar example of a linear space is the Euclidean space, (R™,+,-), where the
vector addition and scalar multiplication are defined in a component-by-component manner. i.e.,
Vx,y e R", Ae R,

($1,~~-,$n)+(y1,-~7yn)EXer:: ($1+y17---,$n+yn),
Av(zr, o xn) =X x=(A21,.. ., A Ty).

However, note that R’} , is not a linear space (does not contain the origin) nor is R’ a linear space
(since, under the usual operations, it does not contain additive inverse for nonzero vectors).

Example 9. Given a nonempty set X, and the set of all real-valued functions on X,

Vi={f:feRY},
is a linear space with
(f+g)(z)=Ff(2)+g(),
(Af)(z) =X~ f(2),
(0) (z) =0,
(=f) (@) =—f(2).

We will see that sequences and and matrices are both real-valued functions, it follows that the set
of all sequences and the set of all matrices are both linear spaces.

Given a linear space (V, (F,+p, r),+,), a (resp. proper) subset S of V is a (resp. proper)
linear subspace of (V, (F,+p, r),+,) if (S, (F,+Fr, F),+|s,|s) is a linear space. For an example
of S C V that is not a linear subspace, let V"= R™ and S be any subset such that 0 ¢ S. The
following gives us a quick way to check whether a subspace is linear.

Proposition 13. Let (V,(F,+p, r),+,) be a linear space and S be a nonempty (resp. proper)
subset of V.. Then, (S, (F,+F, r),+|s,|s) is a (resp. proper) linear subspace of V if and only if
a-x+p-yeSVa, e FvVxyelSs.

From the proposition above, it is immediate that [0,1] is not a linear subspace of R (why?)
whereas {x € R? : z; + z2 = 0} is a linear subspace of R2.

Given Y and Z that are subspaces of a linear space (V,(F,+F, r),+,*), the sum space of Y’
and Z, denoted Y + Z, is given by

Y+Z={y+z:yeY, zcZ}.

Further, if Y N Z = {0}, then the sum space is called a direct sum of Y and Z and is denoted
Y ®Z. Any x € Y @ Z has a unique representation as x =y + z wherey € Y and z € Z.

Proposition 14. Intersections and sum space of linear subspaces are a linear subspaces.
Exercise 11. Show that a union of linear subspaces need not be a linear subspace.

From now on, unless otherwise specified, assume if F' = R, +r and ‘g are the usual addition and
multiplication operators on R. Whenever the underlying field of a linear space is R (i.e., a linear
space is over R), we will simply write (V| +,-).

- 96 -



Math Review 2024

2.1.1 Linear, affine and convex combinations

Given a linear space (V,+,-) and (x;) € V>, define, Vn € N,

n n n—k+1

in =X1 + -+ Xy, in = Z Xitk—1-

i=1 i=k i=1
Given a linear space (V,+,-) and vectors x1,...,x, € V for some n € N, a linear combination of
X1,...,Xy IS a vector Ay -x1 + -+ Ay, - X, for some coefficients of linear combination A1,..., A\, €
R. An affine combination of x1,...,x,is a linear combination of x1,...,x, for some coefficients
A1, ..., A € R (ie., weights can be negative) such that Y. | A\; = 1. A convex combination of
X1,...,Xy, is a linear combination of x1,...,x, for some coefficients Ay, ..., A, € Ry (weights must

be nonnegative) such that Z?zl =1,

2.1.2 Span, affine, and convex hull

Let (V,+,-) be a linear space. Fix a nonempty subset S of V.
The span of S, denoted span(S), is the set of all linear combinations of (finitely many) elements
of S;i.e.,13

span (5) = {Z)‘ixi :n€Nand (x;,\;) €S xRVie {1,...,n}} .
i=1
Note that span(@) = span({0}) = {0}, span(V) = V and span({z}) = {\ -2 : A € R}. Say that a
set S spans a set E if E = span(S). It follows from Proposition 13 that span(S) is a linear subspace
(why?) and we refer to it as the linear subspace spanned (or generated) by S.
The affine hull of S, denoted aff(S), is the set of all affine combinations of (finitely many)
elements of S i.e.,

aff(S) = {Z)\ixi:neNand (xi,\i) € S xRVi € {1,...,n} with Y X = 1}.
=1

i=1

Note aff (@) = {0}. Note that aff(S) need not be a linear subspace. However, for all x € S,

aff (S) = span (S — {x}) + {x}
={y+x:yecspan({s—x:s€S5})}.

That is, if we translate vectors in S by a vector —x € S, then its span is equal to the affine hull
of S translated by —x. Since span(S — {x}) is a linear subspace, we also realise that aff(S) is a
translation away from being a linear subspace.

The convex hull of S, denoted co(S), is the set of all convex combinations of (finitely many)
elements of S; i.e.,

co(S) = {Zx\ixi:neNand (xi,Ai) € S xRy Vie{l,...,n} with Z)‘izl}'
i=1

i=1

BBEquivalently, span(S) is the smallest linear subspace that contains S; i.e.,

span (S) = ﬂ {W : (W is a linear subspace of V) A (S C W)}.
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2.1.3 Convex sets

A subset S of a linear space (V,+, ) is convez if it contains all convex combinations of pairs in S
ie.,

SCVconvex & AS+(1-N)S=85Vrel0,1].
Here are some properties of convex sets.

Proposition 15. Suppose (Su)aca is a collection of convex sets in a linear space (V,+,-). Then,
Naca Sa is conver.

Proof. Take any s1,82 € S = ﬂaeA S, so that s1,s5 € S, for all « € A. Since each S, is convex,
any convex combination of s; and s, are also in each S, and are also in S. |

Exercise 12. Suppose S; and Sy are both convex subsets in a linear space (V, +, ). Then, S; + .53
is convex.

Proposition 16. Let S C X be a subset in a linear space (V,+,-). S is convez if and only if it
contains all convex combinations of elements in S.

Proof. We prove this by induction on n. For n = 1, then since s =1-s € S for all s € S, convex
combination of n = 1 element is contained in S. Make the induction hypothesis that S contains
convex combinations of n elements. We wish to show that S also contains convex combinations of
n + 1 elements. The Principle of Mathematical Induction will take care of the rest.

n+1

S = E Alsl
i=1

be a convex combination of n + 1 elements in S so that ZnH A; = 1. Since
n+1
= 7*5 A
is a convex combination of n elements in S, § € S by the induction hypothesis. Then,

n+1 n+1 A

j=2 i=2 M\
n+1
= A\1s1 + <Z /\7,> S = \Ais1 + (1 — )\1)5.
=2

Thus, by definition of a convex set, s € S. |

2.1.4 Algebraic and relative interior

Consider the interval (0,1) in R and a point z € (0,1). Observe that some part of the line segment
between = and any other point in R (excluding the endpoint ) is contained (0,1); i.e., for any
x € (0,1) and any y € R, there exists z € co({z,y})\{z} such that co({z,z}) C (0,1). In this
sense, all points of (0,1) are in the “interior” of (0,1). However, we could not do the same for
(0, 1]—the line segment between x = 1 and z = 2, say, intersects (0, 1] at only at the end point 1.

To formalise this idea, let S be a subset of a linear space (V,+,:). An element x € S is an
algebraic interior point of S (in V) if, for any y € V, there exists an «, > 0 such that

(I-a)x+ay e SV0<a<a,.
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The set of all algebraic interior points of S in V' is called the algebraic interior of S (in V) and
is denoted al-inty (S). If S C al-inty (S), then we say that S is algebraically open in V. If x €
al-inty (.S), then one can move linearly from x towards any direction in the linear space V' without
leaving the set S immediately.

The natural “mother space” of a convex set is its affine hull. In particular, if S is a subset of
a linear space V with 0 € S, then we do not need vectors in V\span(S). But nothing changes
if we drop the assumption that 0 € S except that we should now consider aff(S) (why?). Thus,
the algebraic interior of a subset S of a linear space relative to its affine hull, aff(.9), is of primary
importance in convex analysis.

An element x € S is an relative interior point of S if, for any y € aff(.S), there exists an o, > 0
such that

l-—a)x+ayeSV0<a<ay,.

The set of all relative interior points of S in V' is called the relative interior of S (in V') and is
denoted ri(S). If S C ri(S), then we say that S is relatively open. If x € ri(.S), then one can move
from x towards any direction in aff(S) without leaving the set S immediately.

Note that
ri(S) ifaff (S)=V

al-inty (S) = .
v () {@ if aff (S) C V

The first case is obvious (is it?) and so we focus on the latter case. So suppose aff(S) C V and
take any x* € S and let Y := span(S — {x*}) = aff(S) — {x*}. That aff(S) is a proper subset of V'
means that Y is a proper linear subspace of V. Thus, we can find w € V\Y and notice that

l-a)z+aw ¢Y VzeY Va e (0,1];
otherwise, we would contradict w ¢ Y. But then
l-—a)(z+x")+a(w+x")¢Y +{x"} =aff (S) Vze€Y Va € (0,1].

Letting y = w + x*, therefore, we find (1 — a)x+ay ¢ Y for any x € S and any 0 < o < 1; i.e.,
al-inty (S) = @.

2.1.5 Ray, half lines, cones, and conical hull

A subset of a linear space (V,+,-) is a ray if it is a set of nonnegative multiples of some vector; i.e.,
{ax : o € R} ) for some x € V. A half line is a translation of a ray; i.e., {ax:a € Ry} + {x¢} for
some X,xg € V. A cone is a set that contains all of its rays; i.e.,

SCVeconesaxeSVaecRy VxeSs.

A set S C V is convex cone if it is both convex and cone.

Proposition 17. A convex cone contains all nonnegative (finite) linear combinations of its ele-
ments.

Proof. Let S be a convex cone in a linear space (V,+,-). Take an arbitrary nonnegative linear

n
X = E Aisi
i=1

for some n € N, (\;)iL; € R} and {s1,...,s,} € S. We wish to show that x € S. If \; =
<o+ =M, =0, then x = 0 = Xs for any s € S; ie., x € §. If (A\;), is a nonzero vector, then

combinations of elements in S,
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A=3"" X >0. Then,

Since S is a cone, As; € S and, by construction, Y . ; A\;/A = 1. Hence, x is a convex combination
of elements in S; i.e., x € S. |

The convex conical hull of S, denoted coni(.S), is the set of all nonnegative linear combinations
of (finitely many) elements of S; i.e.,

coni (S) == {Z)\ixi:neNand (xi, M) € S xRy Vie{l,...,n}}.

i=1
2.1.6 Linear dependence and independence

Fix a linear space (V,+,-). A subset S C V is linearly dependent in V if it either equals {0} or
at least one of the vectors, say x € S, can be expressed as a linear combination of finitely many
vectors in S\{x}. For any n € N, any distinct vectors x1,...,x, € V are linearly dependent if
{X1,...,%Xp} is linearly dependent in V. The following is immediate from the definition of span.

Proposition 18. Given a linear space (V,+,-), a subset S of V\{0} is linearly dependent in V if
and only if there exists an x € S such that x € span(S\{x}).

A subset S C V is linearly independent in V if no finite subset of it is linearly dependent in
V. For any n € N, the vectors x1,...,x, € V are linearly independent if {x1,...,x,} is linearly
independent in V.

Proposition 19. Given a linear space (V,+,-), for any n € N, vectors x1,...,%x, € V are linearly
independent if and only if V(\;)?_, € R,

n
i=1
Proof. Fix some n € N. (Sufficiency) Suppose that vectors x3,...,x, € V are linearly independent.

By way of contradiction, suppose there exists ()\;)"_; € R™ such that Y, \ix; = 0 but A; # 0 for
some j € {1,...n}. Then,

)\ij = 72/\1‘)(1‘ & X5 = Z (/)\\7;) Xi.

i#] i#]

That is, x; can be expressed as a linear combination of {x1,...,x,}\{x;}, which contradicts the
hypothesis that x1,...,x, are linearly independent.

(Necessity) Suppose that V(X;); € R™, > | \;x; = 0 implies that A\; = --- = A, = 0. Toward
a contradiction, suppose that x1,...,x, is not linearly independent. Without loss of generality, we
may assume that there exists (u;)72;" € R"~! such that

n—1 n—1 n
Xn = Z/szz < 0= Z,Ufixz Xn *Zﬂllxu
i=1 i=1 i=1
where the last equality follows by defining u,, := —1. But above contradicts the hypothesis that
implies that u, = 0. |
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Note that the empty set @ and any singleton set except for {0} are linearly independent set in
any linear space.

The proposition above tells us that there is at most one way of expressing vectors as a linear
combination of linearly independent vectors.

Corollary 3. Given a linear space (V. +,-), suppose that X, ..., x, € V are linearly independent.
Let (AZ);L:M (Mz)’lﬂzl c R".

i=1 i=1

Proof. Follows from Proposition 19 and the observation that

i=1 i=1 =1

The following fundamental result about linear dependency is that there cannot be more than n
linearly independent vectors in a linear space spanned by n vectors.

Proposition 20. Suppose (V,+,-) is a linear space and X, Y C V. IfY is linearly independent in
V and Y C span(X), then |Y| < |X]|.

Proof. Suppose (V,+,-) is a linear space and X,Y C V and that Y is linearly independent in V'
and Y C span(X). If X = &, then span(X) = {0} and so Y € {&,{0}}. Since Y must be linearly
independent, it must be Y = @ = |Y| = 0 so the claim follows. Similarly if | X| = oo, then there is
nothing to prove. Suppose that n := | X| € N and write X = {x1,...,x,}. Toward a contradiction,
suppose that |Y| > n. Take any y; € Y. By linear independence of Y = {y1,...,ym} (m > n),
y1 # 0. Since y; € span(X), there exists nonzero (A})”_; € R™ such that

n
Y1 = Z )\ZIXZ
i=1

Let Al be the nonzero coefficient, then

1=2
so that x; can be expressed as a linear combination of y1,Xs,...,X,, and any linear combination
of x1,...,x, can be expressed as a linear combination of yi,Xs,...,x, by replacing x; with the

expression above. Thus,
span ({y1,Xa,...,Xp}) = span (X).

Next, we take y2 € span(X) which is nonzero by the linear independence of Y and
y2 = Z)\?Xi = A7 (A%)ﬁ + Z (—é) Xi) + Z/\fxi
i=1 i=2

=2
2 Al
1 i=2 1

for some nonzero (A\?)"_, € R™. Since Y is linearly independent, it cannot be that the only nonzero

coefficient is that for y;. Hence, we may pick a nonzero coefficient and call it the coefficient on
x5. Rearranging the expression above shows that xs can be expressed as a linear combination of
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Y1,¥2,X3,...,X, so that
span ({YhYZaXSv .o 7Xn}) = Span (X) .

Repeating the same process successively, we can find vectors yi,...,y, such that

span ({y1,...,¥n}) = span (X).

This means that, any y € Y\{y1,...,y»} (and such y exists since |Y| > n) can be written as a
linear combination of {yi,...,y,}; contradicting the linear independence of Y. |

2.1.7 Basis

We want to think of a minimum set of vectors that allows us to construct a given linear space. We
call such a set a basis. Formally, a (Hamel) basis of a linear space (V,+, -) is the smallest subset of
V that spans V; i.e., S is a basis of (V, +,-) if (i) V = span(S); and (ii) V = span(T') implies T C S
is false. The following proposition allows us to replace condition (ii) with linear independence, and
this is the definition you often find.

Proposition 21. A subset S of a linear space (V,+,-) is a basis for V if and only if S is linearly
independent and V = span(S).

Proof. (Sufficiency) Suppose that S = {s1,...,s,} is linearly independent and V = span(S). To
show that S is a basis for V, it suffices to show that for any T = {t1, ..., t,, } such that V = span(T),
we have that —(T C S). Toward a contradiction, suppose that t; € S for all ¢ = {1,...,m} and
suppose for some s; ¢ T—without loss, we may assume that s; ¢ T. These imply that every
t; equals some s; # si; i.e., there exists f : {1,...,m} — {2,...,n} such that t; = sy for all
i €{1,...,m}. Since span(S) =V = span(T), s; € span(T); i.e., there exists nonzero (y;)7; € R"

such that
m m
s1 = Z%‘ti = Z'Visf(i)~
i=1 i=1

But this implies that s; is a linear combination of {ss,...,s,} = S\{s1}, which contradicts the fact
that S is linearly independent.

(Necessity) Suppose that S is a basis for V. Then, by definition, V' = span(S) and so it
remains to show that S is linearly independent. Toward a contradiction, suppose that S is linearly
dependent; i.e., there exists x € S such that x € span(S\{x}). But this implies that span(S\{x}) =
span(S) = V and we also have S\{x} C S; the latter contradicts condition (ii) in the definition of
basis. ]

Since V' = span(S), any x € V can be expressed as a linear combination of vectors in S =
{s1,...,8n}. That is,

Vx €V, (X)), € R, x =Y Xi(x)s;.
i=1

We think of (x)s = (Ai(x))I; as the coordinate of the vector x relative to the basis S. Moreover,
the fact that S is linearly independent means, by Corollary 3, that coordinate of each x € V is
unique.

For any n € N and ¢ € {1,...,n}, the ith unit vector in R"™, denoted by, e;, is the n-vector
whose ith term equals 1 and whose all other terms equal 0. Since S = {e; : i € {1,...,n}} is
linearly independent and span(S) = R", it is a basis, and in fact, we refer to it as the canonical
basis of the linear space (R",+,-). However, basis of R™ is not unique, and, in fact, any linearly
independent set of vectors of cardinality n is a basis of R™. Nevertheless, the following result tells
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us that any basis has the same number of elements; i.e., coordinate of the vector any x € V has
the same number of elements.

Exercise 13. Any two bases of a finite-dimensional linear space have the same number of elements.

We define the rank of S C V', denoted rank(S), as the cardinality of any one if its basis. Rank
of the whole linear space is the dimension, denoted dim(V') := rank(V'). We say that a linear space
(V,+,+) is dim(V') dimensional. If dim(V') is not finite, we refer to V as being infinite dimensional
and write dim(X) = co. The trivial linear space {0} has a dimension of 0.

Theorem 1. Every linear space has a basis.

Proof. When the linear space has a finite dimension, the result follows from the definition. The
proof is a little more complicated when the linear space is infinite dimensional and relies on Zorn’s
lemma (Lemma 1). Let (*) denote the property of a set that any finite subset of itself is linearly
independent. Define a partial orderer (P, D) as

P={Se2": S satisfies (*)}.

To be able to apply Zorn’s lemma, we show that every totally ordered subset of P has an upper
bound (in P). Fix any T' C P that is a totally ordered set. Define M := (Jg . S. Then, M is an
upper bound of T since

M D> BVBEeT.

It remains to show that M € P; i.e., we must verify that M satisfies (*). Take any mq,...,m, € M
for some n € N. By definition of M, there exists By,...,B, € T such that

m; € B; Vi € {1,...,n}.
Since T is a totally ordered set, there exists By for some k € {1,...,n} such that
By D B; Vi€ {1,...,n}:m1,...,mn € Byg.

Moreover, since By, € T' C P, By, satisfies (*). Thus, mq,..., m, are linearly independent. Since
mai,..., My was arbitrary, it follows that M € P.

By Zorn’s lemma, we may conclude that there exists S € P that is maximal and, by construction,
S satisfies (*). To show that S is a basis, it suffices to show that any vector in V' can be written as
a finite linear combination of vectors in S. Fix any x € V and let S = S U {x}.

e Case 1: x € S. Then, x is a linear combination of elements of S trivially and we are done.

e Case 2: x € V\S. Then, S C S, which implies that S ¢ P by the maximality of S. Thus,
there exists a finite subset of S that is not linearly independent. By Proposition 19, this
means that there exists s1...,s, € S such that

i=1

for some (\;)I; € R™ with A\; # 0 for some j € {1,...,n}.

e Subcase a: s1...,s, € S. This is not possible since S satisfies (*) so that (2.1) implies
A1 =--- =\, =0 by Proposition 19.

o Subcase b: for some s;, x =s; ¢ Sands;, € Sforallie {1,...,n}\{j}. Without loss
of generality, suppose j = 1. Note that A\; # 0, otherwise, we would have Y , \;s; =
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0 from (2.1) and Proposition 19 together with the fact that so,...,s, € S (so that
S2,...,Sy, are linearly independent) implies Ao = --- = A, = 0, which contradicts the
fact that A; # 0 for some j € {1,...,n}. Since \; # 0, we may rearrange (2.1) to obtain

X =81 = ; (_>\1) S5

i.e., x is a linear combination of vectors in S.
Note that a Hamel basis need not be countable. |

Corollary 4. Let (V,+,-) be a finite-dimensional linear space and let (S,+|s,|s) be its linear
subspace. Then,

dimS < dimV
and the inequality s strict if S is a proper subspace.

Proof. Suppose S C V. By Theorem 1, V and S have bases and denote them, respectively, by By
and Bg. Since Byg is linearly independent by Proposition 21 and every s € S can be expressed as
a linear combination of By, we have Bg C span(By ). Then, by Proposition 20,

dim (S) = |Bs| < |By| = dim (V).

Now suppose that S C V. Thus, there exists x € V such that x ¢ S. Letting Bg denote a basis
for S. The claim is that Bg U {x} is linearly independent. Suppose not, then x must be a linear
combination of vectors in Bg, which implies that x € span(Bg) = S, contradicting that x ¢ S.
Hence, dim(S) = |Bg| < |By| = dim(V) in this case. |

Proposition 22. Suppose (V,+,-) is a linear space with dimV < co. Then, any linearly independ-
ent set W C V with |W| = dimV is a basis of V.

Proof. Suppose that (V,+,-) is a linear space with n = dimV < oco. Let S = {s1,...,8,} be a
basis of V' which exists by Theorem 1. Let W = {wy,...,w,} C V be a linearly independent set.
By Proposition 21, it suffices to show that span(WW) = V. We follow the argument outlined in the
proof of Proposition 20. Since w € span(S) = V, there exists nonzero (A})"_; € R™ such that

n
Wi = E )\llsl
i=1

Let A} be the nonzero coefficient, then

=2
so that s; can be expressed as a linear combination of wq,ss,...,s,, and any linear combination
of s1,...,s8, can be expressed as a linear combination of wy,ss,...,s, by replacing s; with the

expression above. Thus,
span ({w1,82,...,8,}) =span (S) = V.

- 34 -



Math Review 2024

Next, we take wy € span(X) which is nonzero by the linear independence of W and

for some nonzero (A?)™_; € R™. Since W is linearly independent, it cannot be that the only nonzero

coefficient is that for w;. Hence, we may pick a nonzero coefficient and call it the coefficient on
S2. Rearranging the expression above shows that s, can be expressed as a linear combination of
W1, Ws,83,...,S, SO that

span ({wy,wa,S3,...,8,}) =span (S) = V.
Repeating the same process successively, we realise that
span (W) = span (S) = V. |
From now on, I will generally refer to a linear space (V,+,-) as V.

2.1.8 Linear transformations

In a linear space, we talk about linear combination of vectors. An important class of functions
are ones that maps from one linear space into another linear space in a way that preserves linear
combinations. We refer to them as linear transformations (or linear operators or linear maps). A
real-valued linear transformation is a linear functional on V.

Formally, let (V,+v,-v) and W = (W, +w, -w) be two linear spaces. A function L:V — W is
a linear transformation if

LOAvx+vy)=AwLlx +wL(y) Vx,ye VVIeR. (2.2)

For brevity, we will not be explicit about the sets that 4+ and - operators relate. The set of all
linear transformations from a linear space V to a linear space W is denoted L£L(V,W). A linear
maps preserves the origin since

L(Ov) = L(Ovv) :OwL(V) = 0W7
where 0y and Oy are the zeros in linear spaces V' and W respectively.

Exercise 14. Show that L : V — W is a linear transformation if and only if, for any x,y € V and
A ER,
L(x+y)=L(x)+ L(y) and L (A\x) = AL (x).

Example 10. Let V=W =R?and f: V — W.
(i) f(z1,22) = (x1 + 229,29 — x1) is a linear transformation (check).
(ii) f(z1,22) == (2,—1) is not a linear transformation because (0,0) is mapped to (2, —1).

(ii) f(z1,22) = (0,0) is a linear transformation (check).
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(iv) f(x1,m2) == (2%, 22) is not a linear transformation because

f A (w1, 22) + (y1,92)) = f (Az1 + Y1, Av2 + ¥2)
= (N7 + 47 + 2Xz151, Az2 + 42)
# (Axf +y7, g + yz)
=X (aF,22) + (v1,v2) = M (21, 22) + f (y1,92) -

Example 11. Let V be a linear space of all functions with continuous first derivatives defined on
R (why is this a linear space?), and W the linear space of all real-valued functions defined on R.
Let D : V — W be the function that maps a function f € V into its derivative; i.e.,

D(f)=f"
You should know that
D(f+9)=D(f)+D(g) and D(Af) = AD(f).
Hence, D is a linear transformation.

Example 12. Let V be the linear space of all continuous functions defined on R, and W be
the linear space of functions with continuous first derivatives defined on R. For any = € R, Let
Jy : V. — W be the function that maps a function f € V into the integral; i.e.,

= [ o

You should know that

x

su+a= [(Gwrsa= [ rwat [gwa=s0+)
and - >
J(Af) :/0 )\f(t)dt:)\/o fydt=x1J(f).
Hence, J is a linear transformation.

The image of L € L(V,W) is given by
im(L)={yeW:3IxeV, L(x)=y}.

As usual, it is the values in the codomain that the linear transformation L can take values in. The
null space (or the kernel) is the subset of the domain that is mapped to the zero element in the
codomain:

null (L) =ker (L) ={x €V :L(x)=0}.

The null space is a linear subspace of V since L(Ax +y) = AL(x) + L(y) = 0 so that Ax +y € S
forall A € R and all x,y € S.

Exercise 15. Consider f : R®* — R? defined as f(x1,22,23) == (z1 + 22, 73). Find its image and
null space.

The rank of L is given by
rank (L) := dim (im (L)) .
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The nullity of L is the rank of the null space; i.e.,
nullity (L) := dim (null (L))

Proposition 23. Let V and W be linear spaces. Then, L € L(V,W) is injective if and only if
null(L) = {0y }.

Proof. Suppose that L € L£(V,W) is injective; i.e., every element x € V is mapped to a unique
element in W. As noted above, linear maps preserves the origin so L(0y) = Oyp. Thus, null(L) =

{0y }.
Conversely, suppose that null(L) = {Oy }. Suppose that there exist x,y € V such that L(x) =
L(y). Since L is linear, L(x) = L(y) implies that

L(x—y)=L(x)=L(y)=0w.
Since null(L) = {0y }, it must be that x —y =0< x =1y. |

Theorem 2 (Rank-nullity theorem). Let V and W be two finite-dimensional linear space and
L e L(V,W). Then,
dimV = nullity (L) 4 rank (L) .

Corollary 5. Suppose dimV = dimW. Then, L € L(V, W) is surjective if and only if L is injective.
In particular, null(L) = {0y } if and only if L is bijective.

Proof. Suppose n = dimV = dimW. By Proposition 23 and the definition of nullity, L is injective
if and only if nullity(L) = 0. Then, by the Rank-nullity theorem (Theorem 2), L is injective if
and only if n = dimV = rank(L) = dim(im(L)). That is, the image of L is a n-dimensional
subspace of the n-dimensional linear space W. But the only full-dimensional subspace of a finite-
dimensional linear space is itself and so this happens if and only if the image is all of W (i.e., when
im(L) = L(V) = W). Thus, for any w € W, there must exist x € V such that L(x) = w; i.e., L is
surjective. |

A linear transformation L € L£(V, W) is invertible if there exists L' : W — V such hat

L NL(x)=xVxecV,
L(L7"(w)) =w Vw e W;

i.e., L is invertible if it is surjective and injective.

Exercise 16. Let V and W be two linear spaces. If L € £(V, W) is invertible, then L=! € L(W,V);
ie., L7! is linear.

2.1.9 Isomorphism

Two finite-dimensional linear spaces (V,+v,-v) and W = (W, +w, -w) are isomorphic if there is
an invertible linear transformation L € L(V, W) called isomorphism.

Isomorphic linear spaces are essentially indistinguishable. We can think of them as relabelling
of each other because L being invertible means that L is surjective and injective; i.e., every element
of V' is mapped to a unique element in W, and every element of W is mapped to a unique element
in V.

Proposition 24. Two finite-dimensional linear spaces (V,+v,v) and W = (W, +w,-w) are iso-
morphic if and only if dimV = dimW .
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The following tells us that any finite-dimensional linear space over R is essentially indistinguish-
able from R™.

Theorem 3. Every n-dimensional linear space (V, (R, 4+, )+v,-v) is isomorphic to R™.

Proof. Let V' be an n-dimensional linear space over R and let S = {s1,...,s,} denote a basis of
V. Recalling that S is linearly independent (Proposition 22), by Corollary 3, for each x € V', there
exists unique (\;)’; € R™ such that x =" | A;s;. Define L : V — R" by

L(X) =1L (iAzSZ> = ()\1,...,)\n) .

Since (A;)"_; is unique for each x € V, L is injective. To show that L is surjective, take any
(o)™, € R™, then since V is a linear space, Y ;- a;s; € V. [ ]
2.1.10 Dual spaces

Let (V,+,-) be a linear space (over the field R). The dual (linear) space of V is given by
(L(V,R),+,-); i.e., the collection of all linear functionals on V along with addition and multi-
plication operator in the field R. The dual space of V' is often denoted V*. When applied to vector
spaces of functions (which are typically infinite-dimensional), dual spaces are used to describe meas-
ures and distributions. Consequently, the dual space is an important concept in (some parts of)
economics.

2.1.11 Convex, concave, quasiconcave and quasiconvex functions

Let (V,4+,-) be a linear space (over the field R). Given a convex X C V, a function f: X — R is
o concave if flax+ (1 —a)y) > af(x)+ (1 —a)f(y) for any x,y € X and a € [0, 1].
o conver if flax+ (1 —a)y) < af(x)+ (1 —a)f(y) for any x,y € X and a € [0, 1].

o strictly concave if flax+ (1 —a)y) > af(x)+ (1 —«a)f(y) for any two distinct x,y € X and
a € (0,1).

o strictly convex if flax + (1 —a)y) < Maf(x)+ (1 —a)f(y) for any two distinct x,y € X
and o € (0,1).

e quasi-concave if f(ax + (1 — a)y) > min{f(x), f(y)} for any 2,y € X and « € [0, 1].
o quasi-convez if f(ax + (1 — a)y) < max{f(z), f(y)} for any z,y € X and « € [0,1].

o strictly quasi-concave if f(ax + (1 — a)y) > min{f(z), f(y)} for all distinct z,y € X and
a € (0,1).

o strictly quasi-convex if f(az + (1 — a)y) < max{f(x), f(y)} for all distinct z,y € X and
a € (0,1).

If f is concave and convex, then f is affine. Concavity implies quasiconcavity, and convexity
implies quasiconvexity. Sums of concave functions are concave and sums of convex functions are
convex; however, sums of quasiconcave (resp. quasiconvex) functions need not be quasiconcave
(resp. quasiconvex).
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2.2 Metric spaces

A vector x € V represents a point in the linear space V. Given two vectors x,y € V', we can define
a notion of distance, called a metric, between these two points. A metric on an nonempty set X is

a function p : X2 — R that satisfies the following conditions:

e (nonnegativity) p(xz,y) > 0 Vz,y € X;
o (identity of indiscernibles) p(xz,y) =0z =y;
o (symmetry) p(z,y) = p(y, ) Yo,y € X;
o (triangle inequality) p(z,y) < p(z, z) + p(y, z) Vx,y,z € X.

A metric space is a pair (X, p), where X is a nonempty set and p is a metric on X. Observe that
metrics can be defined on any nonempty set X; in particular, X need not be a linear space.

Proposition 25. If (X, p) is a metric space, then any subspace (Y, p|ly) with @ #Y C X is a
melric space and is called a metric subspace of (X, p).

Example 13 (Examples and non-examples of metric spaces).

(i) Euclidean metric space. (R™,d), where d is the Fuclidean distance given by

(ii) Discrete metric space. (X, ddiscrete), Wwhere X # & and
dgiscrete (1'7 y) = ﬂ{L#y}

(iii) Product metric spaces. If (X, px) and (Y, py) are metric spaces, then (X X Y, p) is a metric
space where

p((z1,11), (w2,92)) = [(px (21, 22))" + (py (y1,y2))p]1/p (2.3)

for any p > 1.

(iv) Sequence (¢P) spaces. For any 0 < p < oo, ¢P spaces are the set of all sequences in R that is
p-summable; i.e.,

o
/- {(xn) e R Z |z, [P < oo} V0 < p < o0,
n=1

1 = {(:En) € R™ : sup |z, | < oo}.

In particular, we call £>° the space of all bounded sequences. For any 0 < p < oo, (¢, p) with

p((@n), (yn) = Y |20 — ynl”

is a metric space. If p = oo, then (¢7,p) with p((z,), (Yn)) = SuP,en |Tn — Yn| is a metric
space.
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(v) Bounded real-valued function space, (B(S), pso), where
B(S):={feR" :sup{|f(z):z €8} <o}

and poo is the sup-metric given by poo(f, g) = sup,cg |f(z) — g(z)|.

(vi) Continuous real-valued function space, (C(S), poo), where S is compact and

C(S)={fe RY: f € B(S) and f is continuous on S,

(vii) Variation of information. Let P = {P, P,,..., P} and Q = {Q1,Q2,...,Q¢} be two parti-
tions of a set X with n € N elements. Then, the variation of information between P and

is given by
|P:NQ; | |P:iNQ; |
|Pi NneQ | 123 =il e gl
VI (P, Q) [ Z - J log ‘;i‘ + log 7@ .

¥ n

The variation of information is a metric.

(viii) The Kullback-Leibler (KL) divergence. Let P and @ denote the CDFs of two continuous
random variables on R. The KL divergence is given by

KL(P.Q)= [ Zp@:) log (f}’ﬁji) dr,

where p and ¢ denote the probability densities of P and @) respectively. KL divergence is not
a metric because it is not symmetric and does not satisfy the triangle inequality.

Proposition 26 (Equivalent metrics). Let (X, p1) and (X, p2) be two metric spaces. The following
are equivalent.

(i) p1 and pa are equivalent;
(”) 30‘76 € R+7 apl(xay) < P2(337y) < Bpl(w7y) any € X;
(iii) e > 0 such that ¢ Lp1(x,y) < p2(z,y) < cp1(z,y) Yo,y € X.

Proof. Define (i) as (ii). We show equivalence between (ii) and (iii).
(ii) = (iii). Suppose that (ii) holds and let «, 8 be the constant. We must have o < .

e Suppose a < 8 < 1. Then, 1/a > 1> § so that we may set ¢ == 1/a.
e Suppose a < 1 < 3. Then, set ¢ := 3/a. Observe that ¢ >  and ¢! < a.
e Suppose 1 < a < . Then, set ¢:= . Then, 1/c <1< a.
(iii) = (ii). Let ¢ > 0 satisfy the inequality. Define o :=1/c and 8 = c. |

For example, if X = R?, then p;(x,y) == max{|z; — y1|, |v2 — y2|} is equivalent to pa(z,y) ==
[(x1,22) — (Y1, y2)|- However, these are not equivalent to the discrete metric.
Let (X, px) and (Y, py) be two metric spaces. A function f: X — Y is an isometry if

px (2,2) = py (f(2), [ () V2,2 € X.

An isometric function can be thought of as relabelling of points in X . Note that isometry f: X — Y
must be injective as, otherwise, two distinct points in X could be mapped to the same point which
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would contradict the identity of indiscernibles property of the metric px. An isometry that is
bijective is called an isometric isomorphism. Metric spaces X and Y are isometric, denoted X =Y,
if there exists an isometric isomorphism between them.

2.3 Normed spaces

We now introduce a concept of “size” to vectors in a linear space. A norm on a linear space V' is a
function || - || : V' — R that satisfies the following conditions:

(i) (positivity) ||x|| > 0Vx € V and ||x]| =0 < x = 0;
(ii) (homogeneity) |lox|| = |af - ||x|| Vx € V Va € R;

(iii) (triangle inequality) ||[x +y| < |Ix|| + [ly[] vx,y € V.

A normed space (sometimes called the normed linear space) is a pair (V, ]| - ||), where V is a linear
space and || - || is a norm on V. Let S be a linear subspace of V' (recall Proposition 13). Then,
(S,1l - llls) is a normed subspace of (V.|| - ||)-

The natural metric, p, on a normed space (V, || - ||) is defined as

p(x,y) = [x-yl.

Two norms || - ||; and || - ||2 on the same linear space V' are equivalent if the induce equivalent natural
metrics. A linear transformation, L € L(V, W) between two normed space (V, |- ||v) and (W, || ||w)
is isometric if

1L GIllw = IIxlly, vx € V. (2.4)

Example 14 (Examples and non-examples of normed spaces).

e Euclidean normed space is Euclidean space R™ together with the Euclidean norm defined on
R™, where || - || : R — R is given by

We can extend the Euclidean norm into any arbitrary finite-dimensional linear space.

e If p > 1, then the sequence space (¢7, ||-||,) is a normed space with ||(z,,) ||, = (300, |z |P)/P.
Note the triangle inequality fails with 0 < p < 1.

e C (continuous function) space: (C(X), |||« ), where, X is a complete metric space,'* C(X)
is the set of all real-valued continuous functions on X and |||, is the sup norm (i.e.,

[fllpee = sup{|f(x)[} : = € X}).

e C%1([0,1]) (Lipschitz-continuous function on the unit interval) space: (C°1([0,1]), Il o o,17))5
where

C(10,1)) = {1 0.1 = Rst. [ flloon o, < o0}

|f (@) = f (y)]
fllgoa = sup |f(x)|+ sup o —vy|
H ||C (0,1]) ve[01] ‘ ( )| 2,y€[0,1],0y |z — vy

14 As we will see in ECON 6701, completeness refers whether every Cauchy sequences converges.
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e L? (Lebesgue) space: (L? (E), ||| 1»()) With 1 < p < oo, where, for any measurable £ C R",

1P (E) = {f LE SRt |l < oo},
(J 1FI7dz) " i1 < p < o0,
Hf”Lp(E) =

sup,cp|f (@) if p= oo,

Let V be an n-dimensional linear space and S C V be a basis of V. Then, for each x € V, there
exists (A;(x))!; € R™ such that x = > | A;(x)s;. Define |- |y : V — R by

n 1/2
x]y = <Z A <x>2> .

Proposition 27. Let V be an n-dimensional linear space. Then, (V,|-|v), where ||y is as defined
above, is a normed space.

Proof. Tt suffices to verify that |- |y is a norm on V.

Positivity. By construction |x|y > 0 for all x € V. Suppose first that x = 0. Since sq,...,s,
is a basis and thus linearly independent (Proposition 21), 0 = x = Y | A\;(x)s; implies A\ (x) =
-++ = Ap(x) = 0 by Proposition 21.. Thus, |0]yr = 0. Conversely, suppose that |x|yy = 0. Then, by

construction, A;(x) = -+ = A\, (x) = 0 so that x =>_1" ;| \j(x)s; = 0.

Homogeneity. Fix any x € V and o € R. Since ax = Y -, aX;(x)s;,

1/2

n 1/2 n
x|y, = (Zla& (X)2v> = |af (ZI& (X)|2v> = laf x|y -

Triangle inequality. Fix any x,y € V. Then, since |\;(x) + Xi(y)| < |Xi(x)| + [A:i(y)]| for each
ie{l...,n},

n 1/2
x+yly, = (Zm— (x) + X (y>2>
=1
n 1/2 n 1/2
< (Zm— (x>|2> - (Zw <y>|2> = [x|y + [yl -
=1 i=1

It follows that |- |y is a norm on V. |

Proposition 28. All norms on finite-dimensional linear spaces are equivalent.

2.3.1 Geometric interpretation

Consider a point in z := (x,y) € R%2. The length of this vector (from the origin) in Cartesian
coordinate system, ||z|| is given by the Pythagorean theorem:

2l = 0%+ 4 & [l = v/ +

Observe that this corresponds exactly to the Euclidean norm of vector z.
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2.4 Inner product spaces

Consider the linear space R2. We can think of any vectors x € R? as representing direction (from
the origin) or lines that connects the x and the origin. Given any two vectors x,y € R?—or two
lines x,y € R?2—we can think about the angle between them. For example, we think of the z-axis
(represented by (1,0)) and y-axis (represented by (0,1)) as having an angle of 90 degrees between
them, and call them as being orthogonal. The inner product captures the notion of angle between
any two vectors of a linear space.

An inner product on a linear space V' is a function (-,-) : V' x V — R that satisfies the following
conditions:

o (positivity) (x,x) > 0Vx €V and (x,x) =0< x =0;
o (symmetry) (x,y) = (y,%x) Vx,y € V;
o (linearity) (- x4+ B y,z) =a-(x,2)+ - (y,z) Vx,y,z € V Vo, 5 € R.

An inner product space is a pair (V,{(-,-)), where V is a linear space and (-,-) is an inner product
on V. Two vectors x and y in an inner product space (V, (-,-)) are orthogonal if (x,y) = 0. Since

(x,0) = (x,0-y) =0-(x,y) =0,

any nonzero vector is orthogonal to the zero vector. Every inner product space (V,(-)) is a normed
space with the following induced norm:

[ = v/ (%, %)

Example 15. An example of a inner product space is the Fuclidean dot product defined on R"™,
where - : R” x R — R is given by
n
Xy =3 o
i=1

The induced norm of the Fuclidean dot product is indeed the Euclidean norm. Many inner product
can be defined on the same linear space V. For example, with V' = R", with (w;)j; € R},

n
(x,y) = Z WiZiYs
i=1

is an inner product on R™ (called weighted Euclidean inner product). Some other examples:
o (L*(X),(:,-)) for some measurable X, where (f,g) = [y f(x)g(z)dz.

® (62(N)’ <" >)a where <(xn)7 (yn)> = ZZO:I xnyn-w

Theorem 4 (Cauchy-Schwarz Inequality). Let (V,(-,-)) be an inner product space and ||-|| be the
induced norm. Then,
[ < [x[HIyl v,y € V.

Exercise 17. Prove the Cauchy-Schwarz inequality.

Proposition 29 (Generalised Pythagorean theorem). Let (V,(-,-)) be an inner product space and
Il be the induced norm. Then,

I+ yII* = [x]* + 2 (x,y) + |y vx,y € V.

15Holds also for £2(Z) which is a space of sequences of the form (...,b_2,b_1,bo,b1,b2,...).
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In particular, if X and 'y are orthogonal, then
2 2 2
Ix+ylI” = [xII"+lIyl”-
Proof. We use the linearity and symmetry property of the inner product:

Ix+yl® = (x+y,x+y)
=x,x+y)+{y,x+y)
=({xx)+ xy) +{y.x) +{y)
= |xI*+2- (x,y) + lly]*.

Finally, recall that x and y are orthogonal if (x,y) = 0. |

The following results says that sum of the squares of the lengths of the four sides of a parallel-
ogram equals the sum of the squares of the lengths of the two diagonals.

Corollary 6 (Parallelogram identity). Let (V, {-,-)) be an inner product space and ||| be the induced
norm. Then,
e = yII* + % + ¥ = 2[Ix]* + 2 ly|* vx,y € V.

Proof. By the previous proposition,

2 2
% = ylI" =[x+ (=1) - vl
2 2
= xI7+2-(x(=1)-y) +[[(=1) ¥
2 2 2
=[xI" -2 {xy) + -1 [y|
2 2
= [x[I"=2- oy + llyl™-

Thus,

2 2 2 2 2 2
I =31+l + 317 = (Il = 2 (x,3) + ) + (Il +2 (x,3) + 1)
2 2
=2xII” + 2 lyII°. n

2.4.1 Geometric interpretation

Let x, y and z represents the length of the three sides of a triangle and 6 the angle between sides
of lengths = and y. The law of cosine, which is a generalisation of the Pythagorean theorem to

non-right triangles, says that

2% = 2% +y? — 2zy cosb.

Since “length” of vector in R? is represented by the Euclidean norm || - ||, abusing notation slightly
and letting x,y,z € R?, we can rewrite the law of cosine as

2 2 2
I2l1* = I + llyll* = 21| 1yl cos 6.
Using the fact that x =y +z < z=x -y,
2 2 2
2 x| Iy cos & = flx|* + [lylI* = llx + (=)
2 2
= I + lyll” = (JxI” = 2 (x,3) + ¥I) =2 (x,3)

g XY xy)

[ Iy I (x.x) (y,y)
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Hence, the angle between two vectors can be computed using the inner product. Observe that if
two vectors are orthogonal, i.e., (x,y) = 0, then the angle between them is cosf = 0 so that 6 is 90
degrees.

2.4.2 Orthogonal complements

Given an inner product space (V, (-,-)) and W C V| (W, (-,-)|w) is a subspace of the inner product
space and is itself an inner product space. A vector x € V is orthogonal to subspace W if it is
orthogonal to every vector in W7 i.e.,

(x,w) =0Vw e W.
The set of all vectors in V' that are orthogonal to W is the orthogonal complement of W and denoted
t={xeV:(x,w)=0Ywe W},

where L is read “perp.” Note W+ is a subspace of V, (W+)+ = W, and the only common vector
between W and W+ is 0. The last observation means that V is a direct sum of W and W+ i.e.,

V=waew
Hence, any x € V can be uniquely expressed as x = w + w*, where w € W and wt = W+,
Proposition 30. Let (V,(-,-)) be an inner product space. Then, {0} =V and V+ = {0}.

Proof. Recall that (0,x) = 0 for all z € V and hence {0} =V and V+ = {0}. |

Example 16. The orthogonal complement of a line W through the original in R? is the line
perpendicular to W. The orthogonal complement of a line W in R? is the plane that is perpendicular
to W.

2.4.3 Orthonormal bases

A set of vectors {x1,...,x,} C V of an inner product space (V,(-,-)) is an orthogonal set if all
pairs of distinct vectors in the set are orthogonal. An orthogonal set in which each vector has a
unit norm is called orthonormal. Since any vector x € V' can be normalised to have a unit norm by
dividing by ||x||, it follows that any orthogonal set of nonzero vectors can always be converted to
an orthonormal set via such normalisation. A basis consisting of orthonormal vectors in an inner
product space is an orthonormal basis, and a basis consisting of orthogonal vectors is an orthogonal
basis.

If V = R™, the canonical basis, {e;}!" ; is orthonormal since ||e;|| = 1 under the Euclidean norm.
In fact, it is an orthogonal basis since (ez, e;) =0 for any i # j.

We are often interested in finding orthonormal basis as it allows vectors to be expressed in a
simple manner.

Proposition 31. Suppose S = {si,...,8,} is an orthogonal basis for an inner product space
(V,(-,-)) and let ||-|| be the induced norm. Then,

2 (x,8;)
Z : 58; Vx € V.
i—1 Hsz”
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Proof. By definition of a basis, for any x € V, there exists (\;)"_; € R™ such that x = "

j=1 )\ij.

The result then follows because

nw M\ IM M

where the penultimate equality uses the fact that s; and s; for ¢ # j are orthogonal to each other

and the last equality uses the fact that ||s;|| = /(si,si)- |
We can think of (x)s = ((x,s;))?; as the coordinates of the vector x € V relative to the
orthonormal basis S = {s1,...,s,}. Expressing vectors in this way allows simple computation of

inner product, induced norm and induced metric associated with vector(s) in original coordinates.

Proposition 32. Suppose that S == {s1,...,s,} is an orthonormal basis for an inner product space
(V,(-,-)) and let ||-|| and d(-,-) be the induced norm and induced metric, respectively. Then, for any
x,y eV,

n
Z XSZ y,sz Zx yza

~
[

Ix|| = Zx :g(xf)z,

=1 =1
dx,y)= |3 x—y.s)° = [ D (@F —yf)”
=1 =1

where (x7)"_, and (y?)"_, are such that (x)s = ()", and (y)s = (y7)",.

Proof. By the linearity of (-, ),

3

<ZXMnWMﬁ
i=1 =1
Z X, S; -<sz,z<y,sj>sj>

Jj=1

S

3

n
:Z X, Sz . Z y7sj SZ?S]>
=1 j=1
_ZmeMW®W~
j=1

=1

Since (s;,s;) =0 for all ¢ # j and (s;,s;) = 1,

n

<X, y> = Z<X’ Sz y;s7 Z-T

i=1
The expression for the induced norm follows from the fact that ||x|| = \/(x,x). The expression for
the induced metric comes from the fact that d(x,y) =[x — y||- |

Of course, the usefulness of orthonormal bases may be vacuous if they do not exist. Luckily, we
have the following result. The proof involves constructing an orthonormal basis from an arbitrary
basis (which we know exists by Theorem 19). The algorithm is called the Gram-Schmidt process.
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We first show that orthogonality implies linear independence.

Proposition 33. Suppose that S := {s1,...,8,} is an orthogonal set of nonzero vectors in an inner
product space (V, (-,-)). Then, S is linearly independent.

Proof. Take any (\;)!; € R" such that Y . | A;s; = 0. By Proposition 19, it suffices to show that
A1 =--- =\, =0. Since S is an orthogonal set, Vi € {1,...,n},

0= <O,Si> = <Z /\ij,Si> = Z/\] <Sj,Si> = )\z <Si,Si> .
j=1 j=1

Since each s; is a nonzero vector (s;,s;) > 0 by positivity. Therefore, \; =0 Vi € {1,...,n}. |

Next we introduce the concept of orthogonal projections. This generalises the fact that each
vector x € R? can be expressed as sum of vectors along the z- and y-axes, which are orthogonal.

Proposition 34. Suppose W is a finite-dimensional subspace of an inner product space (V,{-,))
and that S :== (s1,...,8,) is an orthogonal basis for W. Then, for any x € V,

n

. X, Si)
projyx = » <||S‘||Z2 s; €W,
=1 ?

Projyy L X i= X — projyyx € W=,

Proof. Take the premise of the proposition.
(i) projyx € W. Since (x,s;)/||s:||*> € R, projy, x is a linear combination of vectors in S. Thus,

projyyx € span (S) = W,
where the last equality follows by the fact that S is a basis and Proposition 21.

(ii) projyox € W+, Define x* := proj,,.x. We wish to show that (x*,w) = 0 ¥w € W.
Using definitions and linearity of (-, ),

(xtw) = <"72 T > -y S )

=1

<W’. 51) (e 52) — > <X’lsi> (si, W) = 0. ]

We refer to projy,yx as an orthogonal projection of x on W and orthogonal projection of x on W
as a component of x orthogonal to W. By Proposition 21 and Corollary 3, projections are unique
relative to each orthogonal basis. Put differently, each distinct orthonormal basis of W gives rise
to a unique projection of x on W.

Theorem 5. Every nonzero finite dimensional inner product space has an orthonormal basis.
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Proof. Let (V,{-,-)) be a nonzero inner product space. Since V is a linear space, by Theorem 19,
there exists a basis S = {s1,...,8,} so that V is n dimensional. The goal is to construct an
orthonormal basis, V = {vy,...,v,}, from S (note that, if it exists, ¥V must have the same number
of elements by Corollary 13.

Step 1 Define vy = s;.

Step 2 Define vo that is orthogonal to vi by computing the component of sy that is orthogonal
to Wy = span(vy). Note that vy is the (trivially orthogonal) basis of W; by construction, by
Proposition 34,

Vo = pI'OjWIJ_SQ =89 — 5 V1 € Wll

For v5 to be a basis, we must have vo # 0. To show this, by way of contradiction, suppose
that vo = 0, then

(s2,v1) (s2,s1)

52 = z V1= 2
vl sl

This implies that s, is a scalar multiple of s; so that s; and so are linearly dependent.
However, this contradicts the fact that any basis is linearly independent (Proposition 21).

Step 3 Define v3 that is orthogonal to v and ve by computing the component of s3 that is ortho-
gonal to Wy = span({vy,va}). Since {v1,va} is an orthogonal basis of Wy by construction,
by Proposition 34,

<S3,V1> ) <537V2>

V3 1= PrOjyy 183 = S3 — 2 - 5 va €Ws
[[va [[va
If v3 = 0, then
S3 = <S3’V;> -V (53,v§> V2
[[va [va
= <S3’v;> 81+ <S3’V§> - <82 - <S2’v;> -51>
vl [[val| v

so that sg is a linear combination of s; and so, contradicting the fact that any basis is linearly
independent (Proposition 21).

Continuing in this way, after n steps, we will obtain an orthogonal set of vectors {vy,...,v,}. To
conclude the proof, we must show that {vy,...,v,} is a basis. By Proposition 21, it suffices to show
that {vi,...,v,} is linearly independent and that span{vy,...,v,} = V. Linear independence
follows from the fact that {vy,...,v,} are orthogonal and Proposition 33. That span{vy,...,v,} =
V follows from Proposition 22 because dimV = n and {vi,...,v,} is linearly independent. |

We can, in fact, apply the Gram-Schmidt process to any linearly independent set of vectors in
an inner product space to obtain an orthonormal set of vectors.

Corollary 7 (Projection Theorem). Suppose W is a finite dimensional subspace of an inner product
space (V,{-,-)). Then, for any x € V, there exists an orthogonal projection of x on W, denoted
projy,x € W, and component of x orthogonal to W, denoted projy,.x € W=, such that

X = projy X -+ projyr. X.

Proof. Given Proposition 34, it suffices to show that W has an orthogonal basis. But we know that
W has an orthogonal basis from Theorem 5. |
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Remark 3. Note that we can write
X = projyX + (X — projyyx) .
Does this look familiar?

Theorem 6 (Approximation Theorem). Suppose W is a finite dimensional subspace of an inner
product space (V,{-,-)). For any x € V, projy X is the best approzimation to x from W in the sense
that it is the element in W that minimises the distance between x and itself; i.e.,

I = proju x|l < [Ix — w|| ¥w € W\ {projyx} -
Proof. Adding and subtracting projy;,x, we can write
x —w = (X — projyx) + (projyyx — w) .
By construction, projyx € W so that projyx —w € W, and x — projyx = projyy+x € W'. That

is, the two terms in the expression above are orthogonal. Then, by the Generalised Pythagorean
Theorem (Theorem 29),

2 . 2 . 2
[x = wl|” = [|x = projyx||” + [[projyx — w|”.
By positivity, the second term is strictly positive unless projyyx = w. Thus, for any w €
W\{projy x},
2 . 2
[x —wl|” > [lx — projyx||”,
which implies the desired result. |

Example 17 (Fourier series). A function of the form

7 () = co + ¢1 cos (x) + cg cos (2x) + « - - + ¢, cos (nx)

+ dy sin (z) + dasin (2z) + - - - + dy, sin (nx)

is called a trigonometric polynomial, and if ¢,, and d,, are not both zero, then 7(z) is said to have
order n. It can be shown that

S :={1,cos (z),cos (2z),...,cos (nx),sin (x),sin (2z),...,sin (nz)}

are linearly independent so that, for any interval [a,b] C R, they form a basis for a (2n + 1)-
dimensional subspace of C([a, b])] (i.e., continuous functions in the interval [a, b]). Let f € C([0, 27]),
where (C(0,27), (-, -)) is an inner product space with

2
(f,g)= [ [fl(x)g(zx)da.
0
We wish to find the best approximation to f from W, where W C C([0,2x]) is the space of
trigonometric polynomial functions of order n. By the Approximation Theorem (Theorem 6), the
best approximation is given by projy, f, which requires to find orthonormal basis {g1, ..., g2} from

W (see Proposition 34):
2n

projuf =Y (f, &) g

i=1

Since S is a basis for W, we can obtain an orthonormal basis by applying the Gram-Schmidt process.
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The result is that

1 #cos(ix) ifie{l,...,n}
8o = » 8i = 1 . . P .
V2 ﬁsm((z—n)m) ifie{n+1,...,2n}
Define
2 1 27
co = — (f, = — x)dx
0 \/%< g0> T Jo f()
L ttg) =2 [ f(a)cos(in) do vi € {1,....n}
G =— i) = — x) cos (ix) dx Vi RN
VT 7 Jo
di= (g =2 [ f@)sinGia)dovie (1.}
= — == in
7 \/* Sn+i T Jo €x)s ) ar vi ) Yy
then

projy f = % + (Z ¢j COs (zx)) + (Z d; sin (m)) .
i=1 i=1

The coefficients (¢o,c1, ..., ¢n,d1,-..,dy) are called the Fourier coefficients of £. It can be shown
that approximation improves as n — oo so that

o0
= ?0-}-; ¢i cos (ix) + d; sin (iz)) .

The right-hand side of this equation is called the Fourier series for f over the interval [0, 27] .

2.5 Topologies

Let X be a nonempty set. A topology T for X is a collection of subsets of X, called open sets, that
have the following properties.

(i) The entire set, X, and the empty set, &, are open—i.e. &, X € T.

(ii) The intersection of any finite collection of open sets is open—i.e. for any O = {O0,0,,...,0,} C

T, m?:l Oi S T;
(iii) The union of any collection of any open set is open—i.e. for any O C T , |Jpecpn O € T.

The pair (X, T), where X is an nonempty set and 7 is a topology for X, is a topological space. For
any x € X, an open set that contains x is a neighbourhood of x. A collection of neighbourhoods
of x, B, is called a base for the topology at z if, for any neighbourhood O of x, there exists a set
B € B, such that B C O. A collection of open sets B is called a base for the topology T if it
contains a base for the topology at each point in X. A base determines a unique topology on X
that consists of @, and the union of sets belonging to the base.

Proposition 35. A subset E C X is open if and only if, for each point x € E, there is a neigh-
bourhood of x that is contained in E. That is,

EeT<evVeek, 30, €T, 2€0, CE.

Proof. Let E C X, where (X, T) is a topological space. Suppose that Vo € F, 30, € T, 2z € O, C
E. Then,

2€0:= ) Oy Ve E=ECO.
el
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Moreover, since O, C E for all z € E, it follows that O C E. That is, O = E. Finally, since O is a
union of open sets, by (iii) of the definition, O = E is an open set. Conversely, suppose that E is
open. Then, E is a neighbourhood of any = that is contained in E. |

Proposition 36. Every open set is a union of neighbourhoods.

Proof. Let E C X be an open set, where (X,7) is a topological space. For each = € E, let N,
be the open neighbourhood in E containing x, which must exist by proposition above. Consider
N = U,cp Nz Since for every z, x € N, C N, it follows that U C N. Since every N, C E, it also
follows that N C E. Thus, U = N. [ |

For a subset £ C X, a point x € X is a point of closure of E provided that every neighbourhood
of x contains a point in E. The collection of points of closure of F is the closure of E, denoted by
E. Since E C E, if E contains all of its points of closure, i.e., E = E, then E is closed.

Proposition 37. A subset of a topological space X is open if and only if its complement in X is
closed.

Proof. First, suppose that E C X is open. Let 2 € X be a point of closure of E¢ = X\F; i.e.,
every neighbourhood of x contains a point in E°. Then, x cannot belong to E because, otherwise,
there would be a neighbourhood of = that is contained in E and therefore does not intersect E°.
Thus, x belongs to E° and hence E° is closed. Now suppose that E°¢ is closed; i.e., E° contains all
of its points of closure. Let x € E. Then, there must be a neighbourhood of x that is contained in
E, for otherwise, every neighbourhood of x would contain points in E¢ and therefore z would be a
point of closure of E¢. Since E° is closed, x would belong to E¢, which is a contradiction. |

Remark 4. Above proposition combined with De Morgan’s law gives an alternative characterisation
of topological spaces using closed sets. A topology 7 for X is a collection of subsets of X, called
closed sets, that have the following properties.

(i) The entire set, X, and the empty set, &, are closed;

(ii) The union of any finite collection of closed sets is closed—i.e. for any C = {C,Cs,...,Cy} C
T, U, C; is closed;

(iii) The intersection of any collection of any closed set is closed—i.e. for any C C T , (Npee C is
closed.

Given a topology (X, T), the interior of S C X, denoted int(.S), is the union of all subsets of S
that are open in X. A point that is in the interior of S is an interior point of S. If X is in fact a
metric space, then « € X is an interior point of S if there exists > 0 such that y is in .S whenever
p(x,y) < r. The boundary of S C X, denoted bd(S) or 95, is the set of points in the closure of S
not belonging to the interior of S. A point that is in the boundary of S is a boundary point of S.

Example 18 (Examples of topologies).

e Discrete topology. Let X be any nonempty set. The discrete topology for X is the collection
of all subsets of X. For discrete topology, every set containing a point is a neighbourhood of
that point. The discrete topology is induced by the discrete metric.

e Trivial topology. let X be any nonempty set. Then, {&, X} is the trivial topology for X. The
only neighbourhood of a point is the whole set X.

e Topological subspaces. Given a topological space (X, 7T ) and a nonempty subset £ C X, we
define the inherited topology S for E to consists of all sets of the form E N O,where O € T.
We call the topological space (F,S) a subspace of (X, T).
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e Product topology. Let (X,T) and (Y,S) be two topological spaces. In X x Y, consider the
collection of sets B consisting of O x Oo, where O is open in X and Os is open in Y. Then,
(X x Y, B) is the product topology for X x Y.

e Metric topology. Let (X, p) be a metric space. Define an ball centred at € X with radius
r >0 as
B, (z) ={ye X :p(z,x) <r}.

Define a subset O C X to be open if, for every x € O, B,(x) C O for some r > 0. The
collection of such open sets is the metric topology for X induced by the metric p.

e Strong (or norm) topology. Let V be a normed space. The metric topology for V' induced by
the natural metric p is called the strong (or norm) topology for X.

Let X and Y be topological spaces. A function f : X — Y is continuous if, for any open set V C Y,
7Y (V)={z € X : f(z) € V} is an open subset of X.16

2.5.1 Order over topologies

Let 7; and T2 be two topologies for a nonempty set X. We say that 77 is weaker than Tz (or,
equivalently, 73 is stronger than 77) if 71 C 7. Thus, any open set in the weaker topology is also
open in the stronger topology. The converse is not necessarily true.

2.5.2 Compactness

Let (X,7) be a topological space. A collection of sets S = {Sx}rea is a cover of a set S C X if
S C U)\eA Sy. Let S be a cover of S. A subcover is a subset of S that is also a cover of S. If each
set Sy is open, then S is an open cover. If A is a finite set, then S is a finite cover (note that each
set Sy need not be finite). A subset S C X is compact (in X) if every open cover of S has a finite
subcover.

If X = R", then a subset S C X is compact if and only if S is closed and bounded (Heine-Borel
theorem). In a metric space, while compactness implies closedness and boundedness, the converse
only holds if the space is complete (i.e., if every Cauchy sequence is convergent). The usefulness
of compactness comes from the fact that any finite set has a maximum—thus, existence of finite
covers allows us to take a maximum among the finite subcovers.

2.5.3 Homeomorphism

Let (X,7T) and (Y, S) be two topological spaces. A function f : X — Y is a homeomorphism if f is
a bijection, f is continuous, and the inverse function f~! is continuous. If such a homeomorphism
exists between X and Y, then they are homeomorphic and the two spaces have the same topolo-
gical properties (e.g., if a set is compact in one space, it is also compact in the other). In fact,
homeomorphic spaces induces an equivalence relation on topological spaces.

Example 19. An open interval (a,b) is homeomorphic to R. To see this, define f : (a,b) — R as
f(z) = -+ ;L. Note that R™ and R" are not homeomorphic if m # n.

16Equivalently, f is continuous if inverse image of any closets set in Y are closed in X.
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3 Linear algebra

3.1 Matrices

For any m,n € N, an m x n matriz (in R), denoted X, is a real-valued function
X:{l....om}x{l,....n} = R,

which we often represent as

L11 Lin
Tm1 " Tmn
where z;; := X (i,7) for each (¢,7) € {1,...,m} x {1,...,n}. We may write [2;;|mxn to stress its

dimension. Thus, x;; represents the ith row and jth column—or the ijth entry—of the matrix X.
Matrices are usually written with uppercase letters and its element with corresponding lowercase
letters.

Real numbers are 1 x 1 matrices, and a vector in R™ can be seen as either n x 1 or 1 x n
matrices. We often refer to n x 1 matrices as column vectors and 1 X n matrices as row vectors.
Unless otherwise specified, a vector is taken to be a column vector. A matrix whose entries all zero
is called a zero matriz. We call any matrices with m = n as (n X n) square matrices. A square
matrix X is diagonal if all its nondiagonal elements are zero; i.e., X is a diagonal matrix if a;; =0
V(i,j) € {1,...,m} x {1,...,n} : i # j, and we write X = diag(ai1,...,ans). An n X n square
matrix X is an identity matriz if X = diag(l,...,1) and we denote it as I,. A square matrix
X is upper (resp. lower) triangular if all its elements below its diagonals are zeros; i.e., a;; = 0
V(i,7) €{1,....m} x{1,...,n}:i>j (resp. a;; =0V(i,j) € {1,...,m} x{1,...,n} :i < j). A
diagonal matrix is both upper and lower triangular.

3.1.1 Space of matrices as a linear space

The set of all m x n matrices is denoted

R™X™ .— {X ‘X e R{l,..‘,m}x{l,...,n}} )

We will define matrix addition and scalar multiplications so that (R™*™, (R, +g, ‘r), +, -) is a linear
space.

Proposition 38. Given X, Y € R™*"™ agnd X\ € R, define + : R™*™ x R™*" — R™*" gnd
<R x R™X™ — R™X™ gg

X+Y =+ (X,Y) = [z + yijl,
A X = ()\,X) = [)\ ']inj]~

Then, (R™*" (R, 4rg,R),+,") s a linear space of dimension m x n with zero given by the zero
matriz, the additive inverse of any X € R is —1 - X, and the multiplicative identity is 1.

Let F;; € R™*™ be a matrix whose entries are all zero except the ijth entry which is equal to
1. The set {E;j}i=1,...m,j=1,...n is a basis of R™*™ and is the canonical basis of the linear space
Rmxn'

Given any X € R™*" amatrix Xcan be viewed as either a collection column vectors, {x7 }je{l...,n}v
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or a collection of row vectors, {X;}ic(1,....m}; i-€.,
T11 Tin X1
X = =[x'-x"] = ,
Tm1 Tmn Xm
where
$1j
x! = : y Xi = [ Ti1 Tin ]1Xn'
xmj mx1

3.1.2 Multiplication

Given X € R™*"™ and Y € R™*", their matriz multiplication (or product), denoted XY, is defined
as

n n
Zk:l T1kYk1 Zk:l T1kYkr

XY =

n
E TikYkj
k=1 mxr

n n
Zk:l TmkYk1 Zk:l TmkYkr

Thus, matrix multiplication is defined only for matrices whose number of columns and rows are the
same, called conformable matrices. Matrix multiplication operation is not commutative; i.e.,

XY #£YX.

We therefore distinguish between pre- and post-multiplications (or left- and right-multiplication)—pre-
multiplying (or left-multiplying) X by Y means Y X and post-multiplying (or right-multiplying) X
by Y means XY.

Given a matrix X € R™*" let D* = (d;;) € R¥** denote a k x k diagonal matrix. Then,

di1x1

XD" = [ diix! dpnx™ |, DX =

dmmxm

Let 17 denote a column vector whose jth entry is 1 and all other entries are zeros. Similarly, let 1;
denote a row vector whose ith entry is 1 and all other entires are zeros. Then,

X].j = Xj, ].ZX = X;

and so

These are useful to keep in mind in econometrics (and especially when coding).
Another important fact is that XY = 0 need not imply that A = 0 or B = 0 unlike multiplication
of real numbers.

Proposition 39. Suppose X € R™*" 'Y ¢ R"*", Z € R"™** and X € R.

e Matriz product is distributive with respect to addition; i.e., X(Y + Z) = XY + XZ and
(X+Y)Z=XZ+YZ.

e Matriz product is associative; i.e., X(YZ) = (XY)Z.
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o X(\Y) = A(XY).

Conformable identity matriz is the multiplicative identity; i.e., 1, X = X1, = X.

Zero matriz is absorbent; i.e., [0lkxmX = [0lkxn and X[0]nxk = [0]mxk-

If X and Y are upper (resp. lower) triangular, then XY =Y X is also upper (resp. lower)
triangular.

For square matrices, we can define repeated products or powers of matrices. Given any X €
R™ "™ and any k € N,

k times

XF o= X% -xX, X:=1,.

A matrix X is idempotent if X% = X.

Matrix product as a linear transformation Let V = R"*" and W = R™*" and define
Ly :R"™" — R™*" as Lx(Y) := XY for some X € R™*"; i.e., we pre-multiply “vectors” in R"*"
by X. Then, for any Y, Z € V and « € R, we have

Lx(a-Y+2)=X(a-Y+2Z)=aXY+XZ=a -Lx(Y)+ Lx (Z).

Thus, matrix X € R™*™ is a linear transformation that maps vectors from linear space R™"*" to
linear space R™*". Since we can write XY as a linear combination of columns, x7, of X,

Lx (Y)=XY = [ 2?21 yjlxj Z?:l yjrxj

mxXr

we can interpret pre-multiplication as a column transformation.

Suppose we now define Mx : R™*™ — R"™" as Mx(Z) = ZX for some X € R™*"; ie., we
post-multiply “vectors” in R"*"™ by X. Since we can write ZX as a linear combination of rows, x;,
of X,

Dy ZriXi
Mx (Z) =7X = .
Zi:l ZriXq rXn

we can interpret post-multiplication as a row transformation.

Linear transformations as matrices Let V and W be linear spaces (over R) with dimV =n
and dimW = m, respectively. Fix bases S = {s1,...,s,} for V and T = {t1,...,t,,} for W. Take
any L € L(V,W). Then, for each j = {1,...,n}, since L(s;) € W, there exists (a;;)j2; € R™ such
that

L (Sj) = Z Oéijti.
i=1

Define
a1 o Qlp
Myw (L) = |ais] =
am1 Omp

mXxXn

so that jth column of My, (L) is the coordinates of L(s;) with respect to T'. That is,

L (X) = MV,W (L) X.

- 55 -



Math Review 2024

This tells us that any linear transformation from V to W is equivalent to matrices once we fixed
the two bases.

Proposition 40. Let V and W be linear spaces with dimV = n and dimW = m. Then, the space
of linear transformations from V to W, L(V,W) is isomorphic to the space of m X n matrices,
R™*™ Moreover, if S = {s1,...,8,} is a basis for V and T = {t1,...,t,n} is a basis for W, then

Myw € L(L(V,W),R™™)
and My w is an isomorphism from L(V,W) to R™*™.

Geometric interpretation of matrix product Any (21,22) € R? can be expressed as a point
on a graph. Suppose we consider linear transformations L : R? — R? defined as

b xan [ 21 7 ][] [mnnn ]

To1 To2 22 T2121 + Ta222

Consider the linear transformation of the unit square by pre-multiplication using matrix X. The
vertices in the unique square is then mapped to a parallelogram:

(0,0) — (0,0), (1,0) = (211, 221) ,

(1,1) = (211 + z12, T21 + T22), (0,1) = (212, T22) -
Thus, linear transformation here can be thought of as a change from the Cartesian coordinate
system to a new grid system with axes that are generally not at right angels, and each unit square

of the grid is transformed into a parallelogram.
The following are some standard transformations.

e Identity map: X =1Is.

Rotation through angle 6: X = [

)
)
. . -1 0
Reflection about y axis: X = [ 1 ]

Reflection about z axis: X = {

Reflection about y = z: X = [

3.1.3 Span

Recall that any matrix X € R™*™ can be viewed as a collection of (row or column) vectors. Thus,
we can consider the linear space that the vectors span. The linear space spanned by the columns
of X is the column space (or image) of X; i.e.,

im(X) == Span({xl,...,x”}) = Z)\jxj:)\j eRVje{l,...,n}
j=1

The column rank of X is the rank of the column space of X (recall that rank of a linear space
equals the cardinality of (any) basis of that space). The linear space spanned by the rows of X i.e.,
span({X1,...,Xm}), is the row space of X. The row rank of X is the rank of the row space of X.

- 56 -



Math Review 2024

Proposition 41. For any X € R™*" rank(span({x!,...,x"})) = rank(span({x1,...,Xu})).

The proposition above means that it is unambiguous to the rank of matrix X without reference
to row or column ranks. Hence, we simply write rank(X) to mean the rank of the column (or row)
space of matrix X.

Observe that rank(I,,) = n and each column (resp. row) are bases of column (resp. row) spaces.

Proposition 42. For any X € R™*" and Y € R™"*" |
rank (XY) < min {rank (X) ,rank (Y)}.

Proof. Suppose X € R™*™ and Y € R™ " and recall that each column of Z := XY is a linear
combination of columns of X. Hence, im(Z) C im(X) and im(Z) is a linear subspace of im(X).
Therefore, by Corollary 4,

rank (XY) = dim (Z) < dim (X) = rank (X).
Similarly, recall that each row of XY is a linear combination of the rows in Y. Hence,

span ({z1,...,2m}) Cspan ({y1,---,Ym})
and span({z1,...,2Zn,}) is a linear subspace of span({y1,...,¥m}). Therefore, by Corollary 4,
rank (XY) = dim (Z) < dim (Y) = rank (V).
Together, these imply that the desired inequality. |
Corollary 8. Rank of an m x n matriz is always smaller than both m and n.
Proof. By the previous proposition and the fact that rank(I,,) = n,

rank (X) = rank (X1,,) < min {rank (X),rank (I,,)} = min {rank (X),n},
rank (X) = rank (I, X) < min {rank (I,,) , rank (X)} = min {m, rank (X)} .

Together, these imply that
rank (X) < min {m,n}. |

We say that matrix X € R™>*™ has full rank if rank(X) = min{m,n}.

Proposition 43. Suppose X € R™*™ has rank k < min{m,n}. Then, X has k linearly independent
columns and rows.

The null space (or the kernel) of matrix X € R™*™ is the solutions to the homogenous system
of equations, Xz = 0; i.e.,
null (X) = {ze R"™" : Xz =0}.

The dimension of the null space of X is the nullity of X, denoted nullity (X) := dim(null(X)).

Theorem 7 (Rank-nullity theorem). Suppose X € R™*" then

rank (X) + nullity (X) = n.
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3.1.4 Inverse

An n x n square matrix X is invertible (or nonsingular) if there exists a matrix Y € R"*™ such
that
XY =YX =1,.

If it exists, we call Y the inverse matriz of X and denote it as X ~!. Inverse matrices are unique
whenever they exist and has the property that (X 1)1 = X.!7 Matrices that are not invertible
are singular.

Proposition 44. Suppose X, Y € R"*™ are invertible, then their matrix product is also invertible
and
(X)) '=y'x 1

We will not go over the general method of computing inverse matrices.'®

Proposition 45. A triangular matriz (upper or lower) is nonsingular if and only if its diagonal
entires are nonzero. The inverse of an upper (resp. lower) triangular matriz is also upper (resp.
lower) triangular whenever they exist.

Above implies that a diagonal matrix is invertible if and only if the diagonal elements are
nonzero. Thus, I is always invertible.

Proposition 46. Suppose X € R"*"™ is an invertible, diagonal matriz. Then,

1 1
X1 = ding () .
a11 Ann
Proposition 47. A square matriz X € R™*™ is invertible if and only if rank(X) = n.

3.1.5 Transpose
Given X € R™X", the transpose of X, denoted X or X', is the matrix obtained by placing the

ijth entries into the jith positions instead; i.e.,

)(—r = [iji]

nxm

Note (XT)T = X, transpose of a real number (i.e., a 1 x 1 matrix) is itself, and transpose of a
row vector is a column vector (and vice versa). We say that a matrix X is symmetric if it equals
its transpose; i.e., X = X . Symmetric matrices must be square matrices. A diagonal matrix is
symmetric. Symmetries is preserved under matrix addition (and subtraction).

Proposition 48. Suppose X € R™*" Y € R"™*" and X\ € R.

e MX) =AXT.

(
e (X4+YV)T=XT+YT.
o« (XY)T =YTXT.
o (X H)T =(XT)"! whenever X is invertible.

o XXT and XX are symmetric matrices.

If X is upper (resp. lower) triangular, then X is lower (resp. upper) triangular.

17Toward a contradiction, suppose X has two distinct inverses Y and Z. Bt Y = YI=Y(X2) = (YX)Z =1Z =
Z; a contradiction.
181f you need to go over this, take a look at Sundaram §1.3.5.
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3.1.6 Trace

Given X € R™*™ the trace of X, denoted tr(X) is the sum of its diagonals; i.e.,

tr (X) = zn:]}“
i=1

Proposition 49. Suppose X, Y € R"™*" X € R,
e Trance is a linear transformation: tr(AX +Y) = Atr(X) + tr(Y).
o tr(X) =tr(XT7).
e If AB and BA are square matrices (but not necessarily A and B), then tr(AB) = tr(BA).
e Invariant under cyclic permutation: tr(ABCD) = tr(BCDA) = tr(CDAB) = tr(DABC).

3.1.7 Determinant

The determinant of a square matrix X € R™*", denoted det(X) (or |X]), is an a matrix defined
inductively in the following way:

(i) for a 1 x 1 matrix X = x11, define its determinant as det(X) = z11;

(ii) for an n x n matrix with n > 2, define its determinant via the cofactor of expansion of X

along the first row)
n

det (X) = Z (=) agdet (X1, y),

j=1
where X_; _; is the matrix X with the ith row and jth columns eliminated.'®
This formula means that

a a
X = [ 1 12 :| = det (X) = a11022 — 412021
az1 a2

and

aix aiz2 ais
X = a21 Q22 @23

azip azz ass
G22  G23 az1 G923 21  G22
= det (X) = ay; det — ajg det + a3 det
az2 Q33 as1  G33 asz1 Q32
= (11022033 — 011023032 — 012021033 + 412023031 + 413021032 — 13022031 -

Proposition 50. Suppose X € R"*",
det(I,) = 1.

If X is triangular, then det(X) = [[/—, -
det(XY) = det(X) det(Y).

o If X is invertible, then det(X ~1) = 1/ det(X).

If any two columns of X are equal, then det(X) = 0.
Proposition 51. A square matriz X € R"*™ is invertible if and only if det(X) # 0.

191n fact, we can define determinant using cofactor expansion along any arbitrary rows or columns of X.
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Geometric interpretation of determinant Recall that a linear transformation from R? to R?
reshapes a unit square to a parallelogram in Cartesian coordinate system. It turns out that the area
of the parallelogram produced by transformation the unit square via matrix X is equal to |det(X)|
(the sign of det(X) tells us about the orientation of the parallelogram compared to the original
square). All of the standard transformations in the example are associated with matrices with
determinant of one. This means that these transformations preserve area. In contrast, consider the
following matrix, for some k1, ko € R,

x=| B 0 et (X)) = [kikal .
0 ks

This linear transformation scales area by a factor kjks; it scales in the z-axis direction by a factor
k1 and in the y-axis direction of a factor k5.

Observe also that the matrices associated with the aforementioned standard linear transform-
ations are all invertible/nonsingular. This means that each point is mapped to a unique point so
that the transformations are reversible. In contrast, linear transformation via singular matrices
cannot be reversed uniquely. For example, consider the matrix

X:B ﬂ;wdet(xnzo.

Observe that every point in (z,y) is mapped to some point on the same line y = 2z. This means
that there are many points that are mapped to the same point on the line y = 2x. For example,

1
(25 2) ’ (35 2) — (478) .
3.1.8 Kronecker product

Kronecker product is a function ® : R™*" x R"*5 — R"*"¢ defined by

AT SRR T1nY
XY =

Tm1Y o ToynY

(More generally, Kronecker product is a special case of a linear transformation, called tensor product,
applied to linear space of matrices.)

Example 20. Consider a panel data with dimensions i € {1,...,N}and t € {1,...,T}:
Yit = XY + i + Op + Ui,

where y;; € R is the dependent variable, x;; € R* is a column vector of independent variables,
~ € RF is the column vector of coefficients, a; € R is the fixed effect, §; is the “time dummy” and
u;; is the error term. To express the data in matrix form, we stack observations—Ilet’s say first over
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te{l,...,T} foreachiec{l,...,N}:
Y11 X1
/
X -
ZIT X}T tr O Or
21 21
OT LT OT OT o1
= , Yix1+ | Or O
Yor Xy .
: : - Or aN 1N
OT OT OT LT —
YN X1 L NTxN @
. =Xo
/
L YUNT I npxr L ENT I nrsk
=X,
U11
urr
Ir U21
01
It
+ : + ,
5 UaT
T
Tx1
Ir NT X TN —
=8
=X UN1
L UNT | Ny
—_———
=u
where v € RT column vector of ones, 07 € R7 is a column vector of zeros, and I € RT*T is an

identity matrix. We can write above equivalently as

y=Xiv+(Iy @ tr)a+ ity @17)d +u=XB+u,
— —

=X

where

=X3

X = [X1, X2, Xs] yrs (k- N4 T) -

B= a5
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Note that, given K = k+ N+ T,

- A
X11
5'(/
1T
N T
: % % bt 3 § :E :~ o/
(X X)KXK = Xll...xlT ...... XNl...xNT — xitxitu
i=1 t=1
XN1
| XNT
Uil
uir
N T
’ - - - - ZZ~
(X u)KXI g Xll...xlT ...... XNl...XNT — Xituit'
i=1 t=1
UN1
L UNT |

3.1.9 Space of matrices as an inner product space

Suppose y,z € R™*! and X € R™™" is invertible. First, observe that Euclidean dot product can
be written as matrix product:

n
Y'Z:Z%Zz‘:[fh Zn] : =z'y=y'z
i=1
Yn

Since Xy, Xz € R, we may consider the Euclidean dot product between the two:
Xy Xz = (Xy)T Xz=y' X"Xz.
The function (-,-)x : R" x R™ — R defined by
(v,2)y =Xy -Xz= y' ' XT Xz.

is an inner product and is called an inner product on R"™ generated by X. The Euclidean dot
product is a special case in which X = I,,. Weighted Euclidean dot product is a special case in
which X = diag(wy, ..., w,).

Proposition 52. (R™*™ (..)) is an inner product space where
(X,Y)=tr (Y'X).

The following provides a geometric connection between the null space and row/column spaces
of a matrix.
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Proposition 53. Given X € R™*"™

null (X) = (span ({x1,... ,xm}))L ,
null (X7) = (span ({x',...,x"}))" = (im (X)),
where the orthogonal complement is taken with respect to the Fuclidean inner product.

Proof. Suppose X € R™*™ and the we take the inner product to be the Euclidean dot product.
Take any y € null(X). We first show that y is orthogonal to every vector in the row space of
X. By definition of null space,

Xy=0&x%x,-y=(x,y)=0Vie{l,...,m}.

Thus, each x; (i.e., each row of matrix X) is orthogonal to y. By definition, for any x €
span({x1,..., X }), there exists (X\;)7; € R™ such that x = >/, A\;x;. Thus,

(x,y) = <Z)\ixi,y> = Z)‘i (x;,y) =0.
i=1 i=1

Hence, y is orthogonal to any element in the row space of X. Sine y was arbitrary, it follows that
every element of null (X) is orthogonal to the row space of X. Conversely, take any y* that is
orthogonal to every row vector of X i.e.,

<Xi7yl>=xi-yL:OViG{l,...,m}.

This implies that y* € null(X) since

1 m 1 1
Ti1 0 Tin Y1 Zi:1 T15Y; X1y
Xyb=| L= : = ¢ |=0
1 m 1 1
Tml " Tmn Yn Zizl Tmil; Xm Yy

Since y* was chosen arbitrary, it follows that any vector that is orthogonal to every tow vector of
X is in the null space of X. We have now shown the first equality. To show the second equality,
observe that the column space of X is equal to the row space of X T. |

Recall that in any inner product space V, the zero space ({0}) and V are orthogonal complement
of one another. Thus, if X € R™*™, to say that Ax = 0 has only the trivial solution (of x = 0)
is equivalent to saying that the orthogonal complement of the null space of X is all of R™ , or,
equivalently (by the proposition above), that the row space of X is all of R™. This gives the
following characterisation.

Proposition 54. The following are equivalent.
o A matriz X € R™™™ is invertible.
e (null(X))+ =R".
e (span({xy,...,x,,}))* = {0}.

Theorem 8 (QR-decomposition). Suppose X € R™*™ has linearly independent column vectors;
i.e., {x1,...,x"} are linearly independent. Then, X can be decomposed as

X =QR,
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where Q € R™*™ 4s a matriz with orthonormal column vectors and R € R™*™ is an invertible upper
triangular matrix.

Proof. Let X € R™*™ be a matrix with linearly independent column vectors {x!,...,x™}. Then,
(im(X), (-,+)) is an inner product space with (-,-) being the Euclidean dot product; moreover,
{x!,...,x"} is a basis of im(X). Since {x!,...,x"} is linearly independent, we can apply the
Gram-Schmidt process to obtain orthonormal an basis, S := {si,...,s,}. By Proposition 31, we

can write
n

xi:Z<xi,sj>sj Vie{l,...,n}.

j=1
Thus,
(x',s1) - (x"s1)
X:[xl x”]:[sl Sn] :
—_——
=Q <Xla Sn> <Xn’ Sn>
=R
By construction, for any j > 2, the vector s; is orthogonal to x!',...,x77 ! so that
i <X1,Sl> <X2,Sl> N e <Xn751> T
0 <x2, SQ> (x™, 82)
R= 0
i 0 0 0 (x",sp)
That is, R is an upper triangular matrix. |

Since X € R™*" is invertible if and only if it has linearly independent columns, it follows that
every invertible matrix has a Q R-decomposition.

3.2 System of linear equations
A system of a linear equations take the form:

1121 + 1222 + - + A1 Ty = by,

1121 + a12%2 + - + A1, Ty = bo,

Am1T1 + Am2Z2 + + +  + AppTn = bmv

where a;;,b; € R for all 4,5 € {1,...,n} x {1,...,m} and the unknowns are z1,...,z, € R. The
system of linear equations can be written succinctly as

Ax = b,

where A = [ai;]mxn, b= (b1,...,by) and x = (z1,...,2,) (remember the convention that unspe-
cified vectors are row vectors). The following proposition characterised the existence as well as the
unique of the solutions to a system of linear equations.

Proposition 55. Suppose A € R™*" gnd b = R™*'. Then, the system of equation Ax =b has a
solution if and only if

rank ([A|b]) = rank (A), (3.1
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where [A|b] := [al,...,a", b] € R™*"*1 js the augmentation of matriz A by b (called the augmented
matriz).

If the system has a solution, then (i) the solution is unique if and only if A is full rank; (ii) the
system has infinitely many solutions if and only if rank(A) < n.

Recall that Ax is a linear combination of columns of X. The condition (3.1) means that b is a
linear combination of the columns of A; i.e., the existence of a solution is equivalent to b belonging
in the column space of A. Recalling Proposition 7, uniqueness of a solution (when one exists)
depends on the dimension of the null space of A. In fact, one can think of nullity(A) as the number
of free parameters in the system of equations.

Proposition 56 (General solution of a linear equation). Given A € R™*"™ and b € R™*!  suppose
* € R satisfies Ax* = b. Then, the set of all solutions satisfying the Ax = b is given by

{x*+xp :xp €null (A)}.

A system of linear equations Ax = b is homogenous if b = 0 and non-homogenous if b # 0. A
vector x* satisfying Ax* = b is a particular solution of the linear equation Ax = b. The result above
tells us that the general solution of a non-homogenous system of linear equations, {x : Ax = b}. is
the sum of any particular solution (x*) and the general solution of the related homogenous system
(x5, such that Ax, = 0).

When solving linear equations by hand, you can use the Gauss-Jordan elimination, which we
will not cover here. In the special case in which A is an invertible square matrix, the (unique)
solution is given by x* := A~'b and we have the following theorem to characterise the solution.

Theorem 9 (Cramer’s Rule). Suppose A € R™ "™ is invertible and b € R"*1. The ith entry of the
vector x* := A7'b € R"*! is given by

X, —MV'LE{I,...,TL},

where A; € R™™™ is the matriz obtained by replacing the ith column of A by b.

3.3 Least square solution as orthogonal projections

Consider a linear system of equations Xb = y, where X € R™*" b € R"*! and y € R™*L
Suppose that this system of equation has no solution. That is, by our discussion about Proposition
55, y ¢ im(X). We might find ourselves in such situation if Xb = y represents a theoretical
relationship that is only observed in real data with some noise. One way to solve such an inconsistent
system of equation is to look for b that comes “as close as possible” to being a solution in the sense
that it minimises the the Euclidean distance between Xb € im(X) and y. Thinking of e® := Xb—y
as errors, we wish to minimise [|eP|| = 1/(€2)2 + - - + (e} )2 with respect to b. The solution to such

a problem is called the least squares solution of Xb =y since it minimises the squares errors.

Define W to be the column space of X; i.e., W = im(X). For any b € R"*! then Xb is a
linear combination of column vectors of X;i.e., Xb € W for any b € R™"*!. By the Approximation
Theorem (Theorem 6), the best approximation to y in W is the orthogonal projection of y on W,
¥ = projyy. We now wish to find b € R™*! such that

Xb = projyy.
We will do so without computing projy;;y explicitly. Observe that

y — Xb = Y — Projyyy = projyty € wt.
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That is, y — Xb is orthogonal to W, which is the column space of X. Then, by Proposition 53,
y-Xbemll (X)X (y-Xb)=0e Xy =X Xb.

The last expression is called the normal system associated with Xb = y. Recall that we are
concerned with a linear system of equations Xb =y with no solutions. The point of all of this is
the following result.

Proposition 57. A solution to a normal system associated with Xb =y always exists.
We first prove the following lemma.

Lemma 3. For any matriz X € R™*",
null (X 'X) = null (X), im(X'X) =im(X").

Proof. For any b € null(X), then Xb = 0 so that X"Xb = XT0 =0 and b € null(X " X). Thus,
null(X) € null(X " X). Conversely, take any b € null(X " X), then

X'Xb=0=b'X"Xb=b'0=0= (Xb)' (Xb)=(Xb,Xb)=|Xb|’=0.

By positivity, it follows that Xb = 0. Hence, null(X " X) C null(X). Together, we have null(X " X) =
null(X). Since X ' X is symmetric,

. T : Ty) ' T )\ T 1

im (XTX) =im (X7X) ") = (nal (X7X) ")) = (ol (XTX)) "
where the penultimate equality uses Proposition 53. Since null(X " X) = null(X),

im (X' X) = (null (X))* =im (X7),

where the last equality uses Proposition 53 again. |

Proof of Proposition 57. By Proposition 55, we know that a solution to the normal system exists
if XTy € im(XTX). Since X"y is a linear combination of columns of X', XTy € im(XT").
The lemma above tells us that X 'y € im(X " X). Hence, the solution to the normal system must
exist. n

Although we know that a solution to normal system exists, we do not know whether the solution
is unique. But, by Proposition 55 again, if X T X € R™*" is invertible, we know that the solution
must be unique. In this case, we have

b= (X"X) Xy
and it also follows that )
projyyy = X (XTX) XTy.

You may recall that b is the OLS estimator. We see here that OLS gives us the vector in the
column space of X that minimises the distance (under the metric induced by the Euclidean norm)
between it and vector y.
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3.4 Eigenvalues and eigenvectors

Recall that C is the set of complex numbers. Let C™*" be the set of all m x n matrices whose
entries are complex numbers. Given any X € C"*™ a scalar A € C is an eigenvalue of X if

Jz € C"\{0}, Xz = )z.
A vector z € C"\{0} is an eigenvector of X if
dAeC, Xz =)z
Proposition 58. A € C is an eigenvalue of X € C™*" if and only if
det (AL, — X) = 0.

Proof. By definition, A € C is an eigenvalue of X if Xz = Az < (X — Al,)z = 0 has a nonzero
solution z. Since (X —Al,, )z is a linear combination of the columns of X —Al,,, that there is a nonzero
solution means that the columns of the matrix A, — X are linearly dependent by Proposition 19.
By Proposition 43, this means that rank(X) < n, which implies that A, — X is not invertible

(Proposition 47). This, in turn, is equivalent to det(Al,, — X) = 0 by Proposition 51. | |
Since
A— 211 —T12 —T1n
—To1 A—Taz - —Toy
)\]In - = . . . . 5
—Tnl —Tn2 o )\ — Tnpn

the determinant of AL, — X is a polynomial in X of degree n; i.e., 3(c;)", € C" ! with ¢, # 0,

n

det (AL, = X) =) "¢+ (V).

=0

We refer to Px (A) := det (A, — X) as the characteristic polynomial of X. The Fundamental
Theorem of Algebra tells us that we can find all eigenvalues of X by setting the characteristic
polynomial of X to 0 and solving for all its roots.

Theorem 10 (Fundamental Theorem of Algebra). Let P : C — C be a polynomial of degree n; i.e.,
P =" gci- (N for (¢;)ig € C"™ with ¢, # 0. Then, P has exactly n roots in C (counted
with multiplicity); i.e.,

I, €CY, P(\) =cy ﬁ A= \)

i=1
Proposition 59. Suppose matriz X € C"*" has eigenvalues (A\;)7_,; € C™. Then,

n

Px () =T =),

i=1

det (X) = ﬁ A,
=1

i=1

It follows from above that a matrix is singular (not invertible) if at least one eigenvalue is 0.
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3.4.1 Geometric interpretation

Recall that X € R?*? can be thought of as mapping points to new points (except for the origin).
However, it may be that some straight lines remains fixed before and after the transformation.
That is, suppose what happens if Xz = Az for some A € R so that every point (21, 22) on a given
line is mapped to another point on the same straight line through the origin. The equation or the
direction of the straight line, z, is the eigenvector, and the corresponding value of the constant A
(the scaling in the direction of the associated eigenvector) is the eigenvalue.

For example, consider the following variant of the matrix that reflects about the y axis:

-2 0
X = .
This matrix has eigenvalues of —2 and 1 and corresponding eigenvectors of (1,0) and (0, 1) respect-

ively. This means that X scales by a factor of 2 in the direction of the x-axis but leaves the scale
in the y-axis unchanged. Indeed, observe that

(0,1) > (0,1),(1,0) — (=2,0), (1,1) — (=2,1).

Thus, this linear mapping doubles the area and indeed |det(X)| = 2.
Note that eigenvalue of zero means that all points on the line associated with the eigenvector is
mapped to the origin.

3.5 Diagonalisation

A matrix X € R"*" is diagonalisable (in R) if there exists an invertible matrix P € R™*" and a
diagonal matrix A € R™*™ such that

A=P'XP.
The diagonal entries of A = diag(Aq,...,\,) are the n eigenvalues of X since
det (AL, — X) = det (P~ 1) det (AT, — X) det (P)
= det (P! X)P)
= det (P~ 1,\}1 P—P7'XP)
= det (AL, — A)

:H()\*)\i),

where, in first line, we used the fact that det(P~!) = 1/ det(P). Moreover, a diagonalisable matrix
X can be decomposed as follows:

X=(PP X (PP Y)y=P (P 'XP)P ' =PAP.

Proposition 60. A matriz X € C"*" is diagonalisable in C if and only if X has n linearly
independent eigenvectors.

Proposition 61. Suppose matriz X € C"*™ has n distinct eigenvalues (X\;)7—, € C™. Then, the
corresponding eigenvectors are linearly independent.

Proposition 62. A matriz X € C**" has n distinct eigenvalues in C, then X is diagonalisable
in C so that X = PAP~', where P is a matriz of eigenvectors and A is a diagonal matriz of
etgenvalues.
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Proof. Let p* denote eigenvectors corresponding to eigenvalue \;; i.e.,
Xp'=X\Np' Vie{l,...,n}.

Define P := ( p! ... p" ) and A := diag(\1,...,\,), We can succinctly write the above set of
equation as
XP = PA.

By the previous proposition, eigenvectors of X are linearly independent, which implies that P is
invertible. Thus, post-multiplying both sides by P~ yields X = PAP~! as desired. |

An matrix X € R™*" is orthogonal if X T X = I,,, which, in turn, implies that X1 = X T.

Proposition 63. A symmetric matrix X € R™*™ has all real eigenvalues, and there exists an
orthogonal matriz P € R™ ™ and a diagonal matriz A € R"*™ such that A= P"'XP = PTXP.

Remark 5. The characterisation of when a matrix can be diagonalised is an example of spectral
theorem. More generally, a spectral theorem characterises when a linear transformation can be
diagonalised. Note that a spectrum of a linear transformation is a generalisation of the set of
eigenvalues of a matrix.

Proposition 64. A matriz X is idempotent if and only if its eigenvalues are either 0 or 1, and
the number of eigenvalues equal to 1 is tr(X).

Proof. Since X is idempotent it has to be symmetric. Suppose that X is idempotent, A is an
eigenvalue and z # 0 the corresponding eigenvector, i.e., Az = Xz, then

M=Xz=XXz=X(\z)=)Xz= A2z

Since z # 0, above implies A = A2 and hence either A =0 or A = 1.
Conversely, by Proposition 63, we may write X = PTAP, where A is a matrix of eigenvalues
and P is the matrix of corresponding eigenvectors. Then,

X2 =PTAPPTAP=PTAPP'AP = PTA?P,

where we used the fact that P is orthogonal. Sine each diagonal entry on A is either 0 or 1, it
follows that A2 = A. That is,
X?=PTAP=X.

Finally,
tr (X) =tr (PTAP) = tr (APPT) = tr (A).

Since all diagonal entries in A are 0 or 1, the number of eigenvalues equal to 1 is trace(X). |
Linear dynamic system Suppose we have a linear dynamic system,; i.e.,
2, = X2
for some z; € R™ and X € R"*". Repeated substitution yields that
zi =X (Xz4 o)== X'z.

Computing X* can be difficult generally. However, if X was diagonal, the computation is easy
because
(diag (1, ..., x,))" = diag (zf,...,2L).

n
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Even if X was not diagonal, diagonalisation helps computation. To see this, suppose that matrix
X is diagonalisable and that there exists a matrix of eigenvectors P € R™*™ and a corresponding
diagonal matrix of distinct eigenvalues A = diag(\f, ..., Al)) € R™*" such that X = PAP~!. Then,

X'=(PAP™ ") x -+ x (PAP™') = PA'P™.
Hence,
z: = PA'P g,

so that z; is a linear combination of the initial values zy with the weights given by the eigenvalues
and eigenvectors.
Defining 2, :== P~ 'z;, we can also write

74 :Atioﬁé’ti :)\22’01‘ Vi € {1,...,77,}.

That is, each component of z;, %;;, is described by independent equations so that it depends only
on %9, (and X;).

We are also often interested in the long-run behaviour of a linear dynamic system; i.e., given
z; = X2z;_1, we wish to know

lim z, = lim X'z = lim PA'P~ 'z, = P (lim At) Pz,
t—o0 t—o0 t—o0 t—o0

Since A is a diagonal matrix whose diagonal entries are the eigenvalues of X, it follows that the
long-run behaviour of the dynamic system depends on the eigenvalues of X, (A\;)" ;. Since A’ =
diag(At, ..., A\L), for the long-run limit to exist, we must have that |\;| < 1 for any 2¢; # 0, where

zo = (20 )i—1-

Example 21. Suppose we have a system of simultaneous first-order difference equations:
$t+1 = 4.’Et —+ 2yt;
Yt+1 = — Tt + Yi,

with initial values zg and yo. We can write this in matrix form, x;; = Axy:

e =LA
Yt+1 -1 1 ye |
The eigenvalues of A are given by k that solves |A — kI| = 0; i.e.
4—k 2

-1 1-k

= A4-k(Q-k)+2=0

=6—5k+k>=0

= (k-—2)(k—3)=0.

-0

Thus, eigenvalues are A\; = 2 and A2 = 3. The eigenvector corresponding to A; is

4—-2 2 Tt -0
-1 1-2 v |
|:2(Et+2yt:|:0
—Tt — Yt
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so that the corresponding eigenvector is (1, —1). For Ao,

4—-3 2 Tt _ .’13t+2yt -0
-1 1-3 ]|y | | -we—2u ]

so that the corresponding eigenvector is (2, —1). Hence

1 2
=[5 5]

2 0
A:

o5 )
pa_ L[ -1 2

111

To verify

|12 2 0 -1 2] | 2 6 -1 2| [ 4 2|
e N L | el B Bt | el e B
Notice that

Define z; = Px;, then
214 2t 0 21,0 t
= ’ = ’ = A
“ { Z2t } { 0 3 } { 22,0 ] “

_ ¢ _ A\t
21t = >\121,0, 2.t = )\222,0~

That is,

3.6 Definiteness

A function @ : R™ — R has a quadratic form if it can be represented by

Q(z)=zXz

n n
= E E Tij2iZj

i=1j=1

= (Z xzsz?) + (w12 + ®21) 2122 + - - + (Tn—1,n + Trn—1) Zn—1%n)
i=1

for some X € R™ ™. There are many ways to represent a quadratic form using a matrix; e.g., if
X presents a quadratic form @, then X 4+ Y also represents ) for any antisymmetric matrix Y
(i.e., yij = —y;i). However, each quadratic form can be represented by a unique symmetric matrix
because such representation is equivalent to sharing the coeflicient on z;z; with i # j equally
between z;; and ;.

A symmetric matrix X € R"*" is

e positive definite if z' Xz > 0 Vz € R"\{0};
e negative definite if z' Xz < 0 Vz € R"\{0};

e positive semidefinite if 2" Xz > 0 Vz € R™;
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e negative semidefinite if z' Xz < 0 Vz € R™;
e indefinite if they are none of the above (i.e., if 3z,2' € R”, z" Xz > 0 and z'T Xz’ < 0).

There are many ways to characterise the definiteness of a matrix but the following relies on eigen-
values.

Proposition 65. A symmetric matriz X € R"*™ s
(i) positive definite if and only if all its eigenvalues are strictly positive;
(i) negative definite if and only if all its eigenvalues are strictly negative;
(iii) positive semidefinite if and only if all its eigenvalues are nonnegative;
(iv) negative definite if and only if all its eigenvalues are nonpositive;
(v) indefinite if and only if it has both positive and negative eigenvalues.
Another useful characterisation is the follows.

Proposition 66 (LDL decomposition). A symmetric matriz X € R™*" is positive definite if and
only if there exists a diagonal matrix D € R™ ™ with strictly positive entries on its diagonal and a
lower triangle matriz L € R™ ™ with all 1’s on its diagonal such that X = LDLT.

In the theorem above, if we define P := Lv/D (where v/D = diag (\/I, e \/dn)), then we
have

X = LVDVDL" = PPT.
This is called the Cholesky decomposition.

Theorem 11 (Cholesky decomposition). A symmetric matriz X € R™*"™ is positive definite if and

only if there exists a lower triangle matriz P with strictly positive entries on its diagonal such that
X =pPPT.

Remark 6. Denote the set of symmetric n x n matrices S,, C R"*™. Define >q such that
X 2psd Y © X =Y >4 0 X =Y is positive semifinite.

Then, (Sp, >psd) is a partially order set.

O
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4 Analysis

4.1 Sequences

Remark 7. We will go over the materials in this section in more depth in ECON 6701. We only
briefly introduce the relevant notions here necessary to make sense of what is to follow.

A sequence in some nonempty set X is a function x : N — X. Instead of using the standard
notation x(n) for functions we use z,. Some (equivalent) notations for a sequence x are:

(-’1717=T2; . ) = (mn)zozl = (xn)nEN = (‘rn)n = (l‘n)

Let X denote the set of all sequences in X. For brevity, we will generally adopt the notation (zy,),
if no confusion arise. The set of sequences. A subsequence of (z,) is a sequence obtained by (only)
deleting elements of (z,). More formally, a subsequence of (z,) is any sequence (2, )32, = (Zn,)
where (ny) is a strictly increasing sequence of non-negative integers.

Remark 8. You might see sequences denoted as {z,, }° ;. Braces are exclusively for sets, which are
unordered: {2,3} is the same set as {3,2}, which are both the same as {2,3,2,2,2,3} (with some
abuse of notation), etc.

Example 22. Consider the sequence of Real numbers (1,—-1,1,—1,...) = ((-=1)™)%2;. (Make
sure you understand the notation on the right hand side of the equality.) Its set of values is
{(-=1)" : n € N} = {1,—1}. Seen as a function, {1, —1} is the range and N is the domain (like
it is for all sequences). Examples of subsequence of ((—1)")%2, is (1,1,...), (—=1,—1,...), and

n=1
(1,-1,1,1,—1,-1,...).

4.2 Limits

Let (X, p) be a metric space. A sequence (x,,) converges to x € X if, for every € > 0, there exists
N, € N such that n > N implies p(z,,x) < e. The point z is called the limit of (z,), and we write

lim z, =x or z,, — .
n—oo
Observe that the limit must be in X and we call a sequence (x,) that converges to a limit a
convergent sequence. A sequence that is not convergent is a divergent sequence. Taking limits
preserves order, addition and multiplications etc.
A sequence (x,,) is Cauchy if, for every € > 0, there exists N € N such that p(z,, — z,) < € for
all m,n € N and m,n > N. Thus, elements of Cauchy becomes arbitrarily close.
A subset S C X is sequentially compact if every sequence in S has a convergent subsequence.
When (X, p) is a metric space, compactness is equivalent to sequential compactness.
Recall that if (X, px) and (Y, py) are metric spaces, then (X XY, p) is a metric space where p is
product metric given by (2.3). More generally, if (X;, p;) is a metric space for each i € {1,...,d},
then (X, p) is a metric space, where X := x¢ | X; and

p @) = o) (o) = (3 (e o))

for any p > 1. Call such (X, p) space an product metric space.

Proposition 67. Let (X := x| X;,p) be a product metric space. A sequence (z,,) in X converges
to a limit x if and only if v, — x; for alli € {1,...,d}.

Note that limits do not always exist; e.g., the sequence ((—1)™),, does not converge. Nevertheless,
we can define alternative notions of limits that always exist. The limit superior of a sequence (),
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denoted limsup,,_, ., Tn, is defined as

limsupz, := lim sup{z,:n>m}.
n— 00 m—0o0

Similarly, the limit inferior of (x,,) is defined

liminf x,, ;== lim inf{x, :n > m}.
n— oo m— 00

When a sequence (z,,) has a limit, then

lim z,, = limsup z,, = liminf x,,.
n—oo n—oo n—oo

We will study these more in ECON 6701.

4.3 Continuity

We now introduce some equivalent notions of continuous functions.

Proposition 68. Suppose f : X — Y, where (X,px) and (Y, py) are two metric spaces. The
following are equivalent.

(i) f is continuous at x € X.
(i) (sequential characterisation) lim, o f(z,) = f(z) Vo, € X : 2, — x.
(iii) (e-0 criterion) Ve >0, 35, > 0, py (f(z), f(s5)) < € Vs € X\{z} : px(x,8) < 6c 0.0

(iv) (topological characterisation) For all open sets V- C'Y such that f(x) € Y, there is an open
set U C X such that x € U and f(z) €Y forall z€ U (i.e., f(U)CY).

Say f : S — Y is continuous on S C X if f is continuous at all x € §. If S = X, then we
simply say that f is continuous. If f is not continuous at x € S, f is discontinuous at x.

The sequential characterisation tells us that continuous functions preserves limits. The topolo-
gical characterisation gives that a function is continuous if and only if the preimage of every open
set is open; i.e., f~1(V) is open for any open subset V in Y.

We say that a function f: X — Y is bounded if f(X) is bounded.

We will prove this in ECON 6701 but you should be aware of it and be familiar with it!

Theorem 12 (Intermediate Value Theorem). Suppose f : [a,b] — R is continuous and f(a) < 0 <
f(b). Then, there exists ¢ € (a,b) such that f(c) = 0.

20Sometimes, this is written p(z, s) < e, = p(y, f(s)) < e.
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5 Differentiation

5.1 Univariate functions

Suppose X is a linear space. A function f : X — R is univariate if dim X = 1 and multivariate if
dim X > 1. A function f: X CR — R is differentiable at z( € int(X) if the following limit exists:
o F@) = ()

T—T0 T — X0
When the limit exists, it is called the derivative of f at xo, and we denote it by f'(xg) or Df(zg).
Moreover, the function f is differentiable on int(S) C X if it is differentiable at all 2 € int(.S), and
f is differentiable if it is differentiable on int(X).

Proposition 69. Let f: X CR — R and suppose that f is differentiable at x € int(X). Then, f
is continuous at x. The converse does not hold.

Proof. Tt suffices to show that lim,, o f(z,) — f(z) = 0 for any z,, — x. To that end, let (z,,) be
any sequence that converges to x. Since f is differentiable

T f ()~ f (2) = i LT g
= lim f(@n) = f(2) lim (z, —x)
n— 00 Ty — T n— 00
= (2)-0=0

To see that the converse does not hold, take any continuous function with a “kink” point; e.g.,

f(x):{_x ifx <0

2x if:zrz()-

Observe that f is continuous but has a kink at = 0. Then, the left- and right-limits of f at xwill
not coincide; i.e., f is not differentiable z = 0. |
5.1.1 Rules of derivatives
Recognising that derivatives are just limits allows us to obtain the following,
Proposition 70. Suppose f,g: X — R are differentiable. Then,

(i) (f+9) = [ +4d5

(i) A-f)Y =X-fVYAXER;

(111) (product rule) (f-g) =f" g+ f-9¢;

(iv) (quotient rule) (f/g)" = (f'-g—f-39')/9*

Proposition 71 (Chain rule). Suppose f : X C R — R is differentiable at x € int(X). Suppose
g:S =R, where f(I) C S and g is differentiable at f(x). Then, go f is differentiable at x and its
derivative is given by

(gof) =(gof)f.

Theorem 13 (L’Hopital’s rule). Let —oo < a <b < +oo and f: (a,b) = R and g : (a,b) — R\{0}
are differentiable on (a,b). Iflim,_,, f(z) andlim,_, g(x) are both 0 or 00, and lim,_,, f'(x)/¢'(z)
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has a finite value or is oo, then

lim I @) = lim r (:z:)
T—a g (;c) z—a g’ (:)3)

The statement holds for x — b.
L’Hépital’s rule can be applied many times over when functions are continuously differentiable.
Example 23. Consider the constant relative risk aversion (CRRA) utility function, v : R — R,

-1
u(:lﬁfy) = ﬁ

Consider limit of u(z,7) as v — 1. Note that u(z,1) = 70/0” and so we can immediately apply
LHopital’s rule to obtain

=7 1 e(l—'y) Inz _ q
lim ——— =lim
=1 1—v 1—7
| (1-y)Inz
= lim n (z) 61 =Inzx.

That is, CRRA utility is a generalisation of log utility.

Proposition 72 (Derivative of inverse). Suppose f : (a,b) C R — R and f is strictly increasing
and differentiable on (a,b). Then,

1Y/ . :L . u
(1) (f (@) iy T E @),

A heuristic “proof” is to differentiate the following identity while using chain rule:

T @) =a
= () (@) [ (2) =1
—1n\/ _ 1

Theorem 14 (Mean Value Theorem). Suppose f : [a,b] CR — R is continuous and differentiable
on (a,b). Then, there exists x € (a,b) such that

Let b = a + h then Mean Value Theorem tells us that
3z € (a,a+h), f(a+h)=f(a)+ f (2)h

Thus, it gives us a way of approximating f around a via an affine function f(a) + f/(z)h.

Proposition 73. Suppose that f : I — R is differentiable on int(I), where I is a closed and bounded
interval in R. Suppose also that f' is bounded. Then, f is Lipschitz continuous; i.e., there exists
M > 0 such that

|f () = f (W) < M|z —y| Vo,y € int ().

Proof. Let M > 0 be a bound on f’ so that |f/(z)| < M for all x € int(I). Since f is differentiable
on int([), f is continuous on int(I) by Proposition 69. Then, by the Mean Value Theorem (Theorem
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14), for any a,b € int(I) with b > a, there exists ¢ € (a,b)

fla)=f @) =f(c)(b—a)
= [f(@)=f®I=If ()lb—al < M[b—a].
Since above holds for any a,b € int([), f is Lipschitz continuous on int(I). |

5.1.2 Taylor expansion

Suppose f has a derivative f’ on an interval and that f’ is itself differentiable. Then, the derivative
of f"is denoted f”, f2) or D?f. Suppose f is a real-valued, continuous function defined on interval
(a,b) C R). fis continuously differentiable if its derivative is a continuous function on (a,b). A
function f is twice continuously differentiable if f’ is continuously differentiable. More generally,
for any k € N, a function f is k-times continuously differentiable if (i) f has up to and including kth
derivative; and (ii) f and all its derivatives up to and including the kth derivative are all continuous
on (a,b).

Theorem 15 (Taylor’s Theorem in R). Suppose f is n-times continuously differentible. Let o and
B be distinct point in [a,b] and define

(n—1) o .
00 @) et

Paca ()= £ () + /(@) (1 =) & 51" (@) (1=a) 4o+ LS

Then, there exists x € («, 8) such that

) (
16 = P () + T 5y (1)

If n = 1, then this says that Py(t) = f(a) and so f(8) = f(a)+ f'(z)(8—«) for some z € (a, §),
which is just the Mean Value Theorem. Thus, we can think of Taylor’s Theorem as an nth-order
generalisation of the Mean Value Theorem. Recalling that the Mean Value Theorem can be thought
of an affine approximation of f, (5.1) can be thought of an n — 1-degree polynomial approximation
of f(B) (note that P,_1(t) is a polynomial of degree n — 1), where the term f"(x)(8 — «)™/n! can
be thought of the error term.

Example 24. [Maclaurin series/An infinite Taylor expansion of functions around 0 are called
Maclaurin series. Here are some useful ones to know:

@1 v —50 l 5.2
e = +1’+§+— 705, ()
2?2 2 2t 2 (=) g
n(l+o)=z—F+5 -7+ nE:l - Vo € (—1,1]
x? 28 =z
n(l-a)=-2—"F5—"—=y —— ~1,1
n(l—ux) z- 3 - Vo e (—1,1]

5.2 Multivariate function

Let us now generalise what we found above to multivariate functions f : R® — R. We say that a
function f: X CR™ — R is differentiable at x € int(X) if there exists an 1 x n vector V f(x) such

that
f MG+ R) < (£(x) 4 Vf () h)

= 0.
heR"™:h—0 | gn
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Given f: X CR"™ — R, we define the ith partial derivative of f at x € int(X) as

8f (X) — lim f(X+ h’ei) — f(X)

8xi h—0 h

Vie{l,...,n},

where e; € R™ is the ith canonical basis of R™. (It should be clear from this definition that
0f(x)/0z; is not a fraction!) Observe that ith partial derivative of f considers how the value
of f changes when x moves in the direction of the ith coordinate. (0f/dx;)(x) is equivalent to

computing the derivative of the univariate function, f;(h) = f(x + he;), and evaluating this at
h=0;ie.,

of d =

o (x) = 255 0).

If f:R™ — R is differentiable at x € int(X), then
Vi) =| e e g

The row vector of partial derivatives on the right-hand side is called Jacobian matriz at x. Hence,
another way to state the result is that when f is differentiable, then its total derivative is given by
the Jacobian matrix.

We can define higher-order derivatives in the similar way to the univariate case. The second
derivative at x € int(X) of a real-valued function f: X C R™ — R is called the Hessian matriz of
fat x:

(Va£) o) oy .. )

z1 Ox1 0%y,
of (&L (2L
(vig)eo ] 1% - e |,
af . . . af o( g fv ) . . . ..
where (V5:-)(x) is the gradient of the function 5.~ at x and aél (x) is the jth partial derivative
of the function % at x. We refer to the latter as a cross partial at x and write
of
X) == x
8:cj8xi axj
The following relates afégﬁb with afzf; when f is twice differentiable, which tells us that when f
TjO0Tq L0

is twice-differentiable at x, then the Hessian matrix at x is symmetric.

Theorem 16 (Young’s Theorem). Suppose f : X CR™ — R is twice continuously differentiable at
x € int(X), then whenever the cross partials exist,

0% f B 0% f
8IE78IJ h 6@8%

5.3 Implicit function theorem

Suppose x € R™ and (x*,y*) is a solution to F(x,y) = 0, where F' is continuously differentiable
in an open ball around (x*,y*) with %—i(x*,y*) # 0. Then, the implicit function theorem tells us
that there is a continuously differentiable function g defined on an open ball around x* such that
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8y (X y) _ gfl (Xay)
Oy & (x,y)

Example 25. Suppose F(z,y) := 32°—2y and we implicit define y as a function of x via F(x,y) = 0.

Then oy () 6
yle) _ 6z _
Tor T (g

Example 26. Suppose u : R?> — R is a utility function that is “well behaved.”. The slope of the
indifference curve u(z,y) = ¢ for some constant ¢ is given by implicitly differentiating the equation:

Ou(z,y)
@ - _ azy
ox Ju(z,y)
dy

5.4 Inverse function theorem

Note that an inverse function of f: X CR — Y C R, !, satisfies following equation:

y—f( ) =0

Thus, we can think of x = f~1(0) as being implicitly defined via the expression above. Inverse
function theorem tells us that, if f is continuously differentiable with nonzero derivative at an
interior point xp, then the derivative of the inverse function at y = f(xg) is the reciprocal of the
derivative of f at xg; i.e.,

5.5 Concavity and convexity

If a function is twice continuously differentiable (so that the Hessian f is symmetric), then concavity
and convexity of functions can be characterised via the Hessian matrix (i.e., the second derivative).

Proposition 74. Let f : X CR"™ — R be twice continuously differentiable on int(X) and suppose
int(X) is a convex set.

(i) f is concave on int(X) if and only if Hy(x) is negative semidefinite for all x € int(X).
(i) f is convex on int(X) if and only if Hy(x) is positive semidefinite for all x € int(X).
(11t) If Hy(x) is negative definite for all x € int(X), then f is strictly concave on int(X).
(iv) If Hy(x) is positive definite for all x € int(X), then f is strictly convex on int(X).

When d = 1, Hy is effectively a number and so the proposition says that f : X CR — R is
concave (resp. convex) if and only if f” is negative (resp. positive) for all € int(X).

Exercise 18. Consider f : R — R defined via f(r) = —2*. Show that f is strictly concave and
compute f”(0). What does this tell you about condition (iii)?
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6 Riemann integration

The idea behind the Riemann integral is to approximate an area “below” the graph of a function
by “chopping up” the domain and compute the sum of the rectangular areas.

6.1 Construction
6.1.1 Upper and lower Riemann integrals

For any n € N, define the dissection of [a,b] (with a < b) by

[a'07 cee 7a7L] = {[a()a al} 5 [Cll, a2} P [a'rn—la am]} 5
where a = ap < -+ < ay, = b. Let Dla,b] denote the class of all dissections of [a,b]. Define
Dla,b] == {{a}} if a =0.
For any a := [ag,...,a,] and b = [by,...,by] in Dla,b], we write a U b for the dissection
[co,--.,ce] € Dla,b], where

{coy...,ce} ={ag,...,an} U{bo,...,bm}.

We say that b is finer than a if {ag,...,am} C {bo,...,bm}. Note that aWb = b if and only if b
is finer than a.

Let f : [a,b] — R be any bounded function. For any a := [ay,...,a,] € D[a,b], define, for each
ie{l,...,n},

Kfa (i) =sup{f (z):ai1 <z <ai},
kfa (@) =inf{f (z):a;i-1 <z <a;}.

By the a-upper Riemann sum of f, we mean the number
Ra (f) = Z Kya (i) (a;i —ai-1)
i=1

and by the a-lower Riemann sum of f, we mean the number

We define the upper Riemann integral of f by
R(f)=inf{Ra(f):a€Dla,b]}
and the lower Riemann integral of f by
r(f) =sup{ra(f):a€Dla,b]}.
Proposition 75. R,(f) decreases and ra(f) increases as a becomes finer.

The following tells us that all lower sums are less than all upper sums, not just the lower and
upper sums associated with the same partition.

Proposition 76. R(f) > r(f).
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6.1.2 Riemann integrability and Riemann integral

A bounded function f : [a,b] — R is Riemann integrable if R(f) = r(f) and the number

/:f:/abf@)dx:—R(f)

is called the Riemann integral of f.2* In this case, we also define

/bafz/baf(x)dm: “R()).

If g : [a,00) — R is a bounded function, we define the improper Riemann integral of g as

/ag;/a g()dz = lim R (glias)

provided that g|f, ;) is Riemann integrable for each b > a and the limit exists (in R). Analogously,
if g : (—o0,b] — R is a bounded function, we define

b b
/ g;/ g(z)dz = lim R (glias)

provided that gl 4 is Riemann integrable for each a < b and the limit exists (in R).
Remark 9 (Riemann integrals over hyperrectangles). A hyperrectangle is Cartesian product of in-
tervals. One can also define what it means to integrate functions such as f : [0,1]> — R over
the hyperrectangle [0,1]2. For any hyperrectangle C = [a',b'] x --- x [a",b"] C R", define the
d-dimensional volume of R by

V(o) =T -a).

i=1

Define the set of all dissections of hyperrectangle R by

i i\ . n Y

D ([a",b']),_, == xj=D [a’,b'].

i=
Then, A = {A;,..., Ay} € D([a%,b'])%,, where the ordering is arbitrary. To simply, consider the

case in which d = 2. Let a’ = [af,...,a}, | € Dla’, ] for each i € {1,2}. If ny; = 2 and ny = 2, we
have

a’ = {[abai] [oh )} = {[o" 1] [0}, )
= A= a1
= {Clch,CS,C4}

= {[al,aﬂ X [a2,aﬂ , [al,aﬂ X [a%,bZ] , [a%,bl] X [a%,bz] , [a%,bl} X [a%,bQ]}.

><a2

As before, we define

N N
Ra(f) = Z Kpa(i)V(A;), Ra(f) = Z kpa (i) V (A7),

where
Ky a(i) =sup{f(z):2 €A}, kpa(i)=inf{f(z):2ec A;}

21A function f: X — Y is bounded if f(X) is bounded.
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and
R(f)=inf{Ra(f): AeD([a",t']),},
r(f)=sup {ra(f): A€ D (0" H])L, } -

Then a bounded function f : x¢_,[a?,b'] — R is Riemann integrable if R(f) = r(f) and

/ f;/ F(z)dz = R(f).
x ¢y [a,b] zex{_ [a,b7]

Recalling the definition of R and r, observe that if f is unbounded above, then R(f) = co and
if f is unbounded below, then r(f) = —oco. Hence, unbounded functions are not integrable. The
following is simply the contrapositive of these observations.

6.1.3 Riemann integrable functions

Example 27 (Constant function). Define f: [0,1] = R by f(z) := 1. Let us show that

1
/ 1dx = 1.
0

Kpali)=1=kya(i) YaeD0,1].

Since f is a constant function,

Therefore,
Ra(f)=1=ra(f) VaeD[0,1],

which, in turn, implies that R(f) = r(f) = 1. Similar argument gives us that for any f : [a,b] — R
defined as f(z) = ¢, we have
b
/ cdx =c(b—a).

Example 28 (Integrable discontinuous function). Define f: [0,1] = R by f(z) =1 —1;—g). We

will show that L
/ (1 —1Tgu—0y) =0.
0

For any a = [0,a3,...,an—1, 1] € D[a,b], the first partition contains the end of zero, and so

Kfa(1)=1, kfa(1) =0,
Kra(i)=0, kja(i)=0Vie{2,...,n}.

Thus,
Ra(f):ala Ta(f)ZOVaG'D[a,b].

and, in turn,
R(f)=inf{Ra(f):a€Dla,b]} =0=sup{ra(f):a €Dla,b]} =7r(f).

Hence, f(x) is Riemann integrable, and its Riemann integral is zero. Similar argument tells us that
the Riemann integrable of a function that is zero except at finitely many points in [a, b] is Riemann
integrable with Riemann integrable of zero.

Let us give an example of a bounded function that is not Riemann integrable.
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Example 29 (Dirichlet’s function). Let f :[0,1] — [0, 1] be defined as

1 ifzeQ

f(2) =1zeqy = {0 fr¢Q

This is a function that is discontinuous everywhere (recall Proposition 2). Let a € D[0,1]. Note
that Q is dense in R; i.e. between any two real numbers, there exists a rational number, which
implies that in any interval, there exists some rational ¢ € Q. Hence,

ra(f)=0#1=Ra(f).
Thus, f is not Riemann integrable.

Changing the values of a function at finitely many points does not change its integrability of
the value of its integral. Consequently, the value of the function at the end points does not affect
the integral and, as such, integration on (a,b), [a,b], [a,b), (a,b] all result in the same value of the
integral.

Proposition 77. Suppose that f,g : [a,b] — R are bounded and f(x) = g(x) except at finitely
many points x € [a,b]. Then, f is Riemann integrable if and only if g is integrable, and

b b
fr=Le
a a
If f and g differ at countably infinite number of points, it is not the case that f is Riemann

integrable if and only if g is Riemann integrable.

Example 30. Consider f :[0,1] — R defined as

n ifx:%forsomeneN

z) =
f@) {O otherwise

Then, f is equal to the zero function except on countably infinite set {1/n : n € N}. However, f is
unbounded and therefore not Riemann integrable. Another example is the Dirichlet function, which
differs from the zero function at countably infinite set of rationals but is not Riemann integrable.

The example above notwithstanding, even if f and ¢ differ at countably infinitely many points
but are both Riemann integrable, then the value of their integrals are equal.

Proposition 78. Any bounded continuous function on [a,b] is Riemann integrable.

6.2 Properties of Riemann integration
Let us collect the properties of Riemann integration below.
Proposition 79. Let « € R and f,g : [a,b] — R be bounded functions that are Riemann integrable.

(i) (Linearity) af + g is Riemann integrable and

/ab(af+g)=a/abf+/abg-

(i) (Multiplication) f - g is Riemann integrable.

(iii) (Division) if g # 0 and 1/g is bounded, then f/g is Riemann integrable.

- 83 -



Math Review 2024

(iv) (Monotonicity) if f > g, then

/abf>/abg
/abf—/acf+/cbf.

(vi) (Equivalence) If f = g in all but countably many points, then

[1=[

(vii) (Converse of equivalence) If f > 0, then

(v) (Additivity) if a < ¢ < b, then

/abf:0=>f:0.

g/abfl-

Remark 10. Notice how linearity, monotonicity and additivity are analogous to the corresponding
properties of sums:

(viti) (Absolute value)

n n n
Z(Oéxieri):aszLZym
i=1 i=1 i=1
n n
xiZinE{l,...,n}éinZZyi,
Wom
i=1 i=1

i=m-+1

The following is a result that you will use quite a lot in Empirical Analysis I—it allows you to
split integral of f into positive and negative regions.

Proposition 80. Let f : [a,b] — R be a bounded function and define f*, f~ : [a,b] = R by
[T (x) = max{f (z),0}, f~ (t) = max{~f(z),0}.
Then,
f=f"=f"and |fl=f"+[f".

Proof. Fix any x € [a,b]. There are three cases:

(i) f(x) > 0. Then, f*(x) = f(z) and f~(x) = 0. Thus, (f*—f7)(2) = f(z) and (f*+f7)(z) =
f(@) = [f](z).

(ii) f(z) = 0. Then, f*(z) = f(z) = f~(z) = 0. Thus, (f* — f7)(x) = 0 = f(x) and
(fH+ 1)) =0=[fl(2).

(iii) f(=) < 0. Then, f“‘(x) =0and f~(x) = —f(z) > 0. Thus, (ft — f7)(z) = f(z) and

(fT+ 7)) = =f(2) = | fl(=).
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It follows then that f = f* — f~ and |f| = f* + f~ and the difference and the sums are well
defined since f is bounded. |

Lemma 4. Suppose f,g : [a,b] = R are Riemann integrable. Then, max{f(x),g(x)} is Riemann
integrable.

Proof. Define h(z) := max{f(z), g(z)}. Take any a = [ao,...,a,] € Dl]a,b]. Observe that
Kha (i) = max{Kya (i), Kga (i)}, kna(i) =max{kja (i), kga (i)}
Hence,

Kh,a (1) = kna (i) = max{Kya (i), Kga (i)} — max{kfa (i), kg.a (i)}
< max {Kya (i) = kfa (i), Kga (1) = kga (i)}
< Kfa (Z) - kf,a (1) + Kga (Z) - kg,a (Z) :

It follows then that
Ra(h) —7ra(h) < Ra(f) —7a(f) + Ra(g) —7alg)-

Since f and g are both Riemann integrable, by the Cauchy criterion for Riemann integrability, for
any €/2 > 0, there exists a,b € DJa, b] such that

Ra (f) = ra(f) < 5 and a (9) = 1 (9) <

[N e

Therefore, by Proposition 75,

Raub (h) — raub () < Raub (f) — raub (f) + Raub (9) — raub (9) < €
Thus, h satisfies the Cauchy criterion for Riemann integrability; i.e., h is Riemann integrable. W
Proposition 81. Suppose f : [a,b] — R is Riemann integrable, then so are f*, f~ and |f|.

Proof. If f is Riemann integrable, then —f is Riemann integrable. Since the zero function is
Riemann integrable, the Riemann integrability of f* and f~ follows from the previous lemma.
Finally, to prove that |f| is Riemann integrable, set g := —f in the previous lemma. |

The following tells us gives us a bound on the Riemann integral of a Riemann integrable function.

Proposition 82. If f : [a,b] — R is Riemann integrable, then

b
[
Proof. Since f is bounded, sup |f(¢) : a <t < b| is finite. By definition of R(f) and the fact that
{[a, 0]} € Dla, ],

< (b—a)sup{|f(t)]:a <t <b}.

b
/ F=R(f)=inf{Ra(f):acDlab}

< Ryap)y (f) = Ky fjap)y (b—a) =sup{f(t) :a <t < b}
<sup{[f(t)]:a<t<0}.
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Similarly,

b
[ F=R(@)=r(p)=sw{ra():ae Do)
> Tiap)y (f) = kg qlapy (0—a) =inf{f(t) :a <t <b}(b—a)
:—/bfg—inf{f(t):agtgb}(b—a)

=sup{—f(t):a<t<b}(b—a)
sup{|f ()] :a <t <b}(b—a). |

AN

6.3 Approximation by step functions

Suppose f : [a,b] — R is Riemann integrable. We will show that f can be approximate by a
collection of step functions. Formally, a function ¢ : [a,b] — R is a step function if there exists
a = [ag,...,an] € Dla,b] of [a,b] and values {c;}]' C R such that

2 (l‘) = Z ciﬂ{$€(ri—l’mi)}’
i=1

where we ignore the equality at the boundaries of the intervals.
Proposition 83. Step functions are Riemann integrable.

Proof. Let ¢ : [a,b] — R be a step function and denote
Given a step function ¢(z), observe that

Kgo,a (Z) = C; sup {]l{xe(rt_l,m]} tai—1<a< ai} = G,
kc,a,a (Z) = ¢;inf {]l{xe(zifhwi]} tai-1 <a< ai} = C;.
Therefore,

n
Tpa = ZCZ‘ (ﬂiz — xi—l) = R%a.
=0

Since this holds for any ¢ and corresponding a, it follows that ¢ is Riemann integrable, and its

Riemann integral is given by
b n
/ o= cr(Tr— K1)
@ k=1

Proposition 84. Let f : [a,b] — R be a Riemann integrable function. Then, there exists a sequence
of step functions (@) such that

b b
lim Pp = / f
n—oo a a
Thus, this gives us a way of construction the Riemann integral. As we will see later, we will
construct Lebesgue integral through similar approximations.
6.4 Fundamental theorem of calculus

The fundamental theorem of calculus connects derivative of a function with its integral (or antide-
rivative). In particular, it allows us to think about integration as the reverse operation of taking a
derivative and gives us a practical way of computing integral of functions.
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Theorem 17 (Fundamental theorem of (Riemann integral) calculus).

(i) If Fla,b] — R is continuous on [a,b] and differentiable in (a,b) with F' = f, where f : [a,b] —
R us Riemann integrable, then

b b
/ f(x)dxz/ F' (z)dz = F (b) — F (a).
(ii) If f : [a,b] = R is Riemann integrable and F : [a,b] — R is defined by

Fa = [ rwa,

then F is continuous on [a,b]. Moreover, if f is continuous at ¢ € [a, b], then F is differentiable
d xr
o | o

Remark 11 (Discrete analogs). (i) is a continuous analog of the telescoping sum:

at ¢ and

xr=c

n

A —Ag =) (Ai—Aiq).

i=1

(ii) is a continuous analog of the differences of sums:

n n—1
Ap = E a; — E a;.
i=1 i=1

Here is another formulation with slightly stronger assumptions.

Corollary 9. For any f € Cla,b] and F : [a,b] — R,
x
F(m):F(a)—l—/ f@)dtveeR:a<z<b
if and only if F € CY[a,b] and F' = f.

6.4.1 Existence of antiderivative

One consequence of the fundamental theorem of calculus is that if f : [a,b] — R is continuous,
then f has an antiderivative, even if it cannot be expressed explicitly (i.e., without integrals). One
example is the cumulative distribution function of the normal distribution (we will see more on this
later). Here, we introduce another example called the gamma function which was discovered by
Euler as an answer to the question: is there a “smooth” function on (0, c0) that maps each n € N
to the value n!. The gamma function is defined by

I'(z) ::/ e 't tdt, x> 0.
0
Try showing that I" is well defined, I'(1) = 1 and that I'(z+1) = zI'(z) (hint: integration by parts).
The last expression is called the functional equation for the gamma function. Indeed, this tell us

that
I'(n)=(mn-1.
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The gamma function is difficult to evaluate if « ¢ N. For 2 = 1/2, you can use the Poisson integral

formula,
1

o0 2
/ e tdt= =7
O 2

to obtain that I'(1/2) = /7.

6.4.2 Integration by parts

This is one of the most commonly used result. Be sure that you're familiar with this.

Theorem 18 (Integration by parts). Suppose that f, g : [a,b] = R are continuous on [a,b], differ-
entiable on (a,b) and f' g’ are Riemann integrable on [a,b]. Then,

b b
/fg':f<b>g<b>—f<a>g<a>—/ fg.

Proof. That fg is continuous on [a,b] follows from continuity of f and g. Since f and g are
differentiable, by the product rule (Proposition 70), (fg) = f'g + f¢’. Since f, g, f' and ¢’ are
Riemann integrable, Proposition 79 implies that f¢’ , f'g and (fg)’ are Riemann integrable. Define
h = fg. Then, by the fundamental theorem of calculus (Theorem 17 part (i)), we obtain

h(b)—h(a)+/bh’
b b b
@f(b)g(b)—f(b)g(b)Z/ (f’g+g’f):/ f’g+/ fd

b b
@/ fg’=f(b)g(b)—f(b)g(b)—/ fg. .

Remark 12. 1 was taught this using v and v instead of f and g. I always thought I get confused
which way around but it turns out it doesn’t matter. Anyway, a good way to heuristically derive
integration by parts equation to remember uv = (uv) = w'v + v'u. Taking integral then gives
w = [vv+ [V

6.4.3 Change of variable

Theorem 19 (Change of variable). Suppose that g : (a,b) — R is differentiable on (a,b) and ¢’
is Riemann integrable on (a,b). Define J = g((a,b)). If f: J — R is continuous, then, for any
z,y € (a,b),

b g(b)
[ raend @ar= [ s
@ g(a)

Proof. Define
F(a) = / £t dt.
Since f is continuous, the fundamental theorem of calculus (Theorem 17 part (ii)) tells us that F
is differentiable on J with F’ = f. Chain rule gives us that F o g : (a,b) — R is differentiable on
(a,b) with
(Fog) (z)=f(g(x)d (z).

The derivative is Riemann integrable on [a,b] since f o g € Cla,b] (Proposition 78) so that it is
Riemann integrable and ¢’ is Riemann integrable by assumption. By the fundamental theorem of
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calculus (Theorem 17 part (i)),

/abf@(m»g'(x)dx:/:<Fog>’<m>dx

= (Fog)(b)— (Fog)(a)
=F(g(b) - F(g(a))

g(b) g(b)
= F' (t)dt :/ f(t)dt. [ ]

g(a) (a)

6.5 Riemann integral and limits
6.5.1 Convergence of sequences of functions

Suppose we have a converging sequence of functions, f,, — f. We want to know whether this
implies [ f, — [ f. We will introduce two notions of convergence of functions: pointwise and
uniform convergence.

A sequence (f,) in RX converges pointwise to f € RX if f,(x) — f(x) for every z € X.
Equivalently, for every x € X, for any € > 0, there exists N, . € N such that |f,(x) — f(x)] < € for
all n > N .

A sequence (f,) in RX converges uniformly to f € RX if, for any ¢ > 0, there exists N, € N
such that

|fn (z) — f (z)] < €Vz € X ¥n > N,
S | fo— fll =sup{|fu (@) — f ()] ;2 € X} <eVn> N..

As can be seen from the dependence of N on x and e, uniform convergence implies pointwise
convergence, but not conversely. For example, consider the sequence (f,,) in R® defined by f,(x) :==
22 /n for each n € N. Fixing z,

lim f, (z)=0= f(x).

n—oo

Hence, (f,,) converges pointwise to the zero function. However, (f,) is not uniformly convergent.

To see this, note first that

2

fo (@) = f(2) = fu(2) = —.

n

For uniform convergence, we must have that, for any € > 0, |f,(z)| < e for all z € R for all n > N

for some N. However, since |f, ()] — oo as © — —00, +00, we cannot find such an N. Therefore,
(frn) is not uniformly convergent.

Note that pointwise limit of continuous functions may not be continuous. For example, consider

0 <0
fn () =< na O<x<%,
1 xZ%

which is shown in the figure below.
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Figure 6.1: Pointwise limit of a continuous function.

First, note that this function is continuous. And, as can be seen from the figure:
e if we fix any x <0, then f,(z) =0 for all n € N and so f,(x <0) — 0;
e if we fix any x > 0, then f,(z) =1 for all n € N and so f,(z > 0) — 1.

Hence, the pointwise limit of f,, (z) is not continuous at x = 0. However, the following shows that
uniform limit of continuous function is continuous.

Proposition 85. Let (f,) be a sequence of functions in RX that are continuous and suppose that
fn — f € RX uniformly. Then, f is continuous.

Proof. Fix some z € X and € > 0. We wish to show that there exists § > 0 such that
If(x) = fy)l<eVye X:|z—y|l <o
Since f,, — f uniformly, there exists N € N such that
fo (2) — f (z)] < ngeXVn>N.
Since f, are continuous, we can find a § > 0 such that
[ (@) = Sy )] < 5 Ve =yl <.
Then, by the Triangle inequality, for any y € X such that |z — y| < J,

If () = f @) =If (@) + fve () = [y (@) = f(y) + v () — fve ()]
<[fvs1 (@) = f @)+ v (@) = v @)+ [fvea (v) = £ ()]
<s+ztz=e

Hence, f is continuous. ]

Proposition 86. Let (f,) be a sequence of functions in RX that are bounded and suppose that
fn — f € RX uniformly. Then, f is bounded.

Proof. Since f, — f uniformly, setting ¢ = 1, there exists N € N such that |f,(z) — f(z)] < 1
for all n > N. Choose some n > N. Then, since f, is bounded, there exists M > 0 such that
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|fn(z)] < M for all x € X. It follows that

[f @) =1f (@) + fn (@) = fu (@) < |f (@) = fo @)+ | fn (2)] <14+ M V€ X.
Hence, f is bounded. |

A sequence (f,) in R¥ is uniformly bounded if there exists M € R such that |f,(z)| < M for
all z € X and all n € N.

Proposition 87. Let (f,) be a sequence of functions in RX that are bounded and suppose that
fo = f € RX wuniformly. Then, f is uniformly bounded.

Proof. Suppose f, — f. We wish to show that f is bounded; i.e., there exists M € R such that
|f(z)] < M for all x € X. For each n € N, since f, is bounded, there exists M,, € R such that
|fn(z)] < M, for all x € X. Since f,, — f uniformly, setting e = 1, there exists N € N such that

\fo (z) — f(2)] <1Vz € X Vn > N.

Then, for n > N and any = € X,

|fn (@) = [fn (x) = f(2) = f(2) + [y (@) = fagr ()]
< |fo (@) = f (@) + [ g (@) = f (@) + | g (@)
<24+ Mpy,1.

Define M := max{Mi,...,My,2+ Mn41}. Then, for any z € X,
|fn ()] <M ¥n eN.
Hence, (f,) is uniformly bounded. |

6.5.2 A convergence theorem

Proposition 88. Suppose that f, : [a,b] — R is Riemann integrable for each n € N and f, — f
uniformly on [a,b]. Then, f :[a,b] = R is Riemann integrable on [a,b] and

b b b
/ f= / lim f= lim fn-
a a n—oo n—oo a

Proof. By Proposition 86, uniform limit of bounded function is bounded so f is bounded. Fix € > 0.
Since f,, — f uniformly, there exists NV € N such that, for any n > N,

(@) = f (@) < g Va<z<b (6.1)
@—b%<fn(x) f(m)<bfa
= fu(@) = 57— < f (@) < fu (@) + 57—

This implies that
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Since f,, is integrable and R(f) > r(f) by Proposition 76, above implies that

(La“>_ezlbo%—bfa)<rw>

This, in turn, implies that

v ([ ) o ((['0) ) -

Since € > 0 was chosen arbitrary, above implies that R(f) = r(f) (why?). Thus, f is integrable.
Moreover, since f,, for any n > N, we also have

[0-]s

Therefore, ff frn — f; f. [ |

< e Ve > 0.

Pointwise convergence of functions is not sufficient to imply convergence of their integrals. For
example, consider f,,[0,1] — R defined by

n xE(O 1)

'

fn (@) = ”]l{we(ox%)} - {0 otherwise -

Then, f, — f = 0 pointwise on [0, 1] so that fol f = 0; however, fol fn = 1for every n € N. Observe
that f, does not converge to f uniformly since, for each n € N,

[fn = flloo = sup {‘nﬂ{re(oi)}‘ sz €0, 1]} =n.

Observe that fact that f,’s have a bounded domain is important. Consider the following

1 L 2e(0,n)
n () = —Lipcony =4 " .
fa (@) p re@m} {0 otherwise

We again have that f,, — f = 0 pointwise on [0, 1] but fol fa=1#0= fol f. However,

1 1
16 = £l = 500 { | T rciomy o e 0217} = 3

so that the convergence is, in fact, uniform. The problem here is that f,’s effectively have an
unbounded domain of R so that we cannot infer (6.1) from the fact that f,, converges uniformly to
I

A more problematic feature of the Riemann integral is that the pointwise limit of integrable
functions need not be integrable (even if bounded). For example, let {gs : k¥ € N} be an enumeration
of the rationals in [0, 1] and define g,[0,1] — R as

1 ifx=gq,fork<n
fn (x) = i .
0 otherwise
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Then, each f, is Riemann integrable since it differs from zero function at finitely many points.
However, f,, converges pointwise on [0, 1] to the Dirichlet function, which is not Riemann integrable.
As we will see later, Lebesgue integral has better properties than Riemann integrable.

We have just showed that uniformly convergent sequence of functions that are Riemann integ-
rable is a Riemann integrable at the limit. Is the limiting function also differentiable? In general,
the answer is no. Here, we provided a sufficient condition for f,, — f to imply f/, — f. We do so
by using the results about the convergence of integrals (together with the fundamental theorem of
calculus) rather than about convergence of derivatives directly.

Proposition 89. Let f, : (a,b) — R be a sequence of differentiable functions whose derivatives
fl 2 (a,b) = R are Riemann integrable on (a,b). Suppose that f, — f pointwise and f; — g
uniformly on (a,b), where g : (a,b) — R is continuous. Then, f : (a,b) — R is continuously

differentiable on (a,b) and ' = g; i.e.,
fa=[r

Proof. Fix ¢ € (a,b). Since f] is Riemann integrable, by the fundamental theorem of calculus
(Theorem 17),

fn(x)=fn(0)+/zfll Ve € (a,b).

Since f,, — f pointwise, and f; — g uniformly on [a, z], by Proposition 88, we have

Since ¢ is continuous, by the fundamental theorem of calculus (Theorem 17) again, we have that f
is differentiable in (a,b) and f' = g. |
6.5.3 Differentiating under the integral and the Leibniz’ rule

Suppose that f : [a,b] X [¢,d] — R and that f(x,t) is integrable with respect to t for each x € [a, b].
Define F' : [a,b] — R as

b
F (z) = / f(x,t)de.
We would expect the the derivative of F' to be

dF bof
a (fL') = . % ($7t) dt,

which, by definition of a derivative, is equivalent to

dF . F(xz+h)—F(z)
@ @) = Jim h
[P f@tht) — f(z,1) b f@tht)—f(x),,  [POf
:ilng%)/a Y dtz/a flzli% . dt = ) a(x,t)dt.

Thus, the question we are asking is is equivalent to whether we can move the limit inside the
integral. By Proposition 88, we can move the limit inside integral as above if we know that g, — %
uniformly, where

f(l‘—‘,—hn,t) —f(l‘,t)
hy, ’

for any sequence (h,) (in [a,b] such that = + hy, € [a,b]) that converges to 0.

gn (2,t) =
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Moreover, provided that the fundamental theorem of calculus (Theorem 17) holds, since

b
/ f(z,6)dt = F, (b) — Fy (a),

where Fy( f f(z,t)dt, we have
d [* d
3| T = 5 (E ) - P @)= FL0) = F .b).

b
ia/ f(x,t)dt = —f (z,a).

Thus, if the limits a and b are, in fact, functions of x; say u, v : [a,b] — R, by the chain rule,

d d v(@)
dfCF(QC)EdfC(/u(m) f(x,t)dt)
:gb< bf(xt)dt) </fmtdt>du </fmtdt>

= f(@,0)v" () = f (w,a) v’ (z) +

a

Similarly,

a=u(zx),b=v(x)

== (z,t) dt.

Above is called the Leibniz integral rule, which we make explicit below.

Theorem 20 (Leibniz integral rule). Let f(xz,t) and D, f(x,t) be continuous on |a,b] x [c,d] C R2.
Suppose that u,v € Clla,b] and u([a,b]),v([a,b]) C [c,d]. Define

Then,

v(a)
d p dv d—“(x)+/ Of (@.1) gy

Tw) — f (u @) L

6.5.4 Exchanging Riemann integrals

Suppose that f : [0,1]> — R. What are the relationships between the following expressions (assum-
ing they are well defined)?

/(z,y)e[o,1]2 fzy)d(x,y), /01 (/01 f(z,y) dx) dy, and /01 </01 f(z,y) dy) dz. (6.2)

You might be tempted to assume that they are all equal. Consider the following example. Define
f:[0,1> = R by

f (I7y) = ]]'{1::17 yeQ}-
Fix any y € [0,1], then f(z,y) is a function that is zero except at a single point = 1. As per

Example 28 above, such a function is Riemann integrable and its Riemann integral is 0. Thus,
it follows that fo fo x,y)dzdy = 0. However, for any fixed z € [0,1], f( y) is a Dirichlet’s

function, which we know is not Riemann integrable (Example 29). Hence, fo fo z,y)dydz does
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not exist. (It can be shown that fz€[0,1]2 f(z)dz is Riemann integrable and its Riemann integral is
7€ero.)

The following gives us a sufficient condition to ensure that all the expressions in (6.2) are equal.
The result is useful for at least two reasons. First, it tells us that we can write Riemann integrals over
hyperrectangles as composition of Riemann integrals over each of the associated intervals. Thus,
it allows us to apply the fundamental theorem of calculus (Theorem 17) to Riemann integrals over
hyperrectangles. Second, the result tells us when we can exchange the order of integration.

Theorem 21 (Fubini’s Theorem for Riemann integral). Let f : [a,b] X [¢,d] = R and f be Riemann
integrable. If fcdf(x,y)dy and ff fcd f(x,y)dydz exist, then

b d
/ f(z,y)d(z,y) = / / [ (z,y) dyde.
(z,y)€la,b] X [c,d] a c

If f; f(x,y)dz and ff f: f(z,y)dxdy exist, then

d b
/ f(@,y)d (z,y) = / / f (z,y) dedy.
(z,y)€la,b] x[c,d] c a

Proof. Take any C := (Cj;) € D([a,b],[c,d]), where C' = a x ¢ = [ag,...,an] X [Co,...,Cm] for
a € Dla,b] and ¢ € Dlc, d], and C;j; = [a;—1,a;] X [¢j—1,¢;]. Since, for any (z,y) € Cjj,

inf f < f(z,y) <sup f,

ij

Integrating with respect to y over [¢;_1, ¢;] yields

<1Cnff)( —¢j1) / fxydy<<supf>( —¢j-1),

where we used the fact that f(z,y) is integrable over y and Proposition 79. Summing across j, and
by Proposition 79 again, we obtain

m

Z(lnff> '—Cg1<z fwydy—/fxydy<z<supf> —cjm1)-

j=1 j=1 ij

Since this holds for each = € [a;_1, a;], integrating with respect to x over [a;_1, a;] yields (which we
can do since fcd f (z,y) dy exists and thus f(z,y) is integrable over x),

Z (mff) —cj-1)(a; —a;-1) / / [ (z,y) dydr < i (Su?f> —cj1)(a;i —a;—1).

Summing over i gives

;Zl<1nff> —¢j 1) (@i — aiy) //f:cydyd:c ii(snpf) — i) (a5 — ai_q).

That is, b
g/ / f (@,y) dyde < Re (f).
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Since this holds for any C € D([a, b], [¢, d]), it follows that

r(f)SLb/Cdf(w,y)dydeR(f)-

By assumption that f is Riemann integrable and thus

/ab/cdf(x,y)dydx:R(f):/ab/cdf(x,y)dydm. -

Remark 13. To extend the previous result to the case when the domain of f is a d-dimensional
hyperrectangle with d > 2, we need f to be continuous.

When the limit depends on the variable of integration, we have to be careful when exchanging
the order of integration. Consider exchanging the order of integral of the following double integral:

/01 /oyf(:my)dxd%

where the region of integration for z depends on y. The inner integration is with respect to z from
zero to y; i.e., 0 <z < y. The outer integration is with respect to y from 0 to 1 and so 0 <y < 1.
Together, we therefore have

0<z<y<L

We can plot this region in (x,y) space as below.

Figure 6.2: Region of integration.

Y=z
e ] P S S -
|
ly <1 0
Region of y :
integration .’ |
// |
7 |
// I
7/ |
’ I
,’ |
7/ |
TyZO,’ |
e — = ] €T
0 x>0 1
—_—

In the figure, for each y € [0,1], the inner integration takes the horizontal distance up to from
z = 0 to x = y, and the outer integration sums the horizontal distances for all different values of
y € [0,1]. We wish now to integrate with respect to y first, and then . In other words, we wish to
integrate vertically for each z, and then sum the vertical distances for all different values of = Since
the region of integration lies to the left of y = z; then it must be that y > z. Of course, upper
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bound for y is one. On the other hand, we would integrate over the whole domain of x. So,

/Ol/oyf(:v,y)dxdy:/Ol/xlf(x’y)dydx.

Observe that, on the right-hand side, we are (still) integrating over 0 < x <y < 1.
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Part II
Optimisation

7 Static optimisation

Our goal is to be able to solve the following type of problem, which we will call the primal problem.

sup f(x)
x€eR™

st hy(x) =0Vke{l,...,K}
0 () =0V € {1,....J},

where f,hy,g; : R® - Rforall k€ {1,...,K} and j € {1,...J}. By “solve”, we want to obtain
the set of maximisers, i.e., x that satisfy the constraints and maximises the objective function.
This, in turn, allows us to compute the maximised objective function. We will also think about
comparative statistics; i.e., how the maximisers and thus the objective function change as we “vary”
the optimisation problem.

Since sup —f = —inf f, once we know how to solve maximisation problems, we also know how
to solve minimisation problems. It is pedagogical fact that in economics, we focus on maximisation
problems, whereas in mathematics/computer science, the focus is on minimisation problems.

Let us note some help properties of optimisation problems. First, relaxing constraints cannot
lead to lower value of maximised objective function. Second, if we transform the objective function
with a strictly increasing function, then the set of maximisers do not change. For example, you will
often use this to take maximise In f instead of f.

7.1 DMaxima and minima

Given a function f: X CR"” — R, an element x € X is a global mazximum of f if

f(x) > f(y) Vy € X\ {x}.

The element x € X is a strict global mazimum if the inequality above holds strictly (and if it exists,
it must be unique). An element x € X is a local mazimum of f if, for some € > 0,

f(x)>f(y) Vy € Be (%) \ {x}.

The element x € X is a strict local mazimum if the inequality above holds strictly. Local minima
are defined analogously with the inequalities reversed.

Proposition 90. Let X C R? be convez, If f : X — R is strictly quasi-concave, any local mazimum
f is a global mazimum of f on X and the set of maximisers contains at most one element.

Proof. Now suppose f is strictly quasiconcave and the x € X is a local maximum of f on X. Thus,
there exists e > 0 such that f(x) > f(y) for all y € B.(x). Toward a contradiction, suppose that
x is not a global maximum; i.e., there exists z € X such that f(z) > f(x) . But then since X is
convex, for any a € [0,1], ax+ (1 — a)z € X and by the quasiconcavity of f, we have

flax+(1—a)z) >min{f (x),f(z)} = f(x) Va € (0,1).

In particular, for sufficiently large a > 0, ax + (1 — @)z € B,(x) and hence we must have f(x) >
f(ax + (1 — a)z); a contradiction.
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Suppose that there are two global maximisers, x,y € X. Pick any o € (0,1) and define
z = ax+ (1 — a)y € X. By strict quasiconcavity,

f(z) >min{f(x), f(y)}=[f(x)=[(y)

But this contradicts the fact that x and y were global maximisers. |

7.2 First-order approach

Let us assume that objective function and the constraints are differentiable.

7.2.1 TUnconstrained optima

Consider the problem of maximising a function without any constraints.

Proposition 91. Suppose f : X C R® — R has a local maximum or a local minimum at x* €
int(X) and that f is differentiable at x*. Then, X* satisfies the first-order condition; i.e.,

of
axi

Vix")=0& (x")=0Vie{l,...,n}.

Any z € int(X) that satisfies the first-order condition is called a critical point of f. Although
first-order condition is necessary for a point to be a local maximum or a local minimum (assuming
differentiability), it is not sufficient (e.g., f(x) = 2®). This leads us to the idea of second-order
conditions that helps us distinguish between local maxima and minima.

Proposition 92. Suppose f is twice continuously differentiable on int(X) C R™ and x € int(X).
(1) If f has a local mazimum at x, then Hy¢(x) is negative semidefinite.
(i) If f has a local minimum at x, then Hy(x) is positive semidefinite.

These results has nothing to say about the case in which x € int(X) is such that x satisfies
the first-order condition (i.e., Vf(x) = 0)) and H(x) is negative (resp. positive) semidefinite but
not negative (resp. positive) definite. Such a point can be a local maximum, a local minimum or
neither. In other words, first- and second-order conditions are all that useful in knowing whether a
point is a local maximum (or minimum). We need to impose stronger conditions such as concavity
or quasiconcavity of f.

7.3 Constrainted optimisation: Theorem of Karush-Kuhn-Tucker

The theorem of KKT gives us a set of necessary conditions for constrained optimisation prob-
lems. Throughout we assume that both the objective and the constraint functions are continuously
differentiable.

7.3.1 A “cook-book” approach

Let us focus on the following problem with inequality and nonnegativity constraints.
max f(x) st hy(x)=0Vke{l,...,K},
xeR™

g; (x)>0Vjed{l,...,J}

The following cookbook approach “usually” works.
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Step 1 Define the Lagrangian £ : R™ x R x R/ — R as
J
L(x, p, A +Zukhk )+Z/\jgj (%)

Step 2 Find all solutions (x*, A*) to the following set of equations and inequalities

(i) First-order conditions:

OL . o Of L=
8$Z(X7H7A):ai%(x)+;

(ii) Nonnegativity:
Af>0Vjed{l,...J}.

(iii) Complementary slackness (for inequality constraints):

)\78)\ (X", A p") = Ng; (x")=0Vje{l,... }.

(iv) Constraints:

hi (x*) =0 Vk € {1,... K},
g (x")>0vjed{l,...,J}.

)
+Z)\* QJ x)=0Vie{l,...,n}.

Step 3 Compute the value of f at each solution found in the previous step, and choose the one

that maximises f as the solution to the problem.
Example 31. Consider the following problem:
max z —y® s.t. 2% + ¢y =4,
z,yeR
z,y > 0.
The Lagrangian is
L(z,y, 1A, ) =2 —y° +p(2® +y° — 4) + Mz + Aoy

First-order conditions

8‘C * %k *

oL

—— = 2y + 2uFy* + N\ =0.
2y Y 200y 4 Ag

Nonnegativity conditions:
A1 =0, A3 >0.

Complementary slackness conditions:
Alzy = Ny" =0.

Constraints:
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Rearranging the first-order condition with respect to x gives
14+ A = —2u™z™.

If * = 0, then A7 < 0 to satisfy the equation above but A} > 0 by nonnegativity. Thus, we must
have z* # 0. Since z* > 0, we realise that * > 0. Furthermore, since 1 + A7 > 0, the equation
above also implies that p* < 0. Complementary slackness means that A} = 0 because z* = 0.
Rearranging the first-order condition with respect to y gives

2" (1 %) = As.

Since 1 — p* > 0, either (i) y* = A5 = 0 or (ii) y*, A3 > 0. But the latter would contradict
complementary slackness condition A\3y* = 0. Hence, we must have y* = A5 = 0. The equality
constraint and the nonnegativity constraint gives that x* = 2. Finally, the first-order condition
with respect to x gives pu* = —%. That is, the solution is

1
(x*vy*7ﬂ*vATa>‘;) = <27Oa_4,070) .

Remark 14. If we were solving a minimisation problem, then define
J
L(xA) = f(x) =Y Ng; (x)
j=1

in step 1 and, among the solutions find in step 2, choose the solution that minimises f as the
solution to the problem.

Remark 15. Tt is often easy to forget which sign we should have the constraint part in £. One way
to is to remember that the Lagrange multiplier are always positive and think of the Lagrangian
multipliers as the punishment to the objective function. So suppose we are maximising f and we
have a constraint that takes the form g;(x) > 0. Then, we must punish times in which g;(x) < 0
and so it must be the case that we add A;g;(x) to f in writing the Lagrangian so that negative g;(x)
would lower (and thus punish) the value of the objective. Similarly, if g;(x) < 0, then we must
punish the objective whenever g;(x) > 0 and so we add —\;g;(x) to f in forming the Lagrangian.

Remark 16. Since

i (%) = 0 (i (x) < 0) A (hg (%) = 0)
& (=he (%) 2 0) A (hy (%) > 0),

any equality constraints can be expressed as two inequality constraints. Thus, the optimisation
problem can be expressed as a problem consisting only of inequality constraints.

7.3.2 When does it work?

So when does this approach work? First, there must be a solution to a problem. As we will cover
in ECON 6701, Weirstrass Theorem usually gives us this. The other condition is that a condition
called constraint qualification must be satisfied at solution x*. This is a requirement that Jacobian
matrix of the equality constraints and the binding constraints at x* has full rank. We will go over
this latter condition in more detail also in ECON 6701. In the meantime, you should just make
sure that the following condition holds instead.

(i) The objective f as well as the constraints ¢1,¢s ..., gs are all concave, continuously differen-
tiable functions.
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(ii) Slater’s condition
Ix eint (X), g;(x) >0Vie{l,...,J}

holds.

We will see in ECON 6701 that it is possible to relax the requirement of concavity of the objective
and constraints to quasiconcavity; however, this comes at the cost of a more difficult condition to
verify than the Slater’s condition above.

7.3.3 Nonnegativity constraints

Suppose the problem involves only inequality constraints but there are nonnegativity constraints:

max f (x) st g; (x) 20Vj € {L....J},

x; >0Vie{l,...,n}.

An alternative way to approach this problem is to consider the Lagrangian that ignores the non-
negativity constraints (called Kuhn-Tucker Lagrangian):

J
L(x,\) :f(x)+z>\jgj (x).

Then, compute (x*, ") that satisfies the following conditions: A7 >0 for all j € {1,...,J} and

oL
8xi

<0Vie{l,...,n}, STESOWE{I,...,J},
J

oL oL
m’@xi 0Vie{l, ,n},)\Ja)\j o0vjed{1,...,J}

Example 32. Consider again the following problem:

max z —y° s.t. 22 + 4% =4,
z,y€ER

z,y > 0.

Treating the equality constraints as two inequality constraints, we have

Ly, ) =z—y"+ A (2% +y>—4) — X (2® +y* — 4)
=z—y + M=) (2®+y*—14).

The conditions are that A\j, A5 > 0,

142\ — )" <0,
—2y"+2(M\ = A3)y" <0,

(z*)? + (y*)? -4 =0,
2 (1+2(\ = Ap) ™) =0,

Y (=2y" +2(A\] —A3)y") =0.

Note that A} # A5 and z* > 0; otherwise the first line would imply 1 < 0. But the first inequality
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implies that A7 — A5 < 0. Letting \* := A5 — A\]The penultimate equation also implies

1
142Xz =0 2" = — > 0.
+ x T A
The equality constraint then gives that
*\2 1 1
=4— - )
(y ) 4 ()\*>2
Suppose y* = 0. Since \* < 0 and
11 1 1 1
4—-—=0X\N=—c\=- - -
12 16 TR

_1

we must have \* = I

and z* = 2 and so we have * = 2 and y* = 0 as we had before!

7.4 Comparative statics on optimisation problems

Consider the following problem:
*(0) = 0

fr0) R f(x,0),
where we think of x as the choice variables (e.g., consumption), § as the parameter of the problem
(e.g., prices), and I'(#) as the constraint set that can also depend on the parameters. Let I'*(6)
denote the set of maximisers; i.e., * € I'*(0) if and only if f*(0) = f(z*,0) and z* € T'(9). The goal
of a comparative static exercise is to see how exactly f*(0) or I'*(0) changes with the parameter 6.
Our goal here is to provide such comparative statistic results.

7.4.1 Implicit function theorem

We are often interested in how the maximisers vary with parameters. We can use implicit function
theorem to obtain results for this type of comparative static.

To illustrate how it can be used, suppose that f : X C R — R and we know that the first-order
condition is necessary and sufficient to characterise a unique maximiser for a given parameter value
0,

0
—f(z*,0) =0.
o (2",6)
By the implicit function theorem, we can think of z* as being a function of 8 around 6 so that we
may write
0
—f(z*(9),0)=0.
2@ 6),6)

Since this holds in the neighbourhood of 6, we may differentiate both sides with respect to 8, and
using chain rule yields that

2 * 2
0 dme 1o}

e (@7 (0).0) G5 (0)+ 5 f (@ (8).0) = 0.

Rearranging gives that
2
dr o gl (07(6),0)

de (6) = 52 f (2% (0),0)

Observe that for z* to be a maximum, the denominator must be negative. Hence, the sign of
the derivative depends on the sign of the cross derivative in the numerator. Of course, if we can
compute functional forms of the second derivatives, then we can compute the dz*/df exactly.
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7.4.2 Envelope theorem

Envelope Theorems helps us study how the maximised objective changes with parameters (note
there are many versions!).

Suppose that f : X € R — R and we know that the first-order condition is necessary and
sufficient to characterise a unique maximiser, z*, for a given parameter value 6,

0 . o
%f(x ,0) =0.

By the implicit function theorem, we can think of x* as being a function of 8 around 6 so that we
may write the maximised objective function as

Since this holds in the neighbourhood of 6, we may differentiate both sides with respect to 6, and
using chain rule yields that

df* of . . dz* of .
qg (O = 52 @ (0),0) 5 () + 55 (27 () ,6).

The second term captures the direct effect of a change in 6 on the objective function while the first
term captures the indirect effect of a change in 6 through its effect on the maximiser. However, due
to to the first-order condition, the indirect effect is, in fact, zero; i.e.,

df* of .
qg ) =55 (27 (0),0).

Therefore, the effect of change in 6 on the value of the maximised objective function comes solely
from the direct effect that 6 has on f. All envelope theorems have this flavour (with differing
assumptions).

When we study constrained optimisation problems, we can think of taking the derivative of the
Lagrangian, rather than (just) the objective function.
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8 Dynamic optimisation

A dynamic problem is one which actions today have consequences for future periods. We will study
both discrete time (i.e., t € {0} UN} and continuous time (i.e., t € [0,00)). The goal is to obtain a
path of relevant variables that maximises a discounted sum of payoffs over time. In this section, we
show the conditions under which Euler Equations and Transversality Conditions are necessary and
sufficient for a path to be optimal. We then introduce the Maximum Principle and its relation to
the classical variational approach used to derive the Euler Equations in continuous time. Finally,
we will show how to obtain the continuous time version of the neoclassical growth model from its
discrete time version counterpart.??2 We will restrict ourselves to studying deterministic (as opposed
to stochastic) problems.

8.1 Discrete time
A state formulation of a dynamic problem is a tuple (X, T, F, 8), where

e X is the set of states. We typically use x to denote the current state and y to denote the
next-period state.

e I' : X — X is the correspondence describing the feasibility constraints. That is, for each
x € X, I'(x) gives the set of feasible values for the state variable next period if the current
state is z.

e F:gr(I') — R is the period-return function, where gr(I') = {(z,y) : X x X : y € I'(z)} is the
graph of T.

e 3 € (0,1) is the discount factor.
The sequence problem is then defined as follows:

V*(x0) = max ZﬁtF (T4, x4 41)

(ze41)20 1
s.t. Ti41 el (IITt) y Vi Z 0,
To given.
The sequence (z:+1)52, is called a path and our goal is to find a path that maximises the objective
function F' subject to the path satisfying constraints expressed by I'. Note that we have already
embedded the assumption that z,11 depends directly only on x; and not on, e.g., x¢_1, x¢—_2, ....

A related notation, called control-state formulation, distinguishes between controls, u;, and
states, x;. In this notation, the sequence problem is described by a tuple (X, U, h, g, 8), where

e [ is the set of feasible controls
e | is the period-return function,

e ¢ is the law of motion of the state.

22The material in the remainder of this part on dynamic optimisation is almost entirely from Professor Fernando
Alvarez’s class, Theory of Income I.
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The sequence problem is then defined as

Ut)i=o

V* (x9) = max Zﬁth (e, ut)
t=0

s.t. xt+1 =g (l‘t, ut) )
uy € U,

To given.

In this set up, rather than choosing the state directly, the agent chooses the control variable uy,
which, together with the current state (z;), determines the next period’s state (z;y1).

Exercise 19. Show that the control-state and state formulations are equivalent.

8.1.1 Euler equations and Transversality condition

Assume that X € R™, F is continuously differentiable and 8 € (0,1). Say that a path (z:+1)52,
satisfies

e the Fuler equations (EE) if
Fy (24, 2e41) + BFy (T441, T42) = 0, VE >0,

where F, and Fy are the partial derivative of F' with respect to « and y respectively. When
x is a vector (i.e., m > 1), then the Euler equations must hold for each dimension of z.

e the Transversality Condition (7C) if

lim 8'F, (v4, 3441) - @ = 0.

t—o0
where - is the inner product.

Remark 17. To remember where the Euler equations comes from, note that the first-order condition
of the sequence problem with respect to xs41 is

5tFy (Tt, T41) + 5t+1Fx (41, Teq2) = 0.

Dividing through by 8! gives the Euler equation.

8.1.2 Optimal path

We now show that EE and TC are sufficient for optimality if the problem is convex.

Proposition 93. Assume that F is concave in (z,y), Fy(zf,xf ) > 0 and X = R'. Then, if
(x7,1)52 satisfies EE and TC, the path (x}, )52, is optimal.

Proof. We use the fact that, if f is concave the tangency line at any given point always lies above
f;ie.
f)<fFED)+F(2°) (-2, Va (8.1)

See also the figure below.
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Now, take an arbitrary path that has the same initial condition as the optimal path: i.e. take
(141)72g with g = x§. By the assumption that X = R, x;,1; > 0 for all £. We wish to show that
F(xf,x7,,) is greater than F'(z, z411) across all periods; i.e. we want to show that:

T—o0

T
lim > 8" [F (x4, 2041) — F (7, 274,)] <0.
t=0

Note that we can rearrange (8.1),

Then, letting 2° = z*,
F(xg,x041) = F (27, 20741) < Fo (27, 0740) (10— 27) + Fy (27, 2151) (201 — 2844) -

That is,

T
S Zﬁt [F (x4, x41) — F (25, 2744) ]
t=0

T T—oo

T
< lim Zﬁt [Fo (27, 2541) (w0 — ) + Fy (27, 2141) (w41 — 274)] -
t=0

Expanding the summation, we have that

T
> B [Fe (o i) (we — o) + Fy (a7 0740) (21— o41)]
t=0

= Fy (2, 77) (w0 — 20) + Fy (5, 21) (1 — 27)
+ B (Fe (x1,33) (21 — 21) + Fy (21, 23) (22 — 73))
+ B2 (Fy (w3, 23) (22 — 3) + Fy (25, 23) (3 — 23))
+ 8" (Fo (7, 2141) (we — 27) + Fy (27, 2741) (w041 — 2711))
+p (Fw (33I+17952k+2) ($t+1 - $f+1) + By (33;+17952k+2) ($t+2 - $f+2))

+ BT (Fo (a7, 07 41) (a7 — 27) + Fy (07, 2741) (2741 — 2741)) -
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By assumption, z¢ = z§ so that the first term is zero. Rewriting the expression gives

-~

=0

T
Zﬂt (25, 2041) (e — 27) + Fy (27, 2741) (Te1 — 2844
= [F,

(25, 27) (x1 — 27) + B (Fy (27, 23) (x1 — 27))]
+ 81 Fy (z7,23) (22 — 23) + B, (25, 23) (z2 — 23)]
+...

+ B [Fy (2F, 2841) (2041 — 2i41) + BF (2311, 7740) (2041 — 2741) ]
+ P

+8TF, (5727 ) (01— 741).

where we realise that the terms inside the square brackets are all zero by the EE. Thus, the
expression above simplifies to

Zﬂt xt ) xt+1) (z¢ —2y) + Fy (x:»x;fk+1) (mtJrl - xr+1)]

= 5 Fy (2,27 41) (2141 — 27 40) -
From EE, we know that F, (¢, £141) = —BF, (€441, T142), hence we can write
5TFy (l‘*T,x:}H) (xT+1 - x*T+1)
= _BTHFm (35;“+175U§“+2) ($T+1 - 33*T+1) .

By assumption, we know that 7,1 > 0 and Fy (:c*T+1, z}+2) > 0 so that

BYE, (w7, 2741) (@741 — 274)
= ﬁT—HFz (xT+1, x*T+2) (xTJrl - x*T+1)
—pTHE, ($;+1ax;+2) zrp + BTTF, (35;-5-1, x}“) Ty
<0

T+1
<B*TF, (3?}4_1793;“4-2) T

By assumption, TC holds so that

Th_{I;QZB (@t weg1) = F (27, 2741)]
= Tlgnooﬂ (IT+1’IT+2) zpiq = 0. ]

We now prove that EE and TC are necessary conditions for the path to be optimal

Proposition 94. Assume that F is continuously differentiable and (x},,)72, is optimal. Then,
(r7,1)82 satisfies EE and TC.

Proof. We will consider adding perturbations to the optimal path (z})s2,, denoted by e. Let
x¢ (a,e) =z + agy, VE>0

for « € R and € = (g4)52, with &, € R™ and ¢ = 0 (again, we must start from the same point).
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Since (x7,)f2, is optimal, it must be that

V(@) = v (0) = Jim 378 (1 (0.6) 211 (0,2))
t=0
T
>v(a) = Tli_r){l)OZﬁtF (2 (ay€), 241 (v, €))

for any a, e such that zy1(a,€) € T'(z¢(a,€)), ¥t > 0 (i.e. perturbed path must still be feasible).
Since a = 0 maximises v, if v is differentiable, it must be that

ov (0)
Jda

=0.

Assuming that the limits involved in the derivative (with respect to «) and in the summation (with
respect to T') can be exchanged, we obtain that (since dx¢(«,€)/0a = g4),

311

= lim ZB v (h, @) e+ Fy (af, 27 y) €] -

T~>oo

Consider the summation separately,

Zﬁt zt,xt_H) e+ Fy (:z:f,fo) €f,+1]

= Fy (xg,x7) €0 + Fy (x5, 27) €1
+ B[Fy (21, 23) €1 + Fy (21, 33) €2]
+ B2 [Fy (a3, 23) €2 + Fy (23, 23) €3]
_|_...
+ B [Fu (w7, 2841) e + Fy (07, 0711) €041]
+ B [Fy (2711, T 0) €1 + Fy (2741, 54 s) €142]
_|_...
+ pT= 1[ (x:r 171‘T)5T 1+ Fy (x}_l,x})e;p]

+ BT [ (xT’ m.TJrl) er + F (CL‘T, m;uﬂ) 5T+1] .

By the assumption that ey = 0, the first term is zero. Then, we can write

da Th—{r;o;ﬁt [Fo (2, 2341) e+ Fy (27, 0711) €e41]
T—1
= Tlggo ; st (Fy (fvi‘, CUI-H) + B, (Ir+1a172k+2)) €41 + Tlggo 5TFy (‘T;”I;’+1) ET+1-

Consider the case where 5 = 0 for all s except at time t+1. In this case, 2¢11(«, €) will be feasible
if (7, 1,27) € int(Gr(I")) (if it was on the boundary, then perturbing would lead to 441 (c, €) that
is not feasible). Also, assume that v is differentiable and the limits can be interchanged. Then, it

must be that 5 (0)
ga = [F, (a5, 211) + BFe (3711, 000)] €141 = 0.

Since this must hold for any ;1 in the neighbourhood of 0 such that z;1 («, €) is feasible, it must
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be that the term inside the square brackets sum to zero; i.e.
F, (J;f, fo) + BF, (x;*+1,a:2‘+2) =0.

Since this must be true for any ¢ + 1, we obtain the EE and that

v (0) _ _
0= 9o Tlgnoo 5TFy (xTaxT-s-l) ET+1-

Using the EE that we’ve already established, we know F), (25, #%.,,) = —8F, (2%, 1, 2%,,) so that

0= =~ A BTHE, (2711, 2 45) e
Finally, if e741 = —27,, is feasible then
0= aa :%LI)%O/BTFQC (IT,IT+1) Tp.
That is, TC must hold. n

8.1.3 Steady state

We say that £ € X is a steady state if it is a solution to
Fy(z,z) + BF, (z,2) = 0.

Concavity of F' does not imply that steady states are unique. Concavity ensures unique solution
for any given initial condition. However, there may be many steady states depending on where you
start.

Exercise 20. For what kind of problems is x441 = Z for ¢t > 0 optimal if zy = Z7

8.1.4 EE as a second-order difference equation

EE is, in fact, a second-order difference equation; define z;yo = (2411, 2:) so that EE can be
written as

Fy (xy,2i01) + BFy (2441, (0441, 24)) = 0.

To be able to solve for ¢, we need F, to change with ¢ (so that the problem is dynamic). For
example, if f(z,y) = h(z) + g(z), then the initial condition on y does not affect x so that the
problem is not dynamic.

Exercise 21. Assume that F is C2. What condition will suffice to uniquely define 1?

Remark 18. [Shooting algorithm/Given initial condition z¢ € X, select x; arbitrary. Generate a
sequence (x¢); using x4+1 = Y (xy1, @) for all ¢ > 2. Compute if the limit of this sequence satisfies
TC for the arbitrary choice of x;. If not, try a different one. If the dynamic system has a unique
solution and the system is convergent, this method will give us the optimal path (since starting
from any initial condition, we will eventually converge to the steady state if we are on the saddle
path.)

8.2 Continuous Time

The problem now is to choose the derivative of the state with respect to time, @(t), for each period.
The elements of a dynamic programming problem is described by a tuple (X, T', F, 8), where

- 110 -



Math Review 2024

e X is the set of states;

e I': X — X is the correspondence describing the feasibility constraints, which gives the set of
feasible values for the state variable next period if the current state is x.

e F(z,y):gr(l') —» R is the period-return function;
e p € (0,1) is the discount rate.

The sequence problem can then be defined as follows:

V* (z9) :=max lim e PF (z(t),2(t)dt

#(t)  T—oo Jg
st. @(t) el (xz(t),vt>0,
x (0) given.

8.2.1 Euler equations and Transversality condition
A path (&(t))$2, satisfies
o the Euler equations (EE) if
Fo(z(t),2(t) + pFy (x (t), 2 (¢)) (8.2)
= Fyo (x (1), & (8) & (1) + Fyy (2 (1), 2 (1)) & (1), V1 =0
Loosely speaking, the continuous time counterparts to x;, x141, T+41 are z(t), £(t) and ().

e the Transversality Condition (TC) if

lim e ?T'F, (z(T),#(T)) -« (T) = 0.

T—o0

8.2.2 Optimal path

Proposition 95. Assume that F(z,&) is concave in (z, ),
optimal path x*(t) is interior, and X = R7. Then, if (*(t
(Z* ()52, is optimal.

F; <0, Gr(T) is convez,>® that the
)2, satisfies EE and TC, the path

Proof. As in the discrete case, we wish to show that
T
lim e PH(F (z(t),2(t) — F(z* (t),2* (t)))dt <0.

T—o0 Jg
As before, we may write

Fx(t),&(t) = F ™ (),27 (1) < Fp (¢ (1),27 (1) (z () — 2" (1))
+ By (27 (t) 27 (1) (& (8) — 27 (1)) -

23 Convexity is required to ensure existence of a solution.
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Hence,

Using integration by parts on the second integral:
T
/O e PFy (" (), " (1)) (& (t) — 2" (1))
= [ 7'F, (" (1), (1) (x (1) — 2" (1)]} — / X ( (t) — o (1) dt,

T
= TE, (@ (1)@ (T) (@ (D)~ (1) = [ X(a(0) =" ().

where we use the fact that « (0) = 2* (0) and

d —pt * *
X =S [eE, @ (1), (1)
t)

= —pe'E, (" (), (1))
e Fy (27 (1), 87 (1) @7 () + e ' Fyy (2 (1) 87 (£)) & (1)
— e P [—pF, (a7 (1) 8" (8) + Fyo (a7 (1) 8" (£) " (t) + Fyy (2" (£) 3" (1)) 3" (8)]
Suppressing some arguments,
T

lim e P (Fy (x —a*) 4+ Fy (& — &%) dt

T—oo Jo
o0 oo
< / e PIEY (v — 2*)dt — / e P [—pFy 4 Fypi™ + Fyyi*| (z — 2*)dt
0 0

+ lim e PTF (a* (T) @ (T) (& (T) - " (T)

= /0 e Pt {F; +pFy — Fye#* — Fyyx*] (x —a")dt+ Th_rgtlm e PTF, (2" (T),3" (T)) (z (T) — =* (T))

=0FEFE
= lim_ T, (27 (T), 4 (T)) (& (T) — " (T)
= lim T, (2 (T), 4 (T) 2 (T) ~ lim e *TF, (a" (T) " (T))a" (T).

Since Fy, <0 and z (t) > 0, then

T

Tlim e P (Fy (z—z*) + Py (@ — %)) dt
—o0 Jg
< Jim e”?TF, (27 (T),&" (T) 2 (T) = lim_e™ "' F, (z" (T),&" (T)) 2" (T)

< — lim e ?TF, (2*(T),2* (T))z* (T) = 0,

T—o0
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where the last equality follows from the Transversality Condition. Thus,
T
lim e P (F (x(t),2(t) — F(x* (t),2* (t)))dt <0. |

T—oo Jg
As in the discrete time case, EE and TC are necessary conditions for optimality.

Proposition 96. Assume that F is continuously differentiable and that the optimal path is interior;
i.€.

(x(t),&(t)) €int (gr (I")),Vvt > 0.
Then, the optimal path (£(t))52, satisfies EE and TC.
Proof. Consider the variation path
z(o,e)(t)=x(t) +as(t),

where o € R and £(t) is a differentiable function from Ry to R™ with £(0) = 0. Define the value of
the variational path as:

v(a) = Th_%o ; e P'F (x (o) (t), @ (o €) (t)) dt
= lim ' e PIF (z (t) + ae (t), 4 () + aé (1)) dt.
T—oo Jg

If the variation path is feasible—i.e. @ (a,¢) (t) € T' (2 (o, €) (¢)) for all ¢ > 0, since (z (t), 2 (t)) is
the optimal path, it must be that
v(0) >v(a).

Assuming that v is differentiable and that we can interchange derivative of the integral as the

integral of the derivative:

ov (0) T

o = Jim_ i e PLF, (z(t),3 (1)) e () dt
+ lim Te*PtFy (x (t), @ (t)) € (t)dt.
T— 00 0

To find the impact of the variational path e for each t, we use integration by parts on the second
term:

T
/0 e P'F, (x(t),2 (1) € (t)dt
T
= [P F, (e (8), i (1)) e (0] — /O Xe (1) dt
T
:e”’TFy(:c(T),a'c(T))s(T)—/o Xe (t)dt

where we use the fact that ¢ (0) = 0 and (assuming z (t) is C?),

X = —pe'F, (2 (1), & (1))
e Fy (2 (1) & (6) & (1) + € Py (2 (1) () (1)
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Omitting some arguments, we therefore have that

_ 0v(0)

0 Oa

0o T
= / e PUF, edt — / e Pt [—pFy + Fya& + Fy & edt
0 0

+ lim e "TF, (z (T),#(T))e(T).

T—o00

As in the discrete time case, take ¢ such that (¢) # 0 and zero otherwise. Then, the expression
above becomes

0= e P [Fy + pFy — Fyuit — Fyyil c.

Since this has to hold for any feasible values of £(¢), it must be that the term inside the brackets is
zero. Rearranging and writing the arguments in full, we obtain the EE:

Fo(x(t),& (1) + pFy (x (1), & (1) = Fye (x (1), @ (1) & (8) — Fyy (x(8) 2 () (¢) -

Note that the proof is heuristic since we assumed that ¢ is differentiable but, for the Euler equations,
we use a function ¢ that was discontinuous. A rigorous proof needs to approximate this discontinuous
case using a smooth function.

Take a sequence x that satisfies EE then,

If e(T) = —x(T) is feasible, we obtain the TC:

0= lim e PTF, (x(T),4(T))z (T). [ |

8.2.3 Steady state

In the steady state @(¢) = &(¢) = 0. Substituting this into the EE characterises the steady state Z:

Fy (2,0) 4+ pF, (2,0) = F,; (z,0) 0+ Fy, (2,0)0
= F, (z,0) = —pF, (z,0).

8.2.4 The Maximum Principle: Hamiltonian

We use the control-state formulation. For this, we have the instantaneous return function A that
depends on the state vector z € X C R™ and a control vector v € U C R™ (m need not equal n).
The problem is

T
V*(20) = max lim e Pth(z (t),u(t))dt
wu(t) T—oo Jg
st. z(t)=g(x®),u(t), V¢>0
u(t) €U, ¥t >0,

2 (0) given.

We will study a procedure to obtain necessary and sufficient conditions for an optimum. This
requires some regularity conditions.
Let A be a vector on R™ of co-state variable and H be the current-value Hamiltonian function
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defined as
H(z,u,\) =h(z,u) + Mg (z,u).

The following conditions are necessary (under regularity assumptions) and sufficient (under regu-
larity and convexity assumptions) for a path of z and u to be optimal:

for allt > 0.

The state variable(s), x, has an initial value of zy and the co-state variable(s), A(t), have a

boundary condition—the Transversality Condition—given by

lim e ?"X\(T)z(T) = 0.

T—o0
The initial value of the co-state variable, A\(0), is not predetermined and it has to be solved as part
of the system.

The interpretation of co-state is that e ?*\(t) is the marginal value at time zero of an infinites-
imal increase in the state z at time ¢.

The first condition (8.3) says that the derivative of the Hamiltonian with respect to the control
is zero—this gives the optimal choice of u (one for each control variable). To interpret the second
condition (8.4), recall that

rP =D+ P,

can be interpreted as saying that P is the present value of D with interest rate r (D is the dividends,
P is capital gain). Here, we see that A(t) is the present value of H, given discount factor p. The
condition gives the (shadow) marginal value of a unit of . Finally, the last condition (8.5) is the
feasibility condition.

Heuristic proof Let us form the Lagrangian, using e **\(¢) for the multiplier of i:(t) = g(z(t), u(t)):

T—o

T T
L) = lim (/O e‘pth(x(t),u(t))dt+/0 PN (1) [g(a:(t),u(t))—x’(t)]dt).

Consider the problem of maximising £ with respect to 2 and u, and minimise with respect to .24
First, consider the following term, and use integration by parts to obtain:

/ e PIN (1) & (£)dt = [e PN (1) 2 ()] — / [—pe—PtA(t)+e—ﬂfA(t)]x(t)dt.
0 0

We therefore have

T
L(z,u,\) = Th_r)nOo ; e Pth(z (t),u(t))dt
T
+ fim e ot [A(t)g(x(t),u(t))—pA(t)x(t)n(t)x(t)} dt

24Tn ECON6701, we will see that the Lagrangian method is a max-min problem.
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Since L(x,u, A) has to be maximised by z, the first-order conditions with respect to z(t) gives

dL (z,u, A)

L= [ @0 ) F AW g (1) u )~ AW +AW)] =0

Since e*¢ > 0, it follows that

Note that

The first-order condition with respect to u () is

‘W — e [ (2 (1) 1 (1)) + A (8) g (2 (£) ,u (£))] = .
Since
dH (x,u,\)
Tdu(t) = H, (z(t),u(t),A(t))

we therefore have that
Ha (@ () u () A (1) = 0. (8.7)

Relation to the EE analysis To see the relation with the classical EE analysis, consider the
special case:

F(z,u) =h(z,u),
g(x,u) =u.

In this case,

so that (8.7) becomes

= A(t)=—F, (z(t),2 (1)) (8.8)

and

Therefore, (8.6) becomes
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Combining the two we get that

A(t) = —pFy (x (t) & () = Fo (x (1), & (1)) -

Thus, —A (¢) is the right-hand side of the EE in (8.2). To confirm, differentiating (8.8) with respect
to t gives

Thus, we have the EE as in (8.2):
Fy (2 (8),2 (8) + pFy (2 (1), 2 (1))

8.3 Neoclassical growl model
8.3.1 Discrete time

In the discrete-time neoclassical growth model, output can be used for consumption, Cy, and in-

vestment, [;:
Ct+It = G(kta1)7

where G(-,1) is a production function that is strictly increasing, strictly concave and satisfies we
assume that limg_,0 G'(k, 1) = oo and that limg_o, G'(k,1) = 0. The next-period capital is given
by

kiv1 =k (1 =9) + I,

where ¢ is the depreciation rate. Combining the two gives the law of motion:

Ct = G(kt, 1) + k’t (1 - 6) - kt+1
= f (kt) - kt+17

where we defined f(k) := G(k,1) + (1 — §)k. The consumer then chooses an infinite sequence of
k11 to maximise utility (in any given period ¢, k; is given). Thus, the neoclassical growth model
takes the following form:

(ke+1)820

V* (ko) = max Y BU(f (ki) — kesr)
t=0

st 0< ki1 < f(ke),

ko given.

We assume that U is strictly increasing and strictly concave. Moreover, we assume that lim._,o U’(c) =
oo and that lim. o, U’'(c) = 0. In setting the lower bound for k:y; to be zero, we are implicitly
assuming that capital can be dismantled at no cost and consumed. If capital is irreversible, then
the lower bound for k;, 1 should be set to k;.

We can fit the problem above into our general notation:

F(z,y) =U(f(x) —y), T'(x) = [0, f (z)].

EE and TC Since
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Ey(z,y) =U'(f(x) —y) [ (2),
Fy(z,y) = =U"(f(2) —y),

the Euler Equations for the neoclassical growth model is given by:
U (f (kt) = ke1) + BU' (f (keg1) = kego) [ (ke1) = 0V > 0.

The Transversality Condition is given by
Jim BTU(f (kr) = kr 1) ' (kr) by = 0.

Steady state The steady state solves

8.3.2 Continuous time

In the continuous-time neoclassical growth model, law of motion for capital is given by

k(t) = f(k(t) —c(t) =8k (1),

where we implicitly assume unit inelastic supply of labour as in the discrete time case. Unlike in
the discrete-time case, above f is the production function gross of depreciation. The consumer then
chooses an infinite path of k(t) to maximise his utility. Thus, the neoclassical growth model now
takes the following form:

V* (k (0)) == max /OOO ety (f (k) — 0k (t) — k (t))

st. k(t)eRVE>0,
k(0) given.

We can it the problem above into our general notation:
F(kk) :U(f(k)—ék:—k), T (k) =R
EE and TC Since
Fo= (' (k) = 0)U" (f (k) = 3k — k),
Fy==U"(f (k) =0k —),
Fyo == (f/ (k) =) U" (£ (k) = Sk — k),
Fyy =U" (f (k) = ok~ k),
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the EE are

(f' (k) =0)U" = pU" = = (f' (k) =) U"k + U"k
S (f (0) =5 —p) U == ((f' (k) = )k — k) U". (8.9)
The TC is given by

lim —e T’ (f (k (T)) — 6k (T) — k (T)) k(T) = 0.

T—o0

Steady state The steady state is given by
(f'(k)=0—p)U =0=f(k)=p+0.

8.3.3 Hamiltonian
We can also analyse the neoclassical model using the Hamiltonian. The period-return function is
U(c) and the law of motion is given by k = f(k) — k — ¢ (note that k(0) is given). That is,
h(k,c) =U(c),
g(k,c) = f(k) =0k —c,
= H (k,e,\)=U(c)+A(f (k) —dk—c).
Then,

H,=0=U'(c) =\,
A=pA—Hy = A=X(p—(f (k) =),
i=g=k=f(k)—k—c

We therefore have the following dynamic equations:

A=X(p—(f' (k) =9)),
k= f(k)—dk—c

Phase diagram in (k,\) space To draw the phase diagram in (k, \) space, note that

e A=0: f'(k) — 0 = p. In (k, \) space, this is a vertical line. Dynamics: From A = 0 if k > k,
then f’(k) is lower and — f’(k) is higher so that A > 0. And if k¥ < k then \ < 0.

e i =0: ¢c= f(k) — 6k. Since A = U’(c), we have that A = U’(f(k) — k). Note that U’ > 0
and U” < 0 so that U’ is a strictly decreasing transformation. Thus, when f(k) — dk achieves
its maximum (at k such that f'(k) = 6), U'(f(k) — 6) is at its minimum. As k — 0, f(k) — 0
and U'(f(k) — 6) — co. As k > k, f(k) falls so that A increases. These observations imply
that k& = 0 locus is U-shaped in (k,A) space. Dynamics: If ¢ > ¢, then k<0andifec<e,
then k > 0. Note that ¢ > ¢ represents points below the k = 0 locus.

This gives the following phase diagram.
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Saddle path J

Bl
e

ko

We see that low value of k£ corresponds to a higher value of A. Does it make sense? Recall that
A is the marginal value of a unit of k£ and, at the optimal, marginal benefit from c is equated to
A, the marginal value of capital. In a similar way that higher ¢ implies lower marginal benefit, a
higher k implies lower marginal value of capital; i.e. it represents diminishing returns. Note also
that a higher k implies higher production, and since ¢ is a normal good (this is due to the fact that
we have separable utility function), higher output implies higher income and ¢ increases in every
period.

Phase diagram in (k,c) space Since there is a one-to-one mapping between ¢ and A\, we can
also draw the phase diagram in (k,¢) space. To do so, we can differentiate H, = 0 condition with
respect to time to obtain A in terms of c:

U’ (¢)é= A
Then we can rewrite the second first-order condition as

U'(e)e=U"(c) (p— (' (k) = 9))

c 1
=== —gge (k) =3 —p),
U'(c)
where —IIJJ/,I((CC))C is the elasticity of intertemporal substitution, and % is the percentage change in

¢ (i.e. elasticity). Thus, we see that given f’(k) and p, consumption level ¢ is determined by
preferences. Notice also that, if f/(k) —d = p, then c is constant, and if f/(k) # p, then as u
becomes linear (i.e. U” — 0), ¢ is larger so that you converge more quickly to the steady state.

. 6=0

o -

Saddle path

ko : k
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8.3.4 Deriving the continuous time EE from the discrete time version

Let A denote the length of time between periods when the state is determined. Decisions are taken
whenever the state is determined at times 0, A, 24, .... The sequence of state is then

(xA(s+1))zO:0 = {3507 TA; T2, - - ~}7

where xg, as usual, is given. We define the discount factor § for an interval A using (the instant-

aneous) discount rate p as
1

T 1+ Ap
We let U denote the instantaneous utility from consuming ¢; amount of consumption. So, during
an interval of length A in which consumption is given by csa, the total utility is given by

B

AU (CsA) .

Market clearing condition must hold at all times (including during the interval A). Instantaneous
market clearing condition is thus

Cs+is:f(k8)v

where i; denotes investment. Market clearing condition for the interval of length A from period tA

is thus
ACSA + AiSA = Af (ksA> .

Law of motion for capital is
kEsara = k(s41ya = Aisa + ksa (1 — AJ),

where § is the instantaneous depreciation rate. Thus, we can write the neoclassical growth model:
as

oo 1 S
max Z (1+Ap) AU(CsA)7

(esit)iZo s=0
s.t. ACt + AZt = Af (kt) , Vi 2 0,
krsn = Aig+ ki (1— AS), ¥t >0,

ko given,

where t = sA for some integer s. In other words, we may write the problem in an equivalent manner
as

oo 1 s
max Z <1+Ap> AU (CSA)7

(cintin)iZo £
st Acsa + DAiga = Af (ksa), Vs >0,
k(s-‘,—l)A = AisA + ksA (1 — A(S), Vs > 0,

ko given,

Letting A = 1, the problem reduces to the standard one.
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Continuous-time version of the law of motion for capital Fix A. First, we eliminate Ai;

from the constraint to obtain the law of motion for capital:
kt+A = Af (kt) + kt (1 - Ad) - ACt.
Rearranging above and dividing through by A:

oon —k
%:f(kt)—ékt—ct.

Taking limits as A | 0:

lim P8 TRy p () — Sk (1) — e (1),

ALO A

(8.10)

(8.11)

where we change notation following the convention (capital at time ¢ is written k; in discrete time

and k (t) in continuous time). This gives the continuous time version of the law of motion for

capital.

Continuous-time version of EE Define

. kion — k .
oy == % = kipn = kA + ky.
We can then rewrite (8.11), while noting that ¢t = sA, as

kt+A - kt

Ct:CsA:f(kt)—5kt— A

= [ (kt) — ki —

Using (8.10), we can then write the problem as

max i (HIA,O)t AU (f (ko) — ok — ).

{kt t=0 t=0

Writing the sequence as

-+(1+A> AU (f (kt) — 0k, — )+

(
_~~+( >AU(f — Sk — t)+
+( (

1 t

>AU F(ke) — Ok, — )+

The first-order condition with respect to ky is

AU (f keyn) — Okipn — k‘t+A)

A

kiron — (ktA + kt) \
s /

. k 7]{:
AU<f ktA+l€t 6(ktA+kt)t+2At+A>m

AU (f ktAHcf —6(fctA+kt) -

. k — k.
AU(f ktA+kt —6(ktA+kt)—7”2AA t+kt>--~

_< 1 >tAU’(ct)+< ! >t+1AU’(ct+A)(Af’(kt+A)—A5+1)—O.

14+ Ap 14+ Ap
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Rearranging this gives the EE:

U0 = (155, ) U () (AF (s + (1= A9).

Taylor expansion of U’ (¢t ) around ¢; gives
U'(ctsn) = U (cr) +U" (cr) (ctpn — ct) + Rcrsn — 1), (8.12)
where R (ciya — ) =0(A) as A — 0; i.e.

. R (Ct+A - Ct)
AT A

=0.
Substituting (8.12) into the EE:

(L+Ap) U (er) = (U (cr) + U" (er) (cra — ) + R(crrn — ) (Af (kra) + (1 — AJ)).
Collecting U’ (¢t) together

[(1+Ap) — Af' (kyyn) — (1= A8) U (cr)
=[U" (1) (ctrn —ct) + R(ctpn — co)| [Af (krra) + (1 = AJ)]

Dividing through by A:

[p = " (keya) + 61U (ct)
_ (U// (Ct) (Ct+A - Ct) + R(Ct-i-A - Ct)) (Af/ (kt-l-A) + (1 _ A(S)) )

A A

Taking limits as A | 0 of each side

lim [p = £/ (kiss) + 81U (e0) = o — f' (k (8)) + 3] U (e 1)

and

iy (07 (o0 227004 LR (7 (1 p) + (11 80) =" () €0,

where

(1) =t 227

Combining the two and rearranging, we obtain

(f' (k(t) =6 = p) U (c(t)) = =U" (c(t)) &,

where

Therefore, we have
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as we had in (8.9).
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8.4 Summary

8.4.1 Discrete time

State formation

oo

> BF (w1, we11)

t=0
s.t. Ti41 el (If) 5 Vi Z O,

max
(Te41)72,

To given.

Necessary and sufficient conditions?®

Euler equation:

Fy (x4, 2441) + By (24, 2441) = 0, V¢ > 0.

Transversality condition:
lim BTF, (x7,2741) 27 = 0.
T—o00
8.4.2 Continuous time
State formation

max

e PR (x(t),4 () dt
{26}, /0 (= (5),2 (1)

st. @(t) el (z(t), V>0,

o given.

Necessary and sufficient conditions
Euler equation:

Fp+ply = Fypt + Fipd, V62> 0

Transversality condition:

lim e *TF; (2 (T),4 (T))z(T) = 0.

T—o0

25 F concave and C1.

Control-state formation

max
(ue)§2o

Zﬁth (xtaut)
t=0

st xpr1 = g (e, up), VE >0,
up € U

T given.
We can return to the state formation by letting

F(z,y) =max{h(z,u):velU y=g(z,u)},
Fz)={y:Fuel, y=g(z,u)}.

Control-state formation

/OO e PPh(z (t),u(t))
0

max
{u(®)} 2o
st. z(t)=g(x(t),u(t)), Vt >0,
u(t)eU
To given.

Necessary and sufficient conditions
First-order conditions:

H(x,u,A\) = h(z,u) + Ag (z,u),

H, (z,u,\) =0,
}\:pA—Hz(x,u,A),
T =g(z,u).

Transversality condition:

lim e "X\ (T)z (T) = 0.

T—o0
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9 Local stability of optimal paths and speed of convergence

Given an initial state xg, the solution to a dynamic programming problem completely determines
the evolution of the state through time. The purpose of this section is to study the local dynamics
and stability of the optimal decision rules in discrete and continuous time models.

9.1 Stability of discrete-time linear dynamic systems of one dimension
9.1.1 Linearisation around the steady state

Let 2441 = g(z¢) be the optimal decision rule (i.e., the equation that describes the saddle path).
Using first-order Taylor approximation around z; = T (T denotes the steady-state value),

zep1 =g (2) = g (@) + 9 (@) (2 — 7).
Since ¢(T) =T,
Te41 — T2 ¢ (T) (2 — T),

9.1.2 Condition for convergence
Suppose that xo < Z.

o If |¢'(Z)| > 1, then xy41 — T > x4 — T; i.e. xy diverges.

o If |¢'(T)| < 1, then z441 — T < x¢ — T; i.e. x; converges.
Hence, for local stability, we require |¢'(Z)| < 1. See also the figure below.

Tty Tt+1

Ty = Ti41
.

.

............

Ty

Tt41

Remark 19. If —1 < ¢'(T) < 0, then we still converge to the steady state while oscillating above
and below Z. This cannot happen in continuous time case since the movements are infinitesimally
small.
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9.1.3 Obtaining ¢'(z)

Recall the Euler equation (which must hold for any interior solutions):
0=Fy(z,9()+BF:(9(x),9(g()))-
We want to find out ¢’(Z), where T is the steady state; i.e. T solves
F, (z,7) + pF, (Z,7) = 0.

This would allow us to analyse the dynamics of z; close to a steady state.
We follow the following steps to obtain ¢'(x) close to a steady state.

(i) Differentiate the Euler equation with respect to x. This yields a quadratic equation in ¢'(z).
(ii) Evaluate the resulting quadratic equation at the steady state, T.

Differentiating the Euler equation with respect to x yields

0=Fyz (2,9 (7)) + Fyy (2,9 (2)) g’ ()
+ B Fea (9(2),9(9(2)) g () + Fay (9 (2),9(9 () 9" (9 (2)) ¢ ()]

Evaluating this derivative at the steady state T and using the fact that ¢(Z) = 7,
0=F, (z,T) + F,y (z,7) ¢ (T)
+ 8 |Foa @3) 9 @) + Foy (7.7) (¢ @)7]
= BFuy (7,7) (¢ (@))" + (Fyy (7,7) + BFra (7,7)) ¢ (T) + Fy (7, 7) (9.1)

Thus, we obtain a quadratic equation in ¢’(Z) so that there may potentially be two candidate values
for ¢'(T).
Let A = ¢/(T), we can define the quadratic equation:

Q(\) i= BE A + (Fyy + BFox) A+ Fya. (9.2)

The following proposition shows that the roots of Q(/\) come in almost reciprocal pairs.
Proposition 97. If \; solves Q(\1) = 0, then so does Ay = 1/ 3.
Proof. Suppose Q(\1) = 0; i.e.

Q (\1) = BE A + (Fyy + BFre) A + Fyp = 0.
Consider Q(1/\8):

-1 1)° 1

1
= F,y—— + (F, E)(—)+F.
1
= 525 (v + By + BFac) M + BFy )]
1
1
[Foy = Fyal = 5 [BFuyAl + (Fyy + BFux) M1 + Fyy
1
1 -
= =50 (A1) =0. ]
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Therefore, if one root is |A1] < 1, then the other root, Ao, must be larger than one in absolute
value. i.e.

1 1
o] = |—| = >
22| ‘M‘ BIM]

As an aside, note that A\ = 1/5.

Let ¢ be close to the steady state T so that a linear approximation of g is appropriate. Assume
we found that the smaller root has absolute value less than one. Now, consider the following
sequence of (Zy41)s:

1 =7+ 9 (T) (2 —T) YVt > 0. (9.3)

The sequence, by construction, satisfies the Euler Equations. Since |¢/(Z)| < 1, it converges to
the steady state T and hence it also satisfies the transversality condition. Thus, if the problem is
convex, we have found a solution. If, on the other hand, both roots are bigger than one in absolute
value, then we do not know which one describes ¢'(Z), but we do know that the steady state is not
locally stable (local since we are approximating).

We now analyse under what circumstances local stability (i.e. |¢'(Z)] < 1) can be obtained in a
one-dimensional discrete-time setting. Recall from (9.2) that

F, Fpo
= F,, m%(“’#)xﬂ ,

Yy

=b

where we used that F,, = F,,. Assuming F,, > 0, then Q(\) = 0 < Q(\) == Q(\)/Fyy = 0. We
solve for the latter:

Q(0)=1>0,
Q()=1+0b+48,
o()-4espon
a%i’\) = 26X\ +b,
0y g

Observe also that: (i) if F' is concave, then b < 0; (ii) Q(A) is strictly convex.
The roots of the latter are given by

N —b+ /b2 48
= —25 .
There are two cases

e 1+b+8<0
0< A\ <1< Ao,

26The argument is heuristic since the Euler Equations are satisfied only approximately for the sequence (9.3).
Nevertheless, this approximate solution, by the virtue of the implicit function theorem, can be used to construct an
exact solution of the Euler Equations that converges to the steady state in a neighbourhood of .
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0<)\1<1<)\27

—b— /b2 —

A = b b2 —4p5
26
e 1+b+p8>0:
1< A < Ao
See also the figure below.
1+b0+3<0 1+b0+3>0

Q) Q)

1< <)\

0< A\ <1<
A 1 0<1+b+13
5 i

0>1+b+BF--mmm-mmmmaaa '

We can also see how the A\; changes with the coefficient b. Taking the first case, note that

1 b 1 b
@_ 1 =T 1 V/b2—48 /b2 — 48

db 28 N 283 b2 — 48

—b— /b2 —14 1 A
= p = L >o.

2B V2 =48 /0?2 -

9.1.4 Speed of convergence

The magnitude of |¢'(Z)| describes the speed of convergence. To see this, let Ay = ¢/(Z) such that
[A1] < 1.We can write (9.3) as

e =T+ M\ (x—1 — T).
Backwards substituting yields
Ty =T+ )\1 ((f—f— )\1 (iEt,Q — f)) — f)
=T+ N (240 —T)

=7+ A\ (20— 7)
sz, —-7T=A(20-7).

Notice that:
o lim; oo 7y — T = 0 since lim;_,oo A = 0 given |\;] < 1;

e as |\| — 1, convergence is slower. The permanent income hypothesis case is one in which
g’ (k*) = 1. In this case, the convergence speed is so slow that you, in fact, do not move.
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e as |A\| — 0, convergence is faster. If the cross derivatives, F, and Fy,, are zero (so that the
roots are zero), then we would move to the steady state in the next period.

Hence, we realise that the speed of convergence is decreasing in |A;|, or equivalency, it is decreasing
in |¢'(Z)].
9.1.5 Neoclassical growth model

In the neoclassical model, we have

F(z,y)=U(f(z)—y)

so that

Fp=f (x)U'(f (z) — )

Fy=-U'(f(z) —y)

Fop = f" () (f (x) = y) + [f @) U" (f (z) — 1)
Fyy=U"(f(z) —y)

Fry=—f" (@) U" (f (x) —y).

Recall that the steady-state capital solves 1 = Bf(k*) . Evaluating these at the steady-state values
and substituting into (9.1) gives

0= Fyu+ Fyyg + 8 (Fung' + Foy (¢)°)
_ _f/U// + U//g/ +8 ((f/U/ + (f/)Q U//) g/ o f/U// (g/)Q)
_ _f/U// + (U// “rﬁf/lyl +ﬁ(f/)2 U//) g/ N Bf/U// (91)2
-y f/ _ (1+Bf//£{” +B(f/)2> g/+5f/ (g/)2:|
__//-l_ i //E / N2 e
—vr |3 (e 348 )+ @] s =18
g 'l B 1 f/l U/
-0 [5-
1

’ N2l .. a__ ’
1+ﬂ+f’U”)g +(9)} SB=1/f

1 f‘l/ U// 9
—(1++ %/ )d+)]-
5 (s (F15)) o)
In this discrete-time case, we notice that the expression depends on the elasticity of productivity
and elasticity of intertemporal substitution.

The quadratic equation is given by

(14t fU)) E
Q) = (1+5+<f, o)) g

— _U//
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Notice that

Q) =- /*<0

l _ fl/ U// 1
o) (51

and @ () attains a minimum at Q' (A*) = 0, where
. 1 f// U//

QM

See figure below.

&

fl/ U!I
)

0l.”
fl/ U/I
,7/7

Therefore, we have that

1
0<)\1<1<E<)\2.

The solution is given by

r=3 O*ﬂ*(glﬁ))i¢0+ﬂ+<gﬂﬁ)>‘2)'

Thus, the root with absolute value less than one is given by

1 oo U 4
Al == 1 1 ——.
172 <+B+<ﬂ ’>) ¢<+B+<ﬁ 7)) "5
Suppose we change the production function and the utility function such that the steady states

do not change. That is, we change f”/f’ and U” /U’ but without changing the slope at the steady
state. Then, the more curvature there is in U, the more agents prefer to smooth consumption. On

the other hand, if u is linear, then agents do not mind consuming today or tomorrow (except for
the S discount).
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1
f U

Same slope

k* k c* ¢

Suppose kg < k*, then notice that benefit to the consumer from moving from k¢ to k* is
represented by the shaded area in the figure below (note that, to increase capital stock, agents
must abstain from consumption). We therefore see that a higher f” implies a larger gain so that
speed of convergence is faster. In case f’ is linear, then it has to coincide with 1/8 and the benefit
to consumer is zero. If the production is linear but there is curvature in U, it will take forever to
converge. Thus, we see that the speed of convergence depends on the “fight” between the curvature
of f and u.

I

Benefit to consumer from kg — k*

ko— k* k

9.2 Stability of discrete-time linear dynamic systems of higher dimen-
sions

Let x € R™ and the function m : R”™ — R"™ define a dynamic system:
Xt+1 =M (Xt) ,Vt > 0.

Let X be a steady state; i.e.
X=m(X).

Consider a first-order approximation of m around X:
xi11 =m(X)+m (X) (xs —X).

Notice that this analysis is valid globally (i.e. for all R™) if the system is indeed linear. Alternatively,
it is valid in the neighbourhood of the steady state.

- 132 -



Math Review 2024

Since X = m(X), we can write
xip1 — X =m (X) (x¢ — X)
= Yi+1 = Ay,

where y; = x; — X and A is the matrix equal to the Jacobian m’ (X). In this notation, the steady
state is y* = 0.
Diagonalising the matrix A, we obtain

A=PAP !,

where A is a diagonal matrix with the eigenvalues of A, denoted by \; (possibly complex), on its
diagonal. As the notation already uses P is invertible and it contains the eigenvectors of A. We
can now write the linear system as

P_lyt+1 = AP_lyt, Vit Z 0.

Define z; :== P~ 'y,, which is a linear combination of the deviations from the steady state using the
eigenvectors P. Since P is invertible, there is a one-to-one mapping so that each z corresponds to
a unique z, and vice versa. We can then write the system as

Ziy1 = AZt, Vi 2 0
= Zit+1 = )\izit, Yi=1,2,...,n, Vvt > 0.

We can solve this element by element to obtain that
Zit = )\22’1‘70, Vi = 1,2, ey, Vi > 0.

Let us consider the case where all the eigenvalues are real. The following proposition says that,
if the sequence generated by the dynamic system is to converge to the steady state, then it must
be that the initial conditions xg belong to a particular linear subspace. The dimension of this
subspace is equal to the number of eigenvalues that are larger than one in absolute value (n —m in
the notation used above).

Proposition 98. Let A\; be such that, fori=1,2,...,m, we have |X\;| < 1 and fori=m+1,m+
2,...,n, we have |\;| > 1. Thus, the eigenvalues of A are ordered so that the first m are smaller
than one. Consider the sequence

Xt+1 :iﬁ’A(Xt*i) thO

for some initial condition xy. Then,
lim x; =X,

t—o00
if and only if the initial condition xq satisfies
Xp — Pio + i,
where Zg is a vector with its n — m last coordinates equal to zero; i.e.

zio=0VYi=m+1m+2,...,n

and where the remaining elements of zg are arbitrary.
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Proof. Recall that
Zit =Mz, Vi=1,2,...,n, Vt >0.

For any |A;| > 1 with positive initial value, notice that the sequence is exploding. Hence, in order
for the system to converge, it must be that for all ¢ with |A\;| > 1, z; 0 = 0. Recall that

:Pilytzpil(xt—i):>PZt:Xt—§
= Xy = PZt +X
= X9 = Pz¢ +X.
Therefore, it must be the case that xg = P2y + X for the system to converge. |

Remark 20. If \; can be complex, then we would only consider the real part of the complex root
and the conditions are the same with respect to the real part.

9.2.1 Log-linearisation
Suppose that the system of equations is given by
G (Xt, Xt+1) = 0, (94)

where x; = (2;,)j2, € R™*! are m variables consisting of both state and control variables and
G : R™ x R™ — R™ are m explicit/implicit equations for the m variables. If the system has a
stationary point, denoted X, it satisfies

G (%,%) = 0.

Note that
. * * o *
Ty elong,t elong‘t—log:cjyt—&-logzjyt (elog%,t log;cjyt) m;t

Define z; ; .= log x; ; — log x, as the log-deviation from the steady state; i.e., percentage deviation
of ;, from z7}. For each j 6 {1,2,...,m}, write

0= G] (Xtaxt-i,-l) = G] (e*ti’ e&t+1i) ’

where
Xt il,t * §2,t * e Zm 5t
X = [ erttry ety e :cmt ]

To log-linearise, we use first-order Taylor expansion around the stationary point:

Xt = X¢+1 :i<:>§(t:§<t+120.

For each j € {1,2,...,m}, Taylor expansion gives
e 'X, ex*+1x) % % N
0~G xx + g 3 e*te; (Zit —0)
Li,t .
—O ' xt:xt+1:O
m & S —
0G; (eXtx, e*1x) |
J ’ * o
2 O%i 11 e (Zit+1 —0)
i—1 Qo Re=R%s41=0

m

J * * A
rl-z a:»x-yt 1-
Z axz i 8xthrl nir
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For each t € N, define an m x m matrix G} as

G, (x,x)m*] e {aG,- (x,x)ﬁ]
©J ij

Oxjp Orj 141

G; ::[

ij
Using this matrix notation, we can rewrite the log-linearised system of equations succinctly as
Grfit + GL—lkt—i—l ~ 0.

We “approximate”; i.e. we assume that the equation above holds with equality.
If G is invertible, then we can write

Xep1 = — (G3) 7 G ke = My,

where M := —(G3)"*G7} does not depend on t since the partial derivatives are evaluated at the
stationary point.
Backwards substitution yields

Xy =M%y = M?*%4_9 =--- = M'xq. (9.5)

To solve the this difference equation we diagonalise the matrix M. Let A € R™ denote the m
distinct and real eigenvalues of M, and denote the corresponding m x m matrix of eigenvectors as
E = [e1,es,...,ey]. By definition, e; is an eigenvector of M if

Me; = \;e;,
which means that we can write
ME = EA,
where A := diag[A1, A2, ..., A]. Furthermore, if F is invertible, then,
M = EAE™1,

%441 = EAE7'%,
= EAE'EA = EA’E %,

= EA'TTE %,
= Eil)A(t_s_l = At+1E71)A(0.

Define z; := E~'%;,1 so we can express above as
t+1
Ziy1 = A + Zg.
But because A is a diagonal matrix, each of the m equations are independent; i.e. (rolling back one

period)
t .
Zit :/\i,tZLO? 1= 1,2,...,m.

)
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Note that
)A(t = EZt = EAtZO
€11 €22 € A0 0
€12 €t €m2 0 A - 0 L
= L .| BT %o
€lm €m ' Cmm 0 0 AL
=[ e\l ey - en), | E'%g
Taking the transpose of both sides gives
Ajeq
Ael
R . T 2€2
= xfT = xg (E 1)
————
=Hixm t
)\mem mxm
)\3611 )\5612 e )\’ielm
)\5621 )\5622 s )\t2€2m
ALemi Abema -+ AL emm
= [ SoimiiNjen DLy piNjege e DU puiAem }
1,4 Dimy ke [\
A m
ot Doy HiAjes Mg LN
= ) = . = Z ) e; = Z HiAi€;
: : j=1 : i=1
A m
Lo, t Zj:l ,U/j>\§‘ejm Mj)‘;

That is, we have
m
i‘i,t = Zuj/\.tjeji Vi e {1, e ,m} .
j=1
Stacking over the is gives
Doimy ke 1j A}
m
Doy HiNses M| g mo
. = Z . e; = Zui)\ie,-.
j=1 : i=1

Xt =
Do iNieim 115\
Thus, we can express X; as a linear combination of the initial values of Xy with weights given by

the eigenvalues and the eigenvectors.
Since we assumed that the eigenvalues are distinct, we can pin down p; using the initial condition

m
X0 = E Hi€;.
i=1

Given that the system converges, it must be the case that, if |\;] > 1, then u; = 0. We say that

the system is saddle path stable if not all eigenvalues are in the unit circle.

Xo by solving
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9.2.2 Log-linearisation versus linearisation

There is no rule that says how one should choose between log-linearisation or linearisation. Of
course, log-linearisation will not be appropriate if we expect the variables to be negative (e.g. the
real interest rate, the inflation rate). However, in general, the approximation tends to be more
accurate with log-linearisation if variables are positive. Another advantage of log-linearisation is
that we need not worry about the units of the variable as we can interpret in terms of percentage
changes with log-linearisation.

If we were to linearise (9.4) around the stationary point X, then we obtain

- 0G; (%,X) - 0Gj (X,X)
0~ — L (wyy — ) + L (xy —xf).
> R I

For each t € N, define an m x m matrix G} as

A o {an (x,x)] G {8@» (x,x)}
593i,t ”) 2 3=’Ei,t+1 ”’

Then

GT (Xt — i) + é; (Xt+1 — i) ~ 0.

So, if G3 is invertible,

9.3 Stability of continuous-time linear dynamic systems of one dimension

This section complements the derivation of the optimal decision rules for a one-dimensional continuous-
time dynamic problem. We wish to characterise the optimal decision rule k = g(k) to determine
the rate of change of the state as a function of the level of the state. In the counterpart to the
difference equation we obtained in the discrete-time case, we obtain a differential equation for the
function ¢ in the continuous-time case.

In the continuous-time case, we consider the state representation—i.e. a differential equation
with respect to the state k—as opposed to the standard representation of the Euler Equation as a
(second-order) differential equation on the state at its derivatives with respect to time.

We then use g to study the local dynamics of k—i.e. dynamics of the state variable k close
to the steady state value k, which we summarise by ¢/(k). We will find an algebraic (quadratic)

equation for ¢'(k) and study sufficient conditions for local stability; i.e. for ¢’(k) < 0. We will use
the neoclassical growth model as an illustration of the general principle.
Notation: We mainly use k instead of = in the subsection.
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9.3.1 General continuous-time framework

We work with the continuous-time model as defined before where we choose the derivative of the
state with respect to time, @(t), in each time period to maximise:

V*(z¢) = max lim e P (z(t),®(¢)dt

z(t) T—oo Jo
st. x(t)eTl(z(t) Vt>0,

To given.
Recall that EE in the continuous time case is given by

Fy (2 (t), @ @) + pFs (2 (t) , & (1))
Fio (x (1), 2 (1)) & (t) + Fia (z (1), 2 (£)) 2 (¢), VE 2 0. (9.6)

To simplify notation, we write EE as

where the function is defined in the obvious way.
The TC is given by
0= lim e PTF; (x(T),2(T))x(T).
—00

Time domain We first review the analysis of the problem with respect to time. We are looking
for a path of k (t)—i.e. capital as a function of time—that:

(i) starts at the initial condition

k (O) = ki();
(ii) satisfies the Euler Equations

H (k’ ORION: (t)) —0, Vt>0; (9.7)

(iii) converges to the unique steady state (and hence satisfies transversality)

k(t) = kast— oo.

State domain Now we consider the analysis of the problem with respect to the state variable.
From this perspective, we are looking for a function k = g(k)—i.e. the rate of change of capital as
a function of the level of capital—that:

(i) solves the Euler Equations (note this is not a function of time here any more):

H(g' (k) g (k),g (k) k) =0, Vk; (9-8)
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(ii) converges to the steady state (and hence satisfies transversality):2”

g(k)>0,if k <k,
g(k)<0,if k> k.

To see the equivalence between (9.7) and (9.8), differentiate & with respect to ¢, which gives

. dk o dg(k) . dk
ki = -——— ]{jiz
9 (k) 5

=% =% g (k)k=g (k)g (k).

9.3.2 Linearisation around the steady state

Using Taylor expansion on the (non-linear) law of motion for capital k(t) = g(k(t)) around k = k:
k(t)y=g(k)~g(k)+g (k) (k—k).
Since g(k) = 0, we obtain the following differential equation:
k=g (F) (k- F).
9.3.3 Condition for convergence
Let us focus on values of k close to the steady state k. The condition for convergence are

g(k)>0,if k <k,
g(k)<0,if k >k,
which only need to hold in a neighbourhood of k. The conditions above simply say that capital

must be increasing when below the steady state, and decreasing if above the steady state. Given
this interpretation, it follows that we can write the equivalent condition for convergence as

<0. (9.9)

See also the figure below

27This condition can be extended to the m dimensional case:
llg (k)| is decreasing in ||k — k|| .

More generally, the condition requires that there exists a function L : R™ — Ry with L (k) =0 if and only if k =0

and
L(g(k)) g (k) <0, Vk.
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g(k)>0ifk <k g(k)<0ifk>Fk

k

Bl

9.3.4 Obtaining ¢'(k)

As in the discrete time case, we use the Euler equation (in state formation) to approximate ¢’ (k)
around a steady state k. Recall

H (g (k)g(k),g(k),k)=0, Vk. (9.10)
The steps are the same as before.
(i) Differentiate the Euler equation with respect to z. This yields a quadratic equation in ¢’ (z).
(ii) Evaluate the resulting quadratic equation at the steady state, T.

Differentiating (9.10) with respect to k gives
(9" 0) g (k) + (g' (k)?) H + g' (k) Hy + Hi = 0.

Evaluating this expression at the steady state k = k, where g(k) = k = 0 so that ¢/ (k)g(k) = k = 0,
the expression above simplifies to

H;, (0,0,F) (¢ (B))” + Hy (0,0,%) ¢ (k) + Hy, (0,0,F) = 0. (9.11)

Notice that this is a quadratic equation in ¢'(k).
We now derive the expressions for the coefficients of the quadratic equation. Recall that

H (ki k) = B (k) + pFy (ko) = By, (k) b= Py (k) = 0.
Differentiating this with respect to the three arguments gives
H.=-F, (kk) ,
Hj, = By, (ko) + pFig, (ko) = Fig (ko) e = Py (ko) = g (ko)

Hy = o (ko k) + pFy, (k) = Fy (ko) k= Fig ()
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Evaluating the derivatives at the steady state k = k where k=k= 0, they simplify to

Hy; = —Fm;f(kao) ;

Hence, we can now write (9.11) as

~Fiy. (k.0) (' (k)" + pF i (k.0) o' (k) + (Fi (k,0) + pFy,. (k,0)) = 0.

Since the expression is quadratic, there may potentially be two candidate values for ¢’(k).
Let A = ¢/(T), we can define the quadratic equation:

Q) = (=Fii) X + (pFie) A+ (For + pFy) - (9.12)
As in the discrete time case, the roots to Q (\) come in almost reciprocal pairs.?®
Proposition 99. If A; solves Q(A\1) =0, then so does Ao = —A1 + p.

Proof. Suppose that A1 solves Q(\1) = 0; i.e.
QM) = (=Fyi) M + (pFii) M+ (P + pFiy) = 0.
Consider Q(—A1 + p):

Q (=AM +p) = (—Fy) (=M +p)° + (pF i) (=M1 + p) + (Fur, + pFyy,)

) (-
= (=Fii) M + (=Fi) 0° = (=Fyi) 200 — (pFji) M+ p°Fijo + (P + pFiy)
= (=Fiz) M+ 20F 0 — pFih + (Fiex + pFyy)
= (=Fji) AT+ (pF) M+ (Fi + pFyy)
=Q (M) =0. u

The theorem means that, if \; < 0, then Ay > 0. Hence, if we find a solution
Q (g’ (l_c)) =0 with ¢/ (]_C) <0,

then this is the solution since the other root would give that g’(k) > 0 which we know is not stable
(recall (9.9)).

The solution satisfies the EE and TC since it converges to the steady state. The fact that it
converges to the steady state also justifies the use of the approximation (i.e. linearisation) of the
law of motion for capital since k stays in the neighbourhood of k. It also means that there is at most
one stable solution, which is reassuring since a convex problem should have at least one solution.

However, if Ay > 0 and Ay > 0, then the system is not locally stable. In this case, local
arguments alone do not suffice to identify which one of the roots of @ is the solution for ¢’(k), but
we know that one of them gives the value of ¢'(k).

We now analyse under what circumstances local stability (i.e. g’(k) < 0) can be obtained in a
one-dimensional continuous-time setting. Recall from (9.12) that

Q(N) = (=Fyi) X + (pF i) A+ (Fir + pFiy,) -

28Reciprocal here means that one root is positive and the other is negative (ignoring the p term).
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which can be written as
_ Frr + kak

N = (—Fy) (22— pA
Q) = (—F) p i

so that

Q (0) = Fii, + pFjy.,

Q(p) =Q(0),
8%@ = (=Fy) @A =p),
ai;i\g)\) = _2Fkk > 0,

where we assume that F' is strictly concave so that Fj; < 0. These imply that Q ()) is strictly
convex, U-shaped that has a negative slope as it crosses the y-axis. Since Q(p) = Q(0), it attains
its minimum between [0, p].

The solutions are:

2 *(Fkk‘i’ﬂchk)
- - pi\/p +47(—sz;)

From (9.13), we have the following cases:

o —(Fur + pFiy) /(= Fjj) > 0:
A <0< p < Ao

so that ¢’ (/_f) = )\ is the locally stable steady state.

o —(Fix +pFyy)/(—Fi) <0:
0< A << 0,

which means that steady states are not locally stable.

Remark 21. The previous proposition also holds for higher dimensions. If the state is of dimension
m, then there will be 2m roots satisfying

Amti = —Ni+p, Vi=1,2,... m.

In the m dimensional case, the roots are not simply dg;/0k;. The roots are eigenvalues of the
matrix of the derivatives of g. In the m dimensional case, we have

ki:gi(k), Vi=1,2,...,m,
or, in vector notation,
k= (bt ooy o) = g (k) = g (kKoo o)

and
g(k11k27"'7km) = (gl (k)uq? (k)v"'vgm (k))

Then, G’ (k) is the matrix

91 9¢1 ... ¢
Ok k2 Ok,
992 992 ... 992
ok ok ok
Gk=|"" .
9gm 9gm e 99m
ok Oka Okm
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The eigenvalues of the matrix above control the (local) behaviour of k around k.

9.3.5 Speed of convergence

The magnitude of |g(k)| describes the speed of convergence. To see this, recall the linearised law
of motion:

Rewriting this as

which is differential equation in k.

Solving the differential equation To solve this, guess that the solution is of the form

k(t)=explg (k)t]c(t).
Then,

WO _ (k) exp [of () 1] e () + ¢ (1) exp [o (k) ]

dt
=g (l;:) k(t)+c (t)exp [g’ (l;:) t] .

Substituting this into the expression for dk/dt,

Hence,

k(t) fexp[ ()t] (kexp[ (l?:)t}JrC')
e[y ()]

To pin down C, we need a boundary condition, which is that & (0) = ko.
k0:E+O<:>C:E_kO.

Thus, we obtain that
k(t)=k+ (k—ko)exp g (k)t].
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Using integrating factor We can solve this first-order differential equation using an integrating
factor.2? The integrating factor is then given by

I(t) =exp {/t —g (k) dt} =exp[—g (k)t].

The solution is then given by

t

exp [—g' (k)t|k(t)= | —g (k) kexp[—g' (k)t]dt+c
[

=kexp [—g (k) t] +c.

—

Initial condition is that k (0) = ko. Notice that if ¢ = 0, then above expression simplifies to

k0=E+C=>C=k0—E.

This gives us a linearised version of the law of motion for capital:3°

Thus, the if ¢’ (l_c) < 0, then k(t) — k. Moreover, the more negative g’ (l_c), the faster is the
convergence.
We can also solve the first-order differential equation,

k=g () (k= F) = (R) k— g’ (B)
by the usual “guess and verify” method. Guess that the solution is given by
k(t)=exp g (k)t]c(t),

where ¢ (t) is the constant of variation. We also need the boundary condition, which in this case is
the initial capital level: k (0) = ko. Then,

k=g (k)exp[g (k)t]c(t)+c(t)exp [¢ (k)]
=g (k)k(t)+¢(t)exp[g (k) t].

29Recall that if we have a differential equation of the form

Wy Pwyy=q,

dt
then we can define the integrating factor to be I (¢) such that I’ (¢) = P (t) I (t). Multiplying both sides by I (¢) gives
dy dI (t)y
1oL sroroy=enin="—quiw

t
= 10y= [ Q@I+
where ¢ depends on the initial condition. To find I (¢):

I'(t) dln (I (t))
I(t) dt

=P(t)= =P(t)=In(I(t) :/tP(t)dt:I(t):exp {/tP(t)dt}.

30To verify this, differentiating the expression with respect to ¢ yields

E)=4 (k) [k (0) — k] exp [¢’ (k) t] =g (k) (k(t)— k).
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Thus, we need

We therefore have that

Hence,

as we had before.

Remark 22. (Half life) Let us define 7 as the time 7 that it takes so that the system reaches close
to the “half” of the difference between the initial point and the steady state.
k() — =2 (ko —F).

Substituting for k (7) the linearised law of motion for capital yields

Ft (ko — ) exp [g/ (R) 7] — k= 5 (ko — F)
= exp [ (k) 7] :%
IR ln?
g (k)

9.3.6 Neoclassical growth model

Recall that
F(kk) - U(f(k) —5k:—k)
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so that

(i)

P (i)

Fyy (k%) = = (' (8) = 8) U,
(i)

F

x>

where we add one extra derivative
For = f" (K)U' + (' (k) — 6)°U".

Evaluating them at the steady state k = k using the fact that p = f (E) — § gives

Fy (k,0) = (f' (k) = 6)U" = pU’,
F; (k,0) =-U",

Fie (k,0) = —pU",

Fyj, (k,0) =U",

Fer, (k,0) = f" (k) U+ p*U".

The quadratic equation, Q()), is given by

(7U”) /\2 + (pU//) A+ (f//U/ + pQU// _ pQU//)
(U)X + (pU") A+ (')

Q)

—(-0") [¥ = pr-

i U
__//-2_ _E//L/Eﬁ
- o - (55|

“emfeeas () (59 (49)]

Notice that —%—/,lc is the elasticity of marginal utility (or, the reciprocal of the elasticity of inter-

temporal substitution) and —J;—/,lk is the elasticity of marginal productivity.
Now we check that one root is negative, say Ao, and the other is then positive and larger than
p. To do this, note that,

Q)= (=U") |- (Ckf/) (—(g,/c)l (—‘?/k)] <0 U" <0,
Q(p)=Q(0),

8%9) =-U"(2\-p),

AN _ g

Figure below plots @ (\), which visually shows that one root is negative and the other is positive

and larger than p.
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QM)

We can, in fact, solve for the roots using the quadratic formula:

2 g (e (mury T (L
e CEENeD

2 )

A=g

and the negative is root is given by when =+ is —.

Example 33. Let us impose some functional forms for the production function and the period
utility:

f (k) = Ak,

= -1
U(C) = ﬁ

The steady steady equations are:
f (k) =p+0=adk* " =p+6.

AR = PO
(0%

We can obtain steady-state consumption from the law of motion for capital (k; = G (ky, 1) —0k; —c;):
¢ = Ak™ — 6k.

Combining the two expressions, we can write

AL -
«
_(pt(A—a)d\
- «
The elasticities are
i (a—1)aAk>—?2
_— = = 1 —
it oAt = -a),
u _,yc—fy—l
Wt T e
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Therefore,

Hence, indeed,

so that one root is negative.

9.4 Stability of continuous-time linear dynamic systems of higher dimen-
sions

In continuous time and with higher dimensions, we would have
x(t) =m(x(t)), vVt >0.

At the steady state,
0=m(x).

Linear approximation of x(t) yields

X(t) =m(x(t) =m(X) +m (%) (x(t) - %)
~m' (%) (x (t) - X).

Define A := m/(X) and y(¢) := x(t) — X so that we may write
§(t) = Ay ().
As before, we can diagonalise A as A = PAP~! and define z(t) :== P~y (¢) to obtain
z(t) =Az(t), ¥t >0,

which can be written as

This has the solution:3!

31To see this, rearrange

= /)\idt =Nt=1Inz; (t) +C
=z (t) = erite=C,

Given the initial condition z; (0), e=¢ = z; (0).
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Proposition 100. Let \; be such that for i = 1,2,...,m, we have \; < 0 and for
i=m+1,m+2 ...,n, we have \; > 0. Thus, the eigenvalues of A are ordered so that
the first m are negative. Consider the sequence

%= A(x(t)—%), ¥t >0

for some initial condition x(0). Then

where z(0) is a vector with its n —m last coordinates equal to zero; i.e.
2,(0)=0,Vi=m+1,m+2,...,n

and where the remaining elements of z(0) are arbitrary.

Proof. Recall that
zi (1) = Mtz (0), Vi=1,2...,n, Vt > 0.

For any \; > 0 with positive initial value, the sequence is exploding. Hence, in order for the system
to converge, it must be that, for all 4 with A\; > 0, z; (0) = 0. Recall that

X

2(t)= P 'y (t) = P~ (x (1) - %) = P (t) = (x(t) - %)

Therefore, it must be the case that x (0) = Pz (0) 4+ X for the system to converge. |
Remark. Once again, if A\; can be complex, we only consider the real part of the complex root and

the conditions are the same with respect to the real part.

9.5 Saddle path for linearised dynamics

Consider a continuous-time problem with state x, controls u, objective function h, law of motion g
and discount factor p as done in the notes before. The Hamiltonian is

H (z,u,\) = h(x,u) + Ag (z,u),

where A is the co-state variable. Let x,u, A € R. The first-order conditions for the Hamiltonian are:

0=H, (x,u,\),
).\:p/\sz(x,u,A),
=g (z,u).

Using H,, = 0 to solve for u = p (z, A) as a function of x and A, we get

H, (z,p(z,A),A) =0.
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We then obtain the two dimensional dynamic system:
A=p\—H, (x, (2, \),\),
& =g (@ pn@ ).

Linearising this system, we obtain

% _ |: aj; ai2 :| 5\ (t)
% a1 a2 i‘ (t) ’
where A(£) = A(t) — A* and &(¢) = z(t) — 7.

The matrix A = [a;;] as the derivatives of the two-dimensional system displayed above evaluated
at the steady-state values. Using the previous result, we can write

(2]

2o (1) 25 (0) %2t

AD)
(t)

=2

where
A=popr!

and O is a diagonal matrix with the eigenvalues of A, denoted by 6; in its diagonal.
Let us assume that ; < 0 < #,. For the system to converge to the steady state, we must have
22(0) = z2(t) = 0 for all ¢, where z is given by

20)-7 20
hen,
N [0 = Lo ]| 20 ) e

1‘215\ (t) + Lol (t) =0.
This defines the saddle path as

9.6 Slope of the saddle path and of the optimal decision rule (continuous-
time, one-dimensional case)

Let the function ¢ satisfying A = ¢(z) be the saddle path. We want to compute

o,
azd) (IZ’),

where T is the steady state. Notice that

Cdd dvdE A (Na)  pA = Hy (mp (2, 0),A)
e dx/dt @ (Aa) g(ap(e, )

¢/

- 150 -



Math Review 2024

At the steady state, A = & = 0 which implies that ¢’ = 70/0”. Thus, we use L’Hopital’s rule to
find this ratio.

dx A )
lim ¢/ () = —=| =
;_)Hlf(b (17) dx e ,T()\,l') L
%x (Aax) - %% + % T=T

dh 47, dA
o+

da 4 da
d)\(b—i—dm

T=T
where
dA
a =p—- Ha:u/f('/\ - sz7
dA
a = —H;p — Hyufls,
Qi _
d)\ - gu,u)\a
dz
dz = gz + Gullz,

0= Hum + Huu,uz?
0= Hu)\ + Huu,u)\

Note that the above comes from differentiating the first-order conditions:

A= p\—H, (z,p(z,\),\),

I’:g(fE,ILL(.T,A)),
0=Hy, (z,p(x,\),A).

We therefore have the following quadratic form for ¢':

dz dz
da di  d\ d\
n2 4 ar _ga) o 8A
$W)dA+¢Qm ¢O a0

One of the two roots of this quadratic equation is the slope of the saddle path. Unlike when we
were analysing convergence, there is no “rule” as to which root will represent the stable steady state.
Thus, when using this method, we would usually plot the phase diagram to know the slope of the
saddle path from the diagram, and pick the appropriate root using the equation above accordingly.

We can also find the slope of the optimal control rule setting the control as a function of the
state. Let

Then
du* (x)

dz —

Tr=x

= iz + 2@’

Finally, we can find the rate of change of the state as a function of the state (i.e. the speed of
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convergence, g'(z)):

di oy du* ()
de| = Gz T Gu dz

T=T T=T

=9zt 9u (/ia: + /14/\¢I) .

Example 34. (Neoclassical growth model) Recall that

A=A(p—(f' (k) = 9))
k=f(k)—0k—c(k).

Since U’ (¢) = A, we can write

o= f (k) =6k — (U)" (V).

Then ) )
dN K+ 52
(k)= -2 =dA”  dk
sw=G=ath
where
%*P (f' (k) —9)
% j;c\(p 1 (k) +8) = Af" (k) = &' (k) (p = f' (k) +8) = Af" (k)
dk AWt AUt
Ay A
%:fﬁ()—d_w%:fﬁ(k)_é_d([]gv\ (A)¢,(k)
Hence, ) ) ] ) _
g (7 = L0 = 0) ' () + 6 (K) (o= 1" (F) +0) = A" (K),

d(U') dWwnH—'N) & (7) 1 (];/,) —5— d(U'()lgl()\) & (];)
In the steady state, p = f’(k) — &, so we can simplify above to
00" (k) + Af" (k)

HeY) ¢ (*) £ (,;;)

(b/ (E‘) = d(U’

and so
dwH™

TW (¢/ () = (" (k) +8) ¢/ (k) + (6 = Af" (k) = 0

This is a quadratic equation in ¢ (k) which we can solves to obtain the slope of the saddle path in
(k, \) space.

2

(b/(E):f"ié )48/ (7 (k) +6)% — 89 (5 Af”(_))'
JRICANIEY

Recall from section 8.3.3 when we drew the phase diagram that the slope of the saddle path is
negative in (k, \) space. Since U” < 0, it follows that d(U’)~1()\)/d\ < 0 and so the negative root
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is given by when = is +.3? That is,

U A R e Vi)
JRICARIEY

We can also obtain the slope of the saddle path in (k,c) space. Recall that

1

I -

Czw(f/(k‘)—fs—p),
U9
k=f(k)—0k—c
So the slope of the saddle path is
el e mUm-i-p)
JR) =2 =% =-= |
®) Akl kle=s f (k) =6k —¢ (k)

Using L’Hépital’s rule and evaluating at the steady state

Hence,

N TR = (R =8 5
e

where we used the fact that f/ = p in the steady state and b > 0. The quadratic equation is then
217\ 2
¢’ (k) —p¢(k) —-b=0.

Letting v == ¢/ (k),
Q) =~"=py—b

Observe that

Q(0)=-b<0,
Qp)=-b<0
d
—Q =—p <0,
dy 4=0
d2Q
— =2 .
a2 >0

Hence, Q(v) has a minimum between v € (0, p), is strictly convex and is downward sloping when
v = 0. So, the figure looks like the one we drew in section 9.3.6. We realise that one root is positive
while the other is negative. Recall from section 8.3.3 that the slope of the saddle path is positive

32For example, let U (c) = Inc. Then U’ (¢) = 1/c so that
1
lje=A& A= —;
c

ie. (U)71(A) =1/A Then, d(U") ™1 (\) /dA = —-1/A2 < 0.
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in (k, ¢) space. So,

Since U’ (¢ (k)) = A (k), we can write

so that
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10 Principle of Optimality and Dynamic Programming

Bellman’s Principle of Optimality provides conditions under which a programming problem ex-
pressed in sequence form is equivalent (as defined below) to a two-period recursive programming
problem (called the Bellman equation). The first part of the note discusses this relation and intro-
duces some concepts and techniques used to solve dynamic programming problems in discrete time.
The last part of the note focuses on continuous-time dynamic programming problems and shows
how they relate to the Maximum Principle.

10.1 Principle of Optimality
10.1.1 Recursive problem

Recall that the sequence problem is given by:

(®e41)72,

V*(z0) = max > B'F(xy,z41)
=0

s.t. Tt41 el (I’t) Vit 2 0,

To given.
Equivalently, we can write the problem as
V*(xg) = max u((x441)), (10.1)
> €I (z0)
where
gt = (wo, w1, .., 1),
I (z0) = {z" 1 ze41 €T (), =0,1,...,t — 1},

T
u((ze41)) = TILH;OZﬁtF(xtth)-
t=0

We think of z' as the set of states from period 0 to ¢, II*(z) as the set of all possible states from
period 0 to period ¢ (thus, IT*(z¢) is an increasing set as ¢ increases), and u((x;41)) is the discounted
(infinite) sum of the utility.

10.1.2 Bellman equation

The Bellman equation, which is a recursive problem, is to find a function V' : X — R such that

Viz)= ygllgé) [F (z,y) + BV (y)] Vz € X. (10.2)

This is a functional equation in which the solution is a function V' that must satisfy the equation
above for all z € X. Let g(x) denote the maximiser of the right-hand side of (10.2). Then, g(x)
satisfies

V(z) =F(z,9(z))+ BV (g(x)).

If the function V were known (or if we know properties of it), then (10.2) is a two-period problem.
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10.1.3 Principle of Optimality

The Principle of Optimality states that
V' (z) =V (z) Vo € X.

That is, the solution to the two-period problem in (10.2) is equivalent to the infinite-dimension
problem in (10.1). Once we have V and ¢, then we have the solution of (10.1) for any initial
condition xg € X.

Theorem 22. Suppose I'(x) is nonempty for all x € X and that, for all zg € X and all x> €
I1*°(zg), limp— oo ZtT:o BUF (x4, 7441) exists in R. Then, V* satisfies (10.2). Moreover, if V is a
solution to (10.2) and

lim ATv (zr) =0 V2™ € I () Vo € X,

T—o0

then V* =V.

Here, we sketch the basic reasoning behind the Principle of Optimality (this is not a rigorous
proof!). Take the case where F is bounded so |F(x,y)| < B < oo for all (y,z) € gr(T'). Notice that,
for any x> € I1°°(zq), since 8 € (0,1),

T T

. t : t _
Tlggotz_;ﬂ |F (24, 2041)] < jlgnm;/@ B=

B
1-5
That is,
B
1-5
Splitting the infinite sum into the first 7' — 1 periods and the remaining periods:

u((@e42))] <

T—1 00
w((@eg1) =Y BF (wy,w040) + 87 Zﬁt‘TF(a:t,le)] :
t=0 t=T

Then, we can write

T—1 B
u((we41)) = Y BF (w1, w00)| = BT <#' 15
t=0

o0
> BTTF (@, w04a)
=T

Since BT can be made arbitrarily small by choosing 7 sufficiently large, we can approximate
u((2¢41))—i-e. the value of a plan—by Zi—ol BF (x4, 2411) for sufficiently large T
By definition, (10.2) means that V(z) is the maximum value such that

V (z0) > F (xg,21) + BV (21), ¥ (20, 21) € TT* (20) (10.3)
and for some (¢, x}) € IT!(zg), the above holds with equality; i.e.
V(o) = F (2o, 27) + BV (27).
Since (10.2) holds for all z € X, it must also be the case that

V((,ET) > F(mTﬂL‘Q) +5V (1'2)7 V(l‘o,.’)f{,l’z) S H2 (1’0) .
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Substituting into (10.3),

V (z0) > F (z0,7) + BV (27)
F (20, 27) + B[F (27, 22) + BV (22)]

= F(xo,27) + BF (27, z2) + lixa% (z2), YV (xo,27,22) € 12 (z0) .

2
>

Again, there exists some (g, x},25) € I1%(z0) such that
V (o) = F (wo,x1) + BF (x7,23) + B2V (23).

Continuing in a similar fashion, we get

T-1
V(o) 2 Y  B'F (xg,2041) + BTV (wr) Vo' € T (a0)
=0
and, for some z7 € 7 (),
T-1
V(o) = Z B'F (x4, 2441) + BTV (z1). (10.4)
=0

Since |F| < B, |[V| < % and so

lim BTV (z7) = 0.
T—o0
Thus, we can approximate the value of V(xg) arbitrarily well by choosing T' sufficiently large; i.e.
we conclude that
\% (.130) =V* (1‘0) .

10.2 Bounded Dynamic Programming

We now study the Bellman equation for the case where F' is bounded.
Let (S, p) be a metric space and let T': S — S be a self-map. The self-map T is a contraction
with modulus € (0,1) if
p(Tz,Ty) < Bp(x,y) Yo,y € S.

Thus, T is a contraction if it “shrinks” the distance between any two points by more than the
fraction 5.

Remark 23. Let S = [0,1] so that = and y are scalars between zero and one. Let p(z,y) = |z — y|
and T be a function. Then, for T to be a contraction with modulus 3, it must be that

T (z) =T (y)] < Blz —yl
_ T -T (@) <3
ly — |

Hence, this says that the slope of the function T is less than § (and § is the Lipschitz constant).
The key here is the following fix-point theorem.

Theorem 23. (Contraction Mapping Theorem/Banach) If T is a contraction in a metric space
(S, p) with modulus 3, then:
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(i) there is a unique fixed point s* € S,

(i) iterations of T converge to the fized point
o (T"s0,5) < B (50,5%) , V5o € 5,

where T s = T (T"s).

In our main application, S will be the set of continuous and bounded functions from X to R:
S = {f : X — R, f is continuous, and || f]| = 51612 |f (z)] < oo}
and the metric is the sup norm:
p(fr9) =1 -9l = sup [f (z) — g ()]

The following proposition allows us to determine if something is a contraction.

Proposition 101. (Blackwell Sufficient Conditions) Let S be the space of bounded functions of X
and ||-|| the sup norm. Let T : S — S. Then, T is a contraction if

(i) T is monotone; i.e. Tf (x) < Tg(x) for any x € X and g, f such that f (z) < g(z) for all
e X;

(i) T discounts; i.e. there exists § € (0,1) such that, for any a € Ry,

T(f+a)(z) <Tf(x)+aB, Ve e X, feS.
Proof. First, we can always write
f—9=F—-g
By the definition of sup norm (|| f (z)|| = sup|f (z)|):
f=g9<If =4l
= f<g+If -4l

Since T is monotone, then
Tf<T(g+If-4l)-

Since T' discounts, setting a = || f — ¢g||, we can write

TF<T(g+|f—gl)
<Tg+B|f -4l
=Tf-Tg<B|f—4gl.

Of course, we can reverse the roles of f and g to obtain that

Tg<Tf+pg—fl
=Tf+BIf -4l
=>Tg-Tf<BI|f—ygl-
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Combining both inequalities,
ITf =Tyl <BIf—9l;

i.e. T is a contraction. | |

We define the Bellman operator T as

(Tv) (x) = Jnax, [F (z,y) + Bv (y)]. (10.5)

Theorem 24. Assume that F' is bounded and continuous and that T" is continuous and has range
that is compact. Let T be the Bellman operator as defined in (10.5). Then, T maps the set of
continuous and bounded functions S onto itself. Moreover, T is a contraction.

Proof. That T maps the set of continuous and bounded follow from the Theorem of the Maximum
which we will study in ECON 6701. That T is a contraction follows since T satisfies the Blackwell
conditions:

(i) Monotonicity. For f > v,
(Tv) (w) = max [F(z,y) + Fv (y)]
= F(ﬂc g (@) + v (g (x))
S F(z,g(x)+B8f(g(@)f=v

< yrenra(x) [F'(z,y) + Bf ()] = (Tf) (x),

where the last inequality comes from the fact that T'f (x) is the maximum.

(ii) Discounts. For a > 0,
(T (v+a))(x) = Jnax, [F (z,y) + B (v(y) +a)]
max [F (z,y) + Bv (y)] + Ba

yel(z)

(Tv) (z) + Pa. |

We mentioned previously that (.5, p) is a metric space. Moreover, this space is also complete;
i.e., every Cauchy sequence is convergent.

Corollary 10. Let S be a complete metric space and S’ C S be closed. Let T be a contraction on
S and s* =Ts*. If TS’ C S (ie. ifs €8, thenT (s') € 5'), then s* € S’. Moreover, if S” C S’
and TS' C 8" (i.e. if s €S, then T (s') € S”), then s* € S".

The first statement of Corollary 10 means that, if applying the operator T to any point in a
closed set S’ means that the “output” stays within the set, then the fixed point must also be in that
set. The second means that, if applying the operator T' to any point in S’ means that the output
is in the set S”, then the fixed point must also be in S”. Note that S” need not be closed, whereas
S’ must be closed. Corollary 10 is useful in establishing the properties of the value function V' and
the optimal policy g.

In what follows, we maintain the following set of assumptions.

Assumption 1. X is a convex subset of R™, T'(x) is nonempty, compact for all x € X, T is
continuous, and F' is bounded and continuous, and 8 € (0, 1).
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Theorem 25 (Monotonicity). In addition to Assumption 1, assume that F(-,y) is increasing and
that T is increasing (i.e. T'(x) C T(z') for x < a’). Then, the fized point v* satisfying v* = Tv* is
increasing. If F(-,y) is strictly increasing, so is v*.

Proof. By Corollary 10, it suffices to show that T'f is increasing if f is increasing. Let = < z':
(Tf) (x) = max [F(x,y)+ B[ (y)]
y€el(z)
=F(z,9(x)) + 5f (9(z))
< F(a',9 () + Bf (g (x))

since F(-,y) is increasing (the inequality will hold strictly if F'(-,y) is strictly increasing). But by
definition,

(Tf) (z) < F (2, g(x)) + Bf (9 (x))
< F (2 g(2") + Bf (g ("))

= yg;a(,};{/) [F (2", y) + Bf (v)]

= (Tf) (). =
Theorem 26 (Concavity). In addition to Assumption 1, assume and T is conver,®® and that F is

concave in (z,y). Then, the fized point v* satisfying v* = Tv* is concave in x. Moreover, if F is
strictly concave, so is v* and the optimal policy correspondence is a single-valued.

Proof. By Corollary 10, it suffices to show that T'f is concave if f is concave. That is, we wish to
show that
(Tf) (2) > (1 =0)(Tf) (z') + 6(Tf) («) V6 € (0,1).

Since F' and f are concave then, for any z,2’ € X,

(1
(1

0)F («',y) + 0F (z,y),

F(2%,4%)
o 0)f(y)+0f(y),

(") -

>
>

for all y € T'(x) and 3’ € T (2/). Summing the two while multiplying the second by 3:

F(a%y%) +Bf (¥°) = (1= 0)F (2',y/) + 0F (z,y) + BI(1 = 0) f (/) + 0.f ()]
(1=0)[F(a",y")+ Bf W)+ 0[F (z,y) + Bf (y)]

for all 6 € (0,1). Above holds when y = g (z) and y' = g (2'); i.e.
F(2%y°) +Bf (y°) =2 (1= O) [F (2, g (2)) + Bf (g ()] + O [F (2, g (2)) + B (g (2))]
(1=0)(TF) (@) +0(T]) (x).

33That is, for any y € I'(x) and y’ € ['(2’), we have
0y’ +(1—0)yel (6’ + (1 —0)z) Vo,2’ € X VO € (0,1).
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By definition,
(Tf) (%) = mex, [F (2%, y) + Bf (v)]
=F (2,9 (%)) + 8f (9 ("))
> F (2%,9%) + Bf (v°) vy €T (29).

Hence,
(Tf) (2%) = (1— ) (Tf) (2) + 6 (Tf) (x) V0 € (0,1). n

Theorem 27 (Differentiability). In addition to Assumption 1, assume that F(x,y) is strictly con-
cave in (z,y), I' is conver, and F is continuously differentiable on int(gr(I")). If xo € int(X)
and g(xg) € int(T'(zg)). Then, the fized point v* satisfying v* = Tv* is differentiable at xo with

derivatives given by
oF

v; (zg) = oz, (20,9 (z0)) Yie{1,2,...,n}

where X C R"™.

10.2.1 Envelope: Differentiability of the value function

Let us work out a heuristic argument to find an expression for the derivative of the value function.
We will assume that V is differentiable and that the policy function ¢ is also differentiable with
respect to x. Assume that (y,z) € int(gr(I")).

First, the first-order condition of the problem

max F' (z,y) + BV (y)
evaluated at the optimum, y = g(z), is
Fy (2,9 (x)) + BV’ (g (x)) = 0.
Now, differentiating both sides of
Vi(z) =F(z,9()+ BV (9(x))

with respect to x gives

Vi(2) = Fo (2,9 () + Fy (.9 (2)) g (z) + BV (9 (2)) ¢’ (2)
= Fo(z,9(2) + (Fy (2,9 () + BV (9 (2)))g' (x). (10.6)
=0"."FOC

Hence,
V' (z) = Fy (2,9 (2)).
This is called the envelope condition.

Remark 24. The formal proof (Benveniste and Scheinkman Theorem) requires that V' is concave,
F(-,y) € C! and that (g(z),z) € int(gr(T')). Strictly speaking, the theorem does not require g to
be differentiable.
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10.2.2 First-order and the envelope conditions

The first-order and the envelope conditions are respectively given by

0=F,(z,9(z)+ BV (g(2)),
V' (x) = F, (x,9 ()

for all « such that (g(z),z) € int(gr(T")). Notice that combining the two gives the familiar Euler
Equation:

0="Fy(2,9(x))+BF:(g9(x),9(g(x))).
10.2.3 Neoclassical growth model

The Bellman equation for the Neoclassical problem is given by

Vi (k)= plnax (U (f (k) = k') + BV (K)].

Thus, the first-order condition evaluated at the optimal ¥’ = g (k) is

U'(f (k) =g (k) = BV (g (k).

The envelop condition, evaluated at the optimal, is given by

VI((k) =U"(f (k) — g (k) f' (k).
Exercise 22. Show that the neoclassical growth model satisfy the assumptions of Theorem 25.

Exercise 23. Show that the neoclassical growth model satisfy the assumptions of Theorem 26.

10.3 Continuous-time Bellman equation

Consider the following discrete-time Bellman equation,

1
\%4 (J?t) = maﬁ Ah (Z‘t, Ut) + mv ($t+A)

ut€

subject to
T4+ A = T —+ Ag (xt,ut) .

We will analyse the continuous-time Bellman equation as a limit of the discrete one.
Notice that, if we simply take the limit as A goes to zero, we are simply left with V(z;) = V(z),
which is not very useful. Using Taylor expansion (around z;), we can write

Vi (@ira) =V (2 + Ag (24, ut))
=V (z) + V' (2) Ag (w4, u) + 0 (Ag (w4, ur))

where d(z) = o(z) means that lim,_,od(z)/z = 0. Then the Bellman equation is

1
V (z¢) = max |Ah (zy, us) +

u €U 1+Ap (V (z¢) + V' (24) Ag (w4, us) + 0 (Ag (w4, u4)))

Multiplying both sides by the positive constant 1 + Ap yields

(1+Ap) V (@) = max [(1+ Ap) Ah (20, ur) +V (2e) + V' (20) Ag (w1, ue) + 0 (Ag (21, ur))].
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We can move V (z;) inside the max to the left-hand side since it does not depend on uy,
ApV () = max [(1+ Ap) A (zg,ue) + V' (w) Ag (s, ur) + 0 (Ag (24, u4))] -

Dividing both sides by A,

0 (Ag (z¢,ut))

pV (x4) = max (1+Ap) h (@, ue) + V' () g (e, ue) + A

Taking the limit as A goes to zero,
pV (z¢) = max [h (e, ue) + V' () g (0, ur)]

where we implicitly assume that the limit as A — 0 of the max with respect to u; is the same
as the max with respect to u; of the limit as A — 0. Removing the time indices, we obtain the
continuous-time version of the Bellman equation,

pV (z) = max [h (z,u) + V' (z) g (z,u)]. (10.7)

ueU

Under the regularity conditions, the max of the RHS can be characterised using the following
first-order condition for u:

0=hy(z,u* () + V' (2) g (z,u* (x)),

which defines the optimal decision rule w*(x). Thus, the following two equations summarise the
dynamic programming problem:

pV (z) = h(z,u" (z)) + V' (2) g (10.8)
0 (z, u’ )

z,u” (x))
b (z,u* (2)) + V' (x u

( :
Gu (@, u” (.1‘))

for all x € X. Notice that these are two functional equations (i.e. solutions are functions). The
functions V' and u* are both functions of .

10.4 Bellman equation and the Maximum Principle

We now show the sense in which the Bellman equation and the first-order conditions above imply
the equations for the Maximum Principle (i.e. Hamiltonian) derived previously.
Recall that in the optimal-control approach, v*(t) maximises

H (z,u,\) = h(x,u) + Ag (z,u) .
From (10.7), in the dynamic programming approach, u*(t) maximises
hz,u)+ V' (2)g(z,u). (10.9)
Hence, the two approaches are consistent only if
A=V (@);

i.e. the co-state in the calculus of variations approach is the derivative of the value function. This
is consistent with the interpretation for the discounted value of the co-state variables offered before:
the marginal value of an extra unit of the state variable.
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Second, using that A = V'(z), we can see that the first-order condition from optimal-control

approach
H, (z,u,A) =0

is equivalent to
ho (2,u) + Mgy (z,u) =0,

which is the derivative of (10.9) with respect to u set to zero.
Third, differentiating (10.8) with respect to time yields

pV'i = hyi + hyu™ i+ (V'g+V'ge + V'gu™) @
=hei+V"g+V'g) i+ | hy +V'gy | u¥2
—_————

—0--FOC
=hez+(V"g+V'g,) i

Outside of the steady state, & # 0, so we can divide through to obtain
oV =hy +V"g+V'g,.
Differentiating A = V' (z) with respect to time yields and using that & = g (z,u),

A=V"i=V"qg.

Substituting above and A = V'(z) into (10.10) yields

)‘:p)‘_ (hm +V/gac)7

which is equivalent to
A=p\— H, (x,u,\),

which is the law of motion of the co-state variable obtained using the Maximum Principle.

10.5 9-step method

(10.10)

We will focus on stationary problems; i.e. return function and law of motions are time invariant.
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9-step method for dynamic programming
(i) Write the sequence problem (SP)

e Choose state variables = and state space X

e Describe the feasibility set I'(x), return function F, and discounting S
(ii) Check basic conditions: feasible set always non-empty + discounting
(iii) Formulate the Bellman equation (BE)

(iv) Check that the Contraction Mapping Theorem (CMT) applies—check conditions
for X, T', F

(v) Check properties of v (value function) and G (optimal policy correspondence).

e Monotonicity of v
e Concavity of v (if strict, G is single valued, in which case write g)
e Differentiability of v and g

(vi) Euler equation.

(vii) Characterise steady states. Linearise Euler equation to study local stability

(viii) Global stability

)
)
)
)

(ix) Comparative statics

Consider the following problem:

e Discount factor 8 € (0,1), where § = 1/(1 + p) and p reflects time preference (not interest
rate).

e Demand curve given by p(q) that is stationary and satisfies law of demand (i.e. downward
sloping). Utility S(q) is given by the area under the demand curve:

s@= [ pe=

0
e State variable is z—the stock of “fish” at the beginning of the period.
e Timing: (i) Beginning-of-period stock is z; (ii) ¢ is harvested.

e Law of motion x¢11 = ¥(x; — ¢¢) gives the next period’s stock, where 1 is continuous, strictly
increasing, weakly concave and differentiable with (0) = 0.

10.5.1 Step 1: Write SP

The sequence problem is given by

v (r) = max ZBtS (q4)

{(It }?io =0

s.t. Ti41 = 1/} (l’t - qt) ,\V/t
qt S [0,$t] )

where [0, ;] is the feasibility set, and we have discounting according to 3.
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In each period, the agent can consume all stock of fish or consume none. So, the feasibility

set that describes the next-period stock is given by I'(x) = [¢(0),%(x)] = [0,%(z)]. Since 1 is

1

continuous and strictly increasing ¢ := ¢~ " is well defined. We can therefore write

O(T1) =Tt — @ & ¢ = 2 — @ (Tp41) -

We can interpret ¢ as the amount we leave for reproduction tomorrow. Define the period-return
function as

Fzy,z41) = S (21 — ¢ (we41)) -

10.5.2 Step 2: Check basic conditions

For each z € X, the feasible set is I'(x) is nonempty. This is sufficient if F' is bounded. However,
if F' is unbounded, some additional conditions are needed to ensure that growth is not “too fast”
(relative to ).

10.5.3 Step 3: Formulate BE
v(z) = max {S(z—¢(y))+pLvy)},

yel'(z)

where Sv(y) is the discounted continuation value.

10.5.4 Step 4: Check that CMT applies

Let C(X) be the space of bounded, continuous function, ¥(z) € C(X) for all z € X. Define the
Bellman operator as

(T0) (z) = max {S(z—¢(y)) + B0 (y)}.
yel(z)
Suppose ¥ is bounded. For CMT to apply, we need that (i) 70 is bounded and continuous; (ii) T
is a contraction.
e T'¥ is bounded:
e Either, period return S is bounded—lim, o, S(g) < S (S is bounded below by zero by
definition);

e Or, state space X is bounded—e.g. there exists some & > 0 such that
¥ (x) < z,Vr > Z.

We can think of this condition as saying that 1 (z) crosses the 45 degree line at some
finite point.3*

34Think of 2 as 6k and 1 (x) as f (k) in the neoclassical growth model.
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Define X = [0, Z] as the state space.
e Ty is continuous

e [ varies continuously with x and y—follows from the definition of S as an integral (which
guarantees that S is continuous), and ¢ being continuous.

e I'(z) varies continuously with state (i.e. T' is continuous as a correspondence)—follows
from the fact that 4 is continuous.

e T is a contraction: Check Blackwell’s sufficient condition (7" monotone and discounts).
We therefore established that CMT applies, which means that
e Principle of optimality holds; i.e. v = v.

e T has a unique fixed point v such that Tv = v.

10.5.5 Step 5: Check properties of v and G

Monotonicity:

e Requirement 1. I'(z) monotone (i.e. ' > x = I'(xz) C I'(z'))—holds, since I'(x) = [0, ()]
and 1 is strictly increasing,

e Requirement 2. F(z,y) weakly increasing in z—let C(X) C C(X) be the set of weakly
increasing functions (so the set is closed). Want to show that © € C(X) = Tv € C(X)—i.e.
T : C(X) — C(X). Holds since the law of demand holds for p(q) so that S is weakly increasing
in 2.3

o If F(z,y) is strictly increasing in x, then T'0 is strictly increasing (i.e. the fixed point v lies
in the interior of C(x)).

Concavity:

o Let C (x) C C(x) be the set of functions that are weakly concave (so the set is closed). We
want to show that 0 € C = To € C—ie. T: C(X) = C(X).

e Requirement 1. F(z,y) weakly concave in (z,y)—holds since 1 is weakly concave (which
implies that ¢ is weakly convex and —¢ is weakly concave).

358 is strictly increasing until the demand curve “hits” the z-axis.
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e Requirement 2. I'(z) is convex.

Convex I' (z) Non-convex I' ()
¥ (x) ¥ (z)
Ya=ayr+ (1 —a)y2 Yo =ay1+ (1 —a)ys
ZTo = ax1 + (1 — )z P (x) To =axy + (1 — a)ze "

Y1

Yo €T (24) T (z2)

-

¥ (0)=0 T Ta T2 z 4 (0)=0 T Ta T2 z

Yo €T (2a) .

I (z1)

e If I is strictly concave in z, then T'0 is strictly concave (i.e. the fixed point v lies in the
interior of C(x)). Then, there exists a unique maximiser which is continuous in z (i.e. the
optimal policy correspondence G is, in fact, a single-valued function).

Differentiability at z
e Requirement 1. v is strictly concave.
e Requirement 2. & € int(X).
e Requirement 3. g(£) € int(T'(z)).
e Requirement 4. F' is differentiable in x.

e We cannot use the method we used before since the set of differentiable function is not closed
(with respect to the sup norm). The idea is to construct a strictly concave, differentiable W
that lies everywhere below v and w(&) = v(Z). Then W has the same supporting hyperplane
as v so that v is differentiable at .36 Fixing § = g(#) and if § is feasible in the neighbourhood

of & (i.e. § € int(T'(#))), we can use w(x) = F(z,9) + Bv(§). Since § maximises at 2,37

w(z) <w(Z)=v(T), Ve #i.

Notice that § may not be feasible in the neighbourhood of % if v has a kink at . In such a
case, the inequality above may not hold.

36 At x = &, the slope of w and v coincide:
dw (z N N
W@ g @,5)+ 60 (9) = (0).

dx T==T

37By construction, w(z) = v(&). Finally,

v (%) = max F(2,y)+Bv(y) =F(&9) + Bv(Y)
yer(2)

2 F(z,9)+Bv(g) = w(x)

for all z in the neighbourhood of & such that g is feasible.
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. Cannot say w (z) < v (&),Vz # &

T'(Z+e)

T x T ZT4e z

e Differentiability of v does not give differentiability of g. That would require twice differenti-
ability of v. The proof is a “jungle” but it does require at least twice differentiability of F' in
T.

10.5.6 Step 6: Euler equation

Write the first-order conditions and the envelope condition.

First-order condition The first-order condition with respect to y is given by
=S (x—e)) ¢ (¥ + B (¥")

where: (i) < if y* =0 = ¥(0) (ie. ¢ = z); (ii) = if y* € (0,¢(x)); and (iii) > if y* = Y(x)
(i.e. ¢ =0). Notice that the first-order condition equates the marginal value of consumption today
—S'(\)¢'(+) against the marginal value of stock in the future v’ (y*).

VIIA

0,

Envelope condition Substituting in y* = g(z) into the BE:

v(z) =5 —¢(g@))+pvg(z)).

Differentiating above with respect to x, while noting that the Envelope Theorem implies that we
need not consider derivatives with respect to g(z):

v'(z) =58 (z - ¢(g(2))).

Euler equation Euler equation is given by combining the first-order and the envelope conditions.
From the envelope condition:

v (g(2)) =5"(g(z) — @ (g(g ().

Substituting this into the first-order condition gives the Euler equation:
S'(x = (g (@) ¢ (g9(x) =B (g(x) —¢(g(g(2))))-

Corner solutions We can think about what conditions would rule out corner solutions.
Consider first the case y* = g(x) = 0. This is optimal if

S'(x) ¢ (0) = BS" (g (x) — ¢ (9 (9 (2)))) = B (—¢ (9 (0))).
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where we also used the fact that ¢(0) = 0 and g(z) = 0. If the inequality does not hold, then we
can rule out this corner solution.
Now consider the case y* = g(z) = (). This is optimal if

S (@ = (@) ¢ (@) < B (@ () — ¢ (g (¥ (2))))
& S(0) ¢ (¢ (2) < BS" (¥ (z) — ¢ (9 (¥ (2))))

where we used the fact that ¢ = ¢~!. Again, if the inequality does not hold, then we can rule out
this corner solution. For example, if we have an Inada condition so that S’(0) = +o0o, then we can
rule out this corner solution.

10.5.7 Step 7: Characterise steady states
Steady state: Interior In the steady state, z = g(x) = Z, then the Euler equation becomes
S'(@ ()¢ (T) = BS" (T — ¢ (2)),

which simplifies to

¢'(z) =P
Above pins down the steady-state value of stock. This can be seen as a rate of return condition—the
steady stock is such that the reproduction rate offsets discounting.

Steady state: Corner solutions Steady states at corner solution are possible. If

S"(x) " (0) > Bs"(0),

then

I
I
e

Similarly, if
S (0)¢' (¢ () < BS (¥ (x) — ¢ (¥ (2)))
then = = ¢(Z).

10.5.8 Step 8: Global stability
N/A.

10.5.9 Step 9: Comparative statics

Recall that we are not guaranteed that v is twice differentiable or that g(z) is differentiable. So we
need to conduct comparative statics without taking derivatives.
Notice that, from the first-order condition, y* = g(x) is given by the intersection of Sv’(y) and

S'(z = o(y))¢'(y), and
e [v'(+) is strictly decreasing in y since v is strictly concave;

o S'()¢/(+) is increasing in y since: (i) —¢ is strictly decreasing in y, and we assume that S is
strictly concave; (ii) S’ > 0 since S is (assumed to be) strictly increasing; and (iii) ¢ is strictly
increasing and strictly convex so that ¢’ > 0 and ¢’ is increasing in y.

We can plot the two curves.

- 170 -



Math Review 2024

g(z) Yy

How would g change if stock today was higher; i.e. 2’ > x. Since S is strictly concave, a higher
x implies S’ is lower; i.e. the locus S’(-)¢’(-) moves down/right. Sv’() is unaffected by z. As can
be seen from the figure, this implies that g(x) is increasing in .

' >z

S (z—9)¢' (y)

S (a" — o (y) ¢ (v)

Note that if g(z) is a corner solution, g(x) may not be strictly increasing with x.

2 >0 > >

B (y)

5 (2" = (y) ¢ (v)

B’ (y)

e g(x) is at the lower bound zero (figure on the left). The initial value of state is x.
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e Suppose z increases to z’. The figure shows the case in which the two curves do not
cross at 2’ so that g(z) = g(2’) and g is not strictly increasing. However, observe that
S (x" = o(y))p(y) < S'(x — ¢(y))e(y) since y remains unchanged. Since S is strictly
concave, S’ is decreasing so that

¢ =2"-¢)>r-¢{ly) =q
where we used the fact that z — p(y) equals consumption, g. Hence, we realise that
consumption is increasing in .
e Suppose z increases to x” such that the two curves now intersect. Then, as we can see

from the figure, g(z") > g(z).

e g(x) is at the upper bound v (z) (figure on the right). The initial value of state is x. In this
case, an increase in state from x to 2’ increases the upper bound from ¥ (z) to ¥ (z') so that

g9(a') > g().

Remark. In general, the lower bound could also move but we may not have monotonicity of I'(x)
in such a case.
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Part III
Probability and statistics

11 Foundation

11.1 Probability space

We use probability to describe uncertainty, variability, and randomness. By uncertainty, we mean
that some outcome, w, is unknown. We refer to the set of all possible outcomes as the sample space,
), and any subset of outcomes, E C €2, as an event.

Example 35. Consider a single coin flip. The set of all possible outcomes of a coin flip consists of
Heads (H) and Tails (T'); i.e., Q@ = {H,T}. For example, {H} is an event, as is {T'}.

Example 36. Consider flipping a coin twice. The set of all possible outcomes is now ) =
{HH,HT,TH,TT}. For example, {HH} and {TH,HH,TT} are both events.

Example 37. Consider surveying the wage of a worker selected randomly from Ithaca. The
sample space is € = [Wmin, 00), where Wy, is the minimum hourly wage. An example of an event
is {fw € R: w > 2wWin }-

We formalise the set of events as follows. A o-algebra (or a o-field) on a set X is a collection of
subsets of X, denoted F, that satisfies the following conditions.38

(i) The set itself belongs in F; ie., X € F.
(ii) F is closed under complementation; i.e., E¢ € F VE € F.
(iii) F is closed under countable unions; i.e., Jro, Ex € F V{E}7>, C F.

Observe that above implies that @ € F and that F is closed (why?) under countable intersections
(why?). The pair (X, F) is called a measurable space.

Remark 25 (Comparison with topology on X). Recall that a collection of subsets of X, T, is a
topology for X if (i) @, X € T; (ii) T is closed under finite intersections; (iii) 7 is closed under
arbitrary unions.

Example 38. Given a nonempty set of outcomes 2, we can have many different o-algebras. For
example, the smallest o-algebra is F = {@,Q}, and the largest o-algebra is F = 2 (the set of all
subsets of F). In case ) consists of outcomes of two coin tosses, the set

{o.{HH} {TT},Q}
is not a o-algebra (why?); however, the set
{o {HH} {TH HT,TT},Q}

is a o-algebra.

By giving a topology 7 on the sample space €2, we can define the Borel algebra on 2, denoted
B(£,T), as the smallest o-algebra that contains 7.

38Incidentally, an algebra on X is a collection of subsets that contains the whole set and is closed under comple-
mentation and finite unions.
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Example 39. When ) is countable and 7 = 2%, then B(Q, T) = 2. If Q = R, then B(Q, T) is the
collection of all open and closed intervals, their countable unions, intersections, and complements.

We say that an event E occurs if the outcome w is in FE; i.e., if w € E. Probabilities describe
how likely it is for an event to occur. Formally, given a sample space 2 and a o-algebra, F, a
function P : F — [0, 1], is a probability function if

() PUE}) > 0 for all E € F;
(i) P©) = 1;
(iii) For any countable collection of disjoint events {E1, Ea, ..., } CF, P(U;2, Ei) = > oy P(E)).

The function P is sometimes also called a probability measure. We refer to the tuple (Q, F, P) as a
probability space. These conditions of probability function imply that, for any event E and E’:

Exercise 24. Show that

P(EUEY=P(E)+P(E')-~P(ENE),
P(EUE')< P(E)+P(E),
P(ENE')>P(E)+P(E)-1

Given an event F' with P(F) > 0, the conditional probability of E given F, denoted P(E|F), is

defined
P(ENF)

P(F)
Two events E and F are (statistically) independent, denoted E L F if

P (E|F) =

P(ENF)=P(E)P(F).

Two events are dependent if they are not independent. For any two independent events E and F
with P(E), P(F) > 0,
P(E|F)=P(FE) and P(F|E) =P (F).

Moreover, when events F and F' are independent, the following pairs are also independent: E 1 F*€,
E¢ 1 F and E° 1L F°.

Theorem 28 (Law of Total probability). Let {F1, Es,...,E,} be a partition of event space Q and
P(B;) >0 for alli € {1,2,...,n}. Then, for any event F,

P(F)=3_P(E)P(F|E).

Proof. Given a partition {Ey, Es, ..., E,} of Q, for any event F, F = JI_, (AN E;). Thus,

n n

P(F)=Y P(ANE;) =Y P(E)P(F|E),
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where the first equality follows from the fact that AN E; and AN E; are disjoint for any distinct
i,i" € {1,2,...,n}, and the second equality follows from the definition of conditional probability. W

Theorem 29 (Bayes Rule). Given events E and F such that P(E), P(F) > 0,

P (F|E) P (E)
(F|E) P (E) + P (F|E°) P(E°)

P(E|F) =
(BIF) = -
Proof. Follows from the definition of conditional probability and the law of total probability. 1

11.2 Random variables

A random variable is a real-valued outcome and is a function from the sample space €2 to the real
line R. You will often see that a random variable written using the upper case and the realisation
of a random variable using the lower case.

Example 40. In case of a coin flip, 2 = {H, T} and we may define a random variable as X : @ — R,
W = ]l{w:H}w

Let Q be a sample space with a probability function P. A random variable X induces a new
sample space in R and we can define a probability function Px : B(Q?) — [0,1] as

Px(XeB)=P({weQ: X (w)e B}
for any set B in the Borel algebra of R.

Example 41. Consider three coin flips and let Q = {H,T}3. We can define a random variable X
as the total number of heads. The sample space X is X = {0,1,2,3}. Then, B = 2% and

Px(X=2=P({weQ: X (w)=2})
= P({HHT,HTH,THHY).

A random variable X always has a cumulative distribution function (CDF'), denoted Fx, given by
Fx (z) =Px {X <z}) Ve e R.
The CDF Fx has the following properties:
(i) Fx(-) is nondecreasing;

(ii) limg— o Fx(z) =0 and lim, o, Fx(z) = 1;

(i) Fx(-) is right continuous; i.e., lim\ 5, Fx () = F(2¢) for all 29 € R.
Moreover, we have

Pla<X <b)=Fx(b)—Fx(a) and P(X >b)=1—- Fx (b).

From now on, we simply write P instead of Px as the probability function of X, and write F(z)
instead of Fx(z) as the CDF of X. We write X ~ F to mean that the random variable X is
distributed according to CDF F.

We say that a random variable X is continuous if F' is continuous and that X is discrete if F
is a step function. Note that a random variable can be neither continuous nor discrete. Given the
properties of CDF, the CDF of discrete random variables have jumps. A discrete random variable
can only take finite or countably infinite number of values.
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Suppose X is a discrete random variable. Its probability mass function (pmf), denoted f, is
given by
flx)y=P(X=1).

To compute the probability of an event, we can sum over all points in that event; e.g.

P(X<z)= > [,

ze{z'eX:x'<x}

When X is a continuous random variable, P(X = x) = 0. We therefore work instead with probability
density function (pdf) of X, also denoted f, which is given by

d

f(z)= @F (x).

Note that pdf is well-defined only when F' is differentiable. Both pmf and have the following
properties:

(i) f=0;

(i) 3o, f(z) =1 (for pmf) and [ f(z)dz =1 (for pdf).
Moreover, by the fundamental theorem of calculus,

F(x)z/' F(t)dt Vo € R,
—o0
and we have
b
P(angb):P(a<X§b)=P(a§X<b):P(a<X<b):/ F(t)dt.
Given a random variable X with pmf or pdf, f, the support of X, denoted supp(X), is given by
supp (X) ={x e R: f(x) > 0};

i.e., supp(X) is set of realisations that can occur with positive probability.

Example 42 (Logistic distribution). Let F(x) := H% for all z € R. Then,
@)= SF@) = — = F (@) (1~ F )
dm (1 + e_x)Q .
and

b a b
P(a<X<b):F(b)—F(a):/_ f(x)dac—/_ f(x)dx:/f(x)dx.

11.2.1 Transformation of random variables

Given random variable X and a function g : R — R, ¥ = ¢(X) is also a random variable; Y is a
transformation of X via g. Observe that given any subset B € B,

P(YeB)=P(g9(X)eB)
and so the distribution of Y depends on F' and g. Let sample spaces for X and Y as

X =supp (X) YV:=g(X).
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The function g then defines a mapping g : X — ). The distribution of Y can then be found as

P(YeE)=P(g(X)€eE)
P({x e X:g(x) € E})
P

(X eg ' (E)),

1

where g7 is the inverse mapping of g. Note that if X is a discrete random variable, X and ) are

both countable; i.e., Y is also a discrete random variable. Its pmf is given by

fy (y) = Py (Y =y)= Z(L‘Eg_l(y) Py (X =2)= Z,’[;Eg_l(y) fx (@) ifyedy .
0 ifyg)y
That is, to obtain the pmf of Y we can proceed as follows: for each y € Y, identify elements in the
set g~ 1(y) and sum appropriate probabilities.
Exercise 25. Consider a discrete random variable X that has a binomial distribution:

fx)=PX=2)= ( " )pm(l—p)nz vr € {0,1,...,n},

T

where n is a positive integer and p € [0, 1]. Find the pmf of Y = n — X.
We can use the fact that

Fy(y)=PY <y)=Pg(X)<y=P{zeXx}:g(x) <y

= / fx () dz.
{zeX:g(z)<y}

to compute the CDF (or pdf) of Y. A particularly simple case is when g is strictly monotone.

Theorem 30. Let X be a continuous random variable with pdf fx, Y = g(X), where g : R — R
is a strictly monotone function such that g~' has a continuous derivative on Y. Then, the pdf of
Y is given by

Fx (97 W) 459" (y)‘ yey
0 ygy

Proof. Let us suppose that g is strictly decreasing (the proof for the case when g is strictly decreasing
is analogous). Since g is strictly increasing, g=! : Y — X is a well-defined, strictly decreasing
function and so

fy (y) =

Fy (y) = P(9(X) <y)
=P(X>g"(y)
=1-Fx (9" (v),

where the last equality uses the fact that X is a continuous random variable. By the chain rule,

d

fr )= Py () = —fx (07" ) om0 n

dy

Exercise 26. Suppose a random variable X is uniformly distributed on (0,1). What is its cdf and
pdf? Find the pdf of ¥ = —In X.

Theorem 31. Let X have a continuous and strictly increasing CDF, Fx. Define Y = Fx(X).
Then, Y is uniformly distributed on (0,1); i.e., P(Y <y) =1y for ally € (0,1).
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Proof. For each y € (0,1),
P(Y<y) =P(Fx(X)<y)=P(X <Fg'(y) = Fx (Fx' ) = v-

At the end points,

g

Y <y)=0Vy <O0. [ |
Even if g is not monotonic, it may be possible to compute the distribution of ¥ = ¢g(X) by
direct manipulation.

Exercise 27. Let Y = X?, where X is a continuous random variable with support X = R and pdf
fx. Compute Fy and f,.

11.2.2 Expectations

The expectation of a random variable X, denoted E[X], is given by all its possible realisations
averaged according to the probability of each realisation occurring. We think of it as the typical
(or expected) value of an observation from the random variable. Provided that it exists, E[X] is

defined as
E[X] = /oo zdF (z) = {ZIGXQ(‘T) fx (z) if X is discrete

75 g(2) fx (z)dz if X is continuous .

— 00

If E[| X]] < oo, we say that E[X] exists (or well defined). If E[|X|] = oo, then

00 if Iy =00, I_ > —00
E[X]=14 —c0 if I <oo, I_ =—00,
undefined if Iy =00, I_ = —00

where

I = />Og(x)dF(a:), I_ ::/ g (z)dF (z).

<0

Since integration is a linear operation, expectation is a linear operator; i.e., for any a,b € R,
ElaX +b] = aE[X] + .
You will use the following inequality many times in your first year.

Theorem 32 (Jensen’s inequality). Suppose g : R — R is convez, then for any random variable
X

J

g(EX]) <E[g(X)].
Clearly, above implies that if g is concave, then the inequality reverses (right?).

Exercise 28. Use Jensen’s inequality to prove that, for any random variable X, and any 0 < r < p,
E[X]] <E[X]],

and that )

EX])T < (E[XP)7.

Note that if E[|X|P] < oo, then E[|X|"] < oo for 0 < r < p.
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11.2.3 Moments
Given any m € N and a random variable X, the mth moment of X, denoted p!,, is defined
fy, =B [X™],
and the mth central moment of X, denoted iy, is given by
pm = E[(X —E[X])"].

The second central moment is simply called the variance, denoted Var[X] or 0% . The standard
deviation of X is the positive square root of the variance; i.e., std(X) (or ox) is given by 1/ Var[X].

Exercise 29. Prove that Var[X] = E[X?] — (E[X])? and that Var(aX + b) = a*Var[X] for any
a,beR.

The first result, in particular, implies
Var[X] < E[X?].

Thus, existence of variance is guaranteed if E[X?] < oo.

11.2.4 Quantiles

Expectation is not the only way to measure the “centre” of distributions. Let X have CDF Fx.
Given any « € [0, 1], the a-quantile of Fx, denoted Q(«) , solves

Fx (Q(a)) =a ¢ P(X < Q(a)) = a.

In particular, we let
Q (o) =min{r e R: Fx (z) > a}.

(why inf?). The 0.5-quantile for a random variable is called the median, and upper and lower
quantiles refer to the 0.75- and 0.25-quantiles, respectively.
11.2.5 Moment generating and characteristic functions

The moment generating function (gmf) of a random variable X, denoted My, is defined as
Mx (t) == E[exp (tX)]

provided that the expectation exists (oi.e., is finite) for ¢ in a neighbourhood of 0. For the mgf to
exist, the density of X must have thin tails. The following shows that the curvature of Mx at ¢t =0
encodes all moments of the distribution of X.

Theorem 33. Let Mx be the mgf of a random wvariable X, then M(0) = 1, and for any m € N,

am .
g Mx @ - E[X™].
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Proof. Using M (0) = Elexp(0)] = 1. Note that

s = 5[ [ ewtnarw)

— 0o

_ /_ Z (i exp (m)) dF (z)

= /Oo (exp (tz) z) dF (z)

and evaluating this at ¢t = 0 yields E[X]. Other moments can be derived analogously. |

Because the moment generating function is not necessarily finite, characteristic functions are
sometimes used for in some proofs. The characteristic function (c¢f) of a random variable X,
denoted Cy, is defined as

Cx (t) = E[exp (itX)],

where ¢ := v/—1. Since exp(iu) = sin(u)+1i cos(u) for any u € R, Cx exists for any random variable.

Moreover,
lexp (iu)| = |sin (u) + i cos (u)| = \/(sin (u)? + (cos (u)* = 1,
and g
WCX (t) t_o =i"E[X™].

11.3 Bivariate random vector

We first study the bivariate ran case in which n = 2. In this case, a random vector is a pair (X,Y)
that represents mapping from a sample space to a pair of numbers (z,y) € R2.

Example 43. Consider the “experiment” of flipping two coins. The sample space is
Q={HH,HT,TH,TT}.
We can define a bivariate random vector (X,Y") via

X = ]-{H on the first coin}» Y= ]-{H on the second coin}-

Hence, each sample pint in 2 is associated with a pair of numbers; e.g., HH is associated with
(1,1).

11.3.1 Joint distributions

The joint distribution function of a random vector (X,Y) is
Fxy(z,y)=P(X <z, YV <y)=P{X <z}n{YV <y}).

It has properties that are analogous to the univariate case:
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As before, a random vector (X,Y") is continuous if its joint distribution function is continuous, and
is discrete if it is a step function.
When (X,Y) is a discrete bivariate random vector, its joint probability mass function (joint
pmf) is given by
fxy(@y=PX=2Y=y).

Given a subset £ C R?,
P((X,Y)€E)= Z fxy (@,y).

(z,y)EE

When (X,Y) is a continuous bivariate random vector, its joint probability density function (joint

pdf) is given by
82
Ifxy (z,y) = 8x8yFX’Y (z,9)

and it satisfies f > 0 and fix;o f_oooo f(u,v)dudv = 1. By the Fundamental Theorem of Calculus,

d b
P(aSXSb,cSYgd)://fX,Y(z,y)dxdy
and . N
F(x,y)=P(X <, Yﬁy)z/ / fxy (u,v) dudv.

Given a subset E C R?,

P((X.Y) € E) = /( oy @) dady
z,y

11.3.2 Marginal distributions

Sometimes, we are only interested in one dimension of the bivariate random variable. Given a
bivariate random variable (X,Y"), the marginal distribution of X is

Fx (z)=P(X <z) =P ({(u,0) € R?* 1 u < z})
:P({(u,v)eRzzqu, USOO}):P(ng, Y < o0)
= lim FX,Y (,CC,y) .
Yy—00
In the discrete case, the magical probability mass function of X
fx (@) = P((X,Y) € {(z,y) : y < o0})
= ZfX,Y (xvy) .
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In the continuous case, the marginal probability density function of X is

fx (x) = dFX() diP(X<x Y < o0)

/ / fxy uydudy
:/_M@ ([ tor @wan)ay

:[ fX,Y (x7y)dy7

where the last line uses the Leibniz rule for differentiating integrals.
Given a g that maps (X,Y) to R, the expectation of g(X,Y) is

E[g(X,Y)] = Y eyerz 9 (2,Y) fxy (2, y) if (X,Y) is discrete
’ I 5 9@y fxy (z,y)dady if (X,Y) is continuous '

Exercise 30. Compute E[g(X)] when (X,Y) has joint distribution pdf (or pmf) fx y.

11.3.3 Conditional distributions

When observing a random vector (X,Y), the values of X and Y might be related (e.g., X is years
of education and Y is wage). In such case, knowledge of the value of X might gives us information
about Y (or not). Conditional distribution is a way to formalise what we can learn about one
dimension when we know something about the other dimension.

Let (X,Y) be a bivariate random vector. Let us consider the conditional distribution of Y given
X =z, denoted Fy |x(:|z). When X has a discrete distribution,

P <y, X=u)
P (X =u2)

Fyix (ylz) = P(Y <y|X =2) =

for any x such that P(X = x) > 0 (check that Fy|x is a valid cumulative distribution function).
When Y is also discrete, the conditional probability mass function of Y given X = =z, denoted
fyix(ylx), is

P(Y=y, X=12x) _ fxyv (x,y)
P (X =2) fx (z)

provided that fx(x) > 0 (check that fy|x is a valid pmf ). When instead Fy |x is differentiable
with respect to y and P(X = x) > 0, the conditional probability density function of Y given X = x
is

fY|X (ylr) =P (Y =yl X =x) =

fY|X (ylx) = %FY\X (ylz) .

If (X,Y) is a continuous bivariate random vector with joint probability density function fxy and
marginal probability density functions fx and fy, then

fyix (ylz) = W

provided that fx(z) > 0 (check that fy|x is a valid pdf ). In this case, fy|x should be understood
as

fyix (ylz) = %FY\X (ylz),
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where
Fy‘X(y\x):li\rf(l)P(ngm—eSXSx—Fe).

Since fy|x as a function of y is a pdf (or a pmf), we can use it in the same way as we did previously
to derive conditional expectations of Y|X or some function g of Y|X. Similarly, one can derive
conditional moments (e.g., variance) as before. Importantly, whoever, conditional moments such as
E[Y|X = z] and Var[Y'|X = z] are both functions of 2 and hence E[Y|X] and Var[Y|X] are both
random variables, the values of which depend on the realisation of X.

Proposition 102. Let X and Y be two random variables. For any r > 1 such that E[[Y]"] < oo,
E[EYIX]T<E[]Y].

Proof. Note g(u) := |u|" is convex for r > 1. Hence, Jensen’s inequality says
EYX])" <E[Y]"|X].

Taking expectation of both sides with respect to X yields the result. |

11.3.4 Independence

We say that two random variables X and Y are (statistically) independent, denoted X1Y', if

FX,Y = Fx (I) Fy (y) Vﬂc,y S R2.
Suppose that X and Y are independent.
o fxy (z,9) = fx () fy (y) Yo,y € R? and hence

Frix (yle) = W — ()

i.e., knowledge that X = x gives no information about Y.
e For any functions g, h: R — R, g(X) and A(Y') are independent.

e For any functions g, : R — R such that E[|g(X)[], E[|A(X)]] < oo,

e Letting Mx and My denote the moment generation functions of X and Y, respectively, the
MGF of a random variable Z := X 4+ Y is

Mz () = Mx () My (-).
Theorem 34 (Law of Iterated Expectations). Suppose E[|Y|] < co. Then,

Eyx [Y] =Ex [Eyx [Y|X]].
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Proof. Let fx y be the joint probability density of a bivariate random vector (X,Y"). Then,

Y] = /_O; /_O; yfxy (z,y) dydzs

- /°° /OO yfx () fyix (ylz) dydz
/ fx (@ /_ yfyix (ylz) dyde

=E[Y|X =]
—E[E[Y|X]]. n

Proposition 103 (Variance decomposition). Suppose E[|Y|?] < co. Then,
Var [Y] = E [Var [Y| X]] + Var [E [Y|X]]..

Proof. We use the definition of variance, linearity of expectation operator, and law of iterated
expectations to obtain

E[Var[Y|X]] = E [( [V2|X = 2]) — (E[V|X = x])ﬂ
=E[E[Y2X =2]] - E {(E Y]X = m])z]
=E[v?] - [ Y|X = z)) }
—E[v?] - 2+ (E[Y])? -E [(]E Y]X = x])ﬂ
= Var[v] - ((E[E[Y|X=xu>2—ﬂa (EY]X =a])’])
= Var[Y] - Var [E[Y|X = a]]. n

11.3.5 Covariance and correlation

Given two random variables X and Y such that E[|X|?],E[|Y|?] < oo, the covariance between X
and Y, denoted Cov(X,Y), is given by

Cov[X,Y] =E[(X —E[X]) (Y —E[Y])]
=E[XY]-E[X]E[Y].

(make sure you can derive the second line from the first!) The correlation between X and Y,
denoted Corr(X,Y), is given by

Cov [X,Y]

Corr [X, ] = Var [X] Var [Y]

If Cor[X,Y] =0 & Cov[X,Y] = 0, we say that X and Y are uncorrelated. Otherwise, they are
correlated. Covariance and correlation measure a particular kind of linear relationship between X
and Y.

Theorem 35. Let X and Y be two random variables X and Y such that E[|X|?],E[|Y]?] < oo
(i) —1 < Corr[X,Y] < 1;
(i) |Corr[X,Y]| =1 if and only if there exists a nonzero a € R and b € R such that aX +b=Y
holds with probability 1. Moreover, if Corr[X,Y] =1 (resp = —1), then a > 0 (resp. a <0).
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Theorem 36. Let X and Y be two random variables X and Y such that E[|X|?],E[|Y]?] < oco.
For any a,b € R,

Var [aX + bY] = a*Var [X] 4 b*Var [Y] 4 2abCov [X, Y] .
If X and Y are uncorrelated, then

Var [aX + bY] = a®Var [X] + b*Var [Y].

11.4 n-dimensional random vectors

An n-dimensional random vector is a function from a sample space to R™ for some n € N.
Let X be an n-dimensional random vector. The joint distribution function, denoted Fx, of X
is given by
Fx)=P(X<x)=P(X; <z1,Xo<xg,.... X, <x,).

When X is discrete, the joint pmf is f(x) = P(X = x). When X is continuous and differentiable,
the joint pdf is given by

an
911029 - - Oy

The joint pdf satisfies The expectation of an ndimensional random vector X is the (column) vector

f(x) F(x).

of expectation of its elements; i.e.,

E[Xy]
The variance-covariance matriz of X, denoted Xx, is given by

Sx = Var[X] =E [(X - E[X]) (X - E [X])T}

Var [X1] Cov[X1,X5] -+ Cov[Xy,X,]
Cov [X2, X1] Var [X5] - Cov[Xa, X,]
Cov [X,, X ] Cov[X,,Xs] -- Var [X,]

Theorem 37. Yx is symmetric and positive semi-definite

Proof. Symmetry of ¥x follows from symmetry of Cov(:,-) (check). For positive semi-definiteness,
note that for any column vector z € R",

2 Sxz =2 [(X _E[X])(X-E [X])T} z

:E[z’(X—E[X])(X—E[X])Tz] > 0. n

Theorem 38. Suppose an n-dimensional random vector X has expectation p and variance-covariance
matriz Yx. For any A € RY*™_ the random vector AX is a random vector with mean Ap and
variance-covariance matric AL x AT .

Exercise 31. Prove the result above.

The marginal pdf (resp. pmf) of any subset of coordinates of X = (X1, X»,...,X,)" can be
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computed by integrating out (resp. summing) the joint pdf (resp. pmf) over all possible values of
other coordinates.

The conditional pdf (resp. pmf) of any subset of coordinates of X = (X1, Xs,...,X,)" is
obtained by dividing the joint pdf (resp. pmf) by the marginal pdf (resp. pmf) of the remaining
coordinates.

Proposition 104 (Holder’s Inequality). Let p > 1 and ¢ > 1 such that % + % =1, then for any
random vectors X and'Y . .
EIXTY[ < E[XI"D? ®[IY]])e -

Setting p = ¢ = 2 gives the Cauchy-Schwarz inequality.
Proposition 105 (Minkowski’s Inequality). For any random vectors X and Y and p > 0,
1 1 1
E[X+ Y[ < E[X])? + E[YI])? .
In general, for any random vector X and a constant vector a and p > 0,
E[IX +alf] < C- E[IX]"]+ [a]”),
where C' is a constant that depends on p. For example, if a = —E[X], then

E[IX -E[X]|) < CE[IX]"] + [[E[X]]")
< 2CE[|IX]"].

We can also about
E[|X +Y["] < CE[IX[|FT+E[Y]),

where C' depends on p.

11.5 Normal distribution

If Z is normally distributed, denoted

Z ~ N (u,0%),

then, Z has density and cumulative distribution functions given, respectively, by

Note that, there is no analytical expression for ®(z); however, its existence is guaranteed by the
fundamental theorem of calculus.

11.5.1 Bivariate normal

If Z and Y are two random variables that are jointly normally distributed, we say that Z and Y
are bivariate normal. We denote this case as

{i]NN(u,E),
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where

u:{uz} E:[ U% 0z0yp
ny |’ oz0yp o3

A nice property of bivariate normal random variables is that their linear combinations are also
normally distributed.

Proposition 106. For any a,b € R, aZ +bY ~ N(auz + buy,a’0% + b?ci + 2abpozoy).

You can prove the following by “brute force”, i.e., by writing out the density functions, but let
us prove it using a property of OLS as the best linear predicator (BLP).

Recall that zero covariance does not imply independence between two random variables; however,
if we know that the random variables are jointly normally distributed, then zero covariance does
indeed imply independence.

Proposition 107. If Cov[Z,Y]| =ocz0yp =0, then Z and Y are independent.

Recall that the OLS estimator is given by
(xXTx)"' XTy

where X € R™*", b € R™*! and y € R™*1. The estimator solves the a linear system of equations
given by Xb = y (which may not have a solution) as “best” as possible. Now, suppose we treat
X and y as random—in particular, we think of the system as consisting of m realisations from a
random variable vector X € R'*” and a random variable y € R. Recall that

Var[X]=E [(X —EX)" (X _E[XD} c RMXn"
Cov[X,y| =E [(X ~E[X])" (y—IE[y])} c R"¥1

Then, the expectation of the OLS estimator of Xb' = 7, where X = X — E[X] and § = y — E[y],
is given by

E {(}?Tf)l )?Tg} = (Var [X]) ™! Cov [X, 1]

Proposition 108. Z|Y ~ N(uz + B(Y — py),0%(1 — p?)), where B = azp/oy.

Proof using BLP. We exploit the property of the Best Linear Predictor (BLP) and joint normality.
In particular, BLP tells us that the residual is orthogonal (i.e., uncorrelated) with the independent
variable. Joint normality then tell us that, in fact, the independent variable and the residuals are
independent.

Let 38 be the best linear predictor of a regression of Z on Y7 i.e.,

Z—pz =0 —py)+U,

where

Cov|Z — puz,Y — py] _ 0z0yp _ 0z
Var [Y — py] o2 oy

B=
Then, U is orthogonal to Y:

Cov|Y —puy, Ul =Cov|Y —puy,Z —pz — B(Y — uy)] = Cov[Y,Z] — B Var[Y]

_ 9z 2 _
=0z0yp — Epay =0.
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Since U is a linear function of Z and Y which are jointly normal, U is also normally distributed
(and jointly normally distributed with Y'). That Y and U are jointly normal together with the fact
that Cov[Y,U] = 0 implies that Y and U are, in fact, independent. Therefore, the distribution of
U is the same as the distribution of U|Y. The distribution of U is given by U ~ N(0,0%(1 — p?))
since
EU]=E[Z —pz - B(Y —uy)| =0,
Var [U] = Var [Z — puz — B(Y — py)] = Var [Z] + 5% Var [Y] — 23 Cov [Z, Y]

2

2
g
— Z 2
=0zt 3P
9y

0z
o — 2;[)0’20’yp =03 (1 — p2) .

Finally, given that
Z=pz+BY —py)+U,

it follows that Z|Y ~ N(uz + B8(Y — py),0%(1 — p?)). |

11.5.2 Multivariate normal

We now extend the result above to the multivariate case. Suppose

SR (A
Z 125 Y X2

where Z; and Zy are k1 x 1 and ko X 1 random vectors with k1 + k2 = k. Our goal is to find the
distribution of Z; conditional on Zs.
Consider running the (population) regression:

7, =pB%Z,+ U.
The BLP, 3, is given by

B = Cov [Z1, Zs] Var [Zo] !
=Y15%5;

We can therefore define the residual as
U=127Z — Y1255 Zs.
We can show that U is uncorrelated with Zs:

Cov [U, Z2] = Cov [Zl — 21222_21Z2, ZQ]

= Cov [Z1,Zs] — 21255, Var [Zs]

=Yg — %1255, Yoy = 0.
Moreover, since U is a linear combinations of the components of the normal vector Z, it is jointly
normally distributed with Z,. Hence, U is independent of of Zs.

The expected value of U is
E[U] = E[Z1] — 21255, E [Zs]
= py — T12%55 o
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Define
e =U-E[U],

then

e=17Z1 — Y1255 Zo — (1 — Z1222_211‘2)
= Zy — py = $1255; (Zy — py) + €,

where e is mean zero and (still) independent of Zs.
The variance of € is given by
Var [e] = Var [U — E [U]] = Var [W] = Var [Zl — 21222_21Z2]
= Var [Z,] + T15355 Var [Zs] (Z12555)
— 21222_21 COV [Zl7 ZQ] — COV [Zl, Z2] (21222_21)/
= Y11 + D185 Toa X0y Tho — 2819555 Tpo
= Y11 — T1255 Dia.
Thus, we realise that

Z1|Zo ~ N (1512555 (Zo — o), S11 — 212555 E10)

because the variation in Z; fixing Zs are all driven by variations in € which is independent of Z.
Moreover, the conditional expectation of Z1 — p, given Zy — p, is linear and the coefficients are
the coefficient of a linear projection of Z; — p; on Zy — py:

E(Z1|Z2] — py = $1255; (Zo — ) -

11.5.3 Log-normal distribution

A random variable Z is log-normally distributed if In Z is normally distributed. The next result is
useful when you have a constant absolute risk aversion utility function, i.e., u(z) = —aexp(—ax)
and a normally distributed risk or a constant relative risk aversion utility function, i.e., u(x) =
17%/(1 — a) with a > 0, and a log-normally distributed risk.

Proposition 109. Suppose Z is log-normally distributed; i.e., In Z ~ N(u,c?). Then,

1
E[Z77] =exp [—W + 27202} :
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Proof. Define z :==1n Z.
E[Z77] =E[exp (In(Z277))] = E [exp [-72]]
[ ewlvoe

1
V2mo?

o0
/ exp [~z exp 552

_(z—u)2] &

1 o [ 20%yz 4 22 4+ pu? — 2z
= — exp |— z
) d
V2ro? J-o L 202
1 /”Oex _z2+2(—,u—+-027)z+,u2
V2mo? J oo P 202

dz

4 (cut o))~ (pt o)+

1 oo
= — exp dz
V2mo? /_oo | 202

2 o 2
= exp —_(“_027) + 1 1 / exp —(Z_(M_JQV)) dz
202 \/27]'0'2 —c0 202
=1
[ 12 — o2 4 2u0?y +
=exp |—
202
[ L oo
= exp —'yu+§7 ool . |

11.6 Other relatives of normal distributions

e Let (X;)"; be a collection of n random variables that are iid normally distributed. Then,
S, X2 has a chi-squared distribution with n degrees of freedom.

e Let X and Y be two independent random variables that has a chi-squared distribution with
degrees of freedoms n, and n, respectively. Then,

F =

Zl=3

has an F-distribution.

e If U ~ N(0,1) and V ~ N(0,1) and they are independent, then X := ¥ is has Cauchy
distribution with pdf

1
Te) =Ty

Cauchy distribution has no integer moments.
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12 Relationships between common distributions

12.1 Uniform distribution and other distributions

Let F be a CDF. Then, the quantile function of F is F~' : R — R defined as
Fl'(a)=min{z €R: F(z) >al}.

Observe that F~! is well-defined because F is nondecreasing and right-continuous, which imply
that the set of values with cumulative probability equal to or higher than « is closed.

The following tells us that we can build random variable with any CDF F' from a uniformly
distributed random variable.

Proposition 110. Let U ~ Uniform[0,1] and F be a CDF. Then, Z = F~1(U) is a random
variable with CDF F.

Exercise 32. Consider a logistic random variable with CDF

_ 1
T l4e

Show that X = In(1Y;) is a logistic random variable when U is uniformly distributed on [0, 1].

12.1.1 Bernoulli, Binomial and Poisson distributions

A random variable Z; follows a Bernoulli distribution with parameter p, Z ~ Bernoulli(p), if it
takes the value 1 with probability p and 0 with probability 1 — p. Its probability mass function is
given by

f2,(2) =p* (L=p)' " =pz+(1—p) (1 —2) V2 €{0,1}

and the cumulative distribution function is given by

0 ifz<0
Fz,(2)=¢1—p if0<z<1.
1 if z>1

We think of Bernoulli distribution describing a single coin toss and p as the probability that we see
(say) head. More generally, we think of Bernoulli as describing the outcome of a single experiment
with binary outcomes. The first two moments are:

E[Z]=1-p+0-(1-p)=np,
Var[Z] =E [2%] — (E[2))* =E[Z](1 -E[Z]) = p (1 —p),

A random variable Z follows a Binomial distribution with parameters (n,p), denoted Z ~
Binomial(n, p), if its probability mass function is given by

fz(2) = (:)pz (1-p)"~

and the cumulative distribution function is given by
L=] n '
Fz(2) = f1-p)t.
7 ()= <i>p (1-p)
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We think of binomial distribution as describing the distribution of the number of heads when we
toss a coin n times independently. More generally, it describes the distribution of the number of
successes in n independently identically distributed experiments with binary outcomes. Note that

Binomial(1, p) 4 Bernoulli(p).

If (Z;)_, is a collection of independently identically distributed random variables that each follows
Bernoulli(p), then

n
Z Z; £ Binomial (n,p).
i=1
The first two moments are

n

5|37 -

1

IE =np,
=1

Var [Z] = np 1_ D).

A random variable Y follows a Poisson distribution with parameter A\, denoted Y ~ Poisson(\),
if its probability mass function is given by

.Y
fy (y) = Ae

and the cumulative distribution function is given by
LUJ

’AZ

We think of Poisson distribution as describing the probability of a given number of occurrences of
an event in a fixed amount of time when the events occur at a constant rate independently of the
time of the last event. Its first two moments are

E[Y]=X=Var[Y].

To shows this, use the Mclaurin series for the exponential function from (5.2): e* = 3 > jz"/nl.
Then,

Y fly)= Z Ay; Z —1.
y=0 y=0

Therefore,

[es} [ee} —\ o0 Y
=Sl = zy”’; =y
y=0 = y=1

Y
=t =\
S G e
y=0 Y
= e~ )‘e’\:)\.

Similar computations gives that Var[Y] = A (try it!).
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The probability mass function for Poisson distribution can also be written recursively as follows:

Ne ™ AW Tle™r )
Pr(Y =vy) = = — =—Pr(Y=9y-1), 12.1
R R TESVNTRA ) 2y

where Pr(Y = y) is the probability measure associated with the event Y = y. When n is large and
p is small, Poisson distribution approximates binomial distribution with parameters (n,p). To see
this, suppose Z ~ Binomial(n, p). Then,

n z n—z n! z n—z
Pr(Z=2z)= - p*(1—p) :mp (1-p)

p n—z+1 n! Y1 n—(z—1)
= 1—

=y : GoDm—Gomr 4P
- _r 7niz+1Pr(Z:z—1)

L=p
zinp_p@_l)Pr(Z:z—l).

z—pz

Letting A = np, for small p, we have

:)\—p(z—l)

Pr(Z ==z
( ) —

Pr(Z=z-1)=~

Q| >

Pr(Z=2-1),

which corresponds to the Poisson recursion in (12.1). It suffices therefore to establish that Pr(Z =
0) ~ Pr(Y = 0). Since

petz =0 0= (1-2)" = (12

n n

and lim, o (1 — A/n)™ = exp[—A], for sufficiently large n. we have
Pr(Z=0)~exp(—A)=Pr(Y =0).

Thus, when n is large and p is small (i.e., when the number of experiment per period is large and
the probability of event occurring is small), then

4

n—o0:np=A n—oo:np=A>\ 4

lim Z lim Z Z; < Poisson (A).
=1

12.1.2 Poisson and exponential

A random variable Z follows an exponential distribution with parameter \ if its probability density
function is given by

fz(z) = e

and and the cumulative distribution function is given by
Fz(z)=1- e M,

Its first two moments are given by
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Recall that Poisson distribution describes the probability of a given number of occurrences of an
event in a fixed amount of time. The exponential distribution describes the length of time between
the occurrences of these events (which is constant).

To see this, let A be the “fixed amount of time” and suppose that the event occurs at rate A at
any point in time. Then, on average, there will be AA occurrences of events per A units of time.
The Poisson distribution associated with this is given by

()\A)y efAA

Pr(Y =y)= m

and Pr(Y = 0) = e *2 is the probability of no occurrence during A units of time. Now let Z
describe the time it takes for the first occurrence of the event. Then, the probability that the event
occurs after A units of time is equivalent to the probability of no occurrence of the event during
A units of time; i.e., Pr(Z > A) = Pr(Y = 0). Thus, we can write the probability that the event
occurs by period A is

Pr(Z<A)=1-Pr(Z>A)=1-Pr(Y =0)=1—e 4,

Hence, Z follows an exponential distribution with parameter A. Note that since Poisson is memory-
less (i.e., the rate of arrival is constant), time between any two events follows an exponential
distribution with parameter \.

Remark 26. Incidentally, suppose that Z; and Z; follows Poisson distribution with parameter Ay
and Ao respectively and they are independent. We can interpret Z; and Zs as describing the time
until first occurrence of event of types 1 and 2 respectively. Let Z := Z; + Z5, then

Fr(z2)=Pr(Z1+Zy<2)=Pr({Z1 <z} n{Z: < z—Z1})

=Y Pr({Zi =ik {Ze=z=i}) = Y Pr({Zi =D Pr({Ze =2 i)

Sy de e e () e
i! (z —)! ; il (z —1)! z!

i=0 i=0
~ yyiyeg | €T Ag) e i)
- Z (F)MAZ | - [ '
=0 z. z.

where, in second line, we use the fact that Z; and Z are independent, and in the last line, we used
the fact that

z

(M +22)° =Y (M Vze {0}UN.
i=0
Thus, Z = Z1 + Zs follows a Poisson distribution with parameter A1 + As. It follows that the time
until the first event of either type 1 or 2 occurs is given by exponential distribution with parameter
A1+ As.
By independence, the probability density for (Z7, Zs) is given by

f(21.22) (21, 22) = [z, (21) fz, (22) = Are™MF e 2% — ) e~ aFitAezs),

Then the probability that event associated with Z; occurs before the event associated with Zs is
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given by

Pr(Z, < Zy) = / f(z1,24) (21, 22) d (21, 22)

(21,22)€[0,00) X [21,00)

2/ / )\1/\267(>\1Z1+>\222)d2’2d21 = / )\167>\121 (/ /\26)\222(122) le
0 z1 0 zZ1

:/ )\16—>\121 (e—kzzl) dZ] :/ )\16_(A1+A2)21d2’1
0 0

OC_ )\1

_ A1 e~ (AitAz)z _
o A+ A

IDVIEDW

where we used Fubini’s theorem in the second line.

12.2 Gamma distribution

Recall the gamma function:

I () ::/ e 't tdt, a > 0.
0

Observe that the integrand, e~ %*~! is nonnegative, hence it follows that

e—ttoz—l

vt € (0,00)

is a probability density function. Now apply the change of variables via x := ft < t = 2/ so that

dt = 8~ 1dz. Hence,
o0 1 o z X a1
e ttelde = 7/ e B <) dx
J A

o (w)ozfl
_ 7\ _ b a1 s
f o) = i = prarg e

for all z € (0,00), @« > 0 and 8 > 0. Above is the probability density associated with gamma
distribution with parameters (c, ). We refer to « as the shape parameter since it mostly influences

and so

the peakedness of the distribution and 3 as the scale parameter since it mostly influences the spread
of the distribution.

The first two moments of a random variable Z that follows a gamma distribution with parameters
(«, B), denoted Z ~ Gamma(c, 3), are given by

E[Z] = af, Var[Z] = af*.
Gamma distribution relates to many commonly used distributions. Let Z ~ Gamma(a, ).
e Suppose « is an integer and Y ~ Poisson(z/8). Then, for any = € (0, c0),

Pr(Z<z)=Pr(Y > a).

e Suppose a = p/2 for some integer p and 8 = 2, then Z follows a x2-distribution with p degrees
of freedom.

e Suppose a = 1, then Z follows an exponential distribution with parameter 1/8.
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12.3 Conjugate distribution property

Consider a problem of inferring a distribution for a parameter § € © given some data Z. The
posterior belief is given by f(6]|Z), which, by Bayes rule, can be written as

f(2]0) 7 (0)
Jico S (#18) = () ad
where 7 is the prior belief over © and f(Z|0) is the conditional density of Z given 6. If the posterior

distribution, f(0|Z = z), is in the same probability distribution family as the prior probability
distribution, (@), the prior and posterior are then called conjugate distributions and the prior is

J(602 =2) =

called a conjugate prior. We will demonstrate below that normally distributed prior gives rise to
normally distributed posterior.

At each date t € N, suppose that a Bayesian decision maker observes Z; = 6 + Wy, where each
W, are identically and independently distributed according to N (0, 02). Let the decision maker’s
time-t belief be that 6 ~ N(u,~?) after observing Z1, Za, ..., Z;, but before observing Z; 1.

The density conditional on 8 and observed values of Z;’s is given by

1
’l/) (Zt+1 = Zl@,Zt, Zt—17 .. ~7ZI) = w (Zt+1 = Z|(9) = exp [ —
2o

202

(2_9)21 |

where that Z;’s are iid implies the first equality. The prior density for 8 is given by

[y

By Bayes rule, posterior density is given by

¢ (ZtJr] = Z|0, Zt7 thl, ey Zl) Tt (9)

Y (Zir = 2|0, 2, Zy 1, ..., Z1) ™ (0) AO
Y (Zi1 = 210) 74 (0)

U (Zigr = 2|0) m (0) dO”

1 (012441 = 2) = T
R

I

where the second equality follows from the fact that Z;;; is independent of past values conditional
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on . Consider the term

w (Zt+1 = Z|9) Tt (9)

iz + P

2
) _< %+ o

))

2
) e o)

Wizt ot
%+ o’

1 (z —6) 1 (0 — u)?
= exp | — 3 exp |———F—5—
V2ro? 20 \/ 2my? 275
1 [ 1 2 2 2 2
= - — 0 0 — )
2o P | 27f0? (Wt (z=0)"+ 07 (0 — )
1 [ 1 2.2 2 2 (p2 2
= — — 20 0 0° — 20
o0 [ (228 .0~ 20
1 [ 1
= Grgy O |77 (0F +07) 08 =20 (32 + o) 495" + 02#?)}
1 1 2 2 2 iz + o’ 2.2 2 2
= — 0° — 20 ————
2moyy P | 279702 <(% to ) ( V2 + o2 et ot
1 [ 1 9 9 9 722—}—02;% 722—}—02;%
2moy, P 27202 <(% +07) ( V2 + o2 + V2 + o2
X 'yfzz + 0'2/1,?)
2
1 1 2 2 izt ot 2, 2
= _ g_ =TI Ht)
2moy [ 270 ((% +) < 7+ a2 (e + %)
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1 <7t t+o ) vi+o2 + Vi * +o M
= exp | —
2 o) 2707
Vato?us )
L ! 1 (0255
eXp | =5 ———>m= 5
20-2 to'
27 “Zztﬁrﬂ ? ’Y:Y?+02
224024 25
NN(W%;Z—; t ”Y}t+:2>
Then,

/ Y (Ziy1 = 2|0) 7 (0) df
)

2 2 2
| — (0 +0%) (BB ) 40P 4 0%
= exp |— 7t+02 5 /@(9) de
27 (v + 02) 2vio e
L - =1
I 2 oy (Fetotm )’ | 2.2, 2 2]
B 1 exp _7(715 +U)<W) +7i2" + oty
27 (v + 02) 27202
Thus, the posterior is given by
2 2 2
Vi F+oT e
1 (9 - 272>
M1 (d0|Zp41 = 2) = ——===exp _*+
9 vio? 9
T 2402 Vi +o?
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We therefore realise that the posterior is normally distributed according to:

2 2
Y¢ O
@5 (o F553).
t

Note when prior and posterior distributions are the same, they are called conjugate priors.

1o e+

2
= —n— = 12.2
V41 %&2 T o2 Hi+1 ’7t2 o2 ( )

We can define the expression in terms of precisions, defined as the inverse of the variance:

1 1
7'2?/ = ?’ TU = ;.
i
Then,
¥ ’)/t2+0—2 1 1 o 2
Tt+1:W:§+?:T + 7.
i t

Thus, the precision of the posterior is simply the sum of the precision of the prior and Z;;1]6.

1 n 1 77 4 (1 T°
= z = z - .
Pt =977 il N L M ey T T + 1) pe
Tt (?) +1

Thus, we see that the posterior mean is a weighted average of the observed Z;; = z and the prior,
where the weights are given by the ratio of precision of between the prior and Z;1|6. If the prior
is relatively more (less) precise, then the weights placed on Z;11 = z is smaller (larger).
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13 Stochastic dominance

Our goal is to give a partial ordering of a set F of CDFs. All of the ordering we introduce below are
partial orders on F (or equivalently, on the set of random variables distributed according to some
FeF).

13.1 First-order stochastic dominance

Proposition 111. Let F and G be two CDFs with a common support [a,b]. The following are
equivalent.

(i) F first-order stochastically dominates (FOSD) G; i.e., F >posp G.*°
(i1) F(t) < G(t) Vt € [a, D).
(iii) E[u(Z)] > E[u(Y)] for any increasing function u : [a,b] = R, where Z ~ F and Y ~ G.

Let Z ~ F and Y ~ G. To make sense of (ii), rewrite the condition as 1 — F(t) > 1 — G(?)
and recall that 1 — F'(¢) is the probability that random variables are greater than t. Hence, Z first-
order stochastically dominates Y means that, for each possible realisation of the random variables
t € [a,b], the probability that Z has a realisation greater than ¢ is larger than that of Y. (ii) also
implies that the F' lies everywhere (weakly) below that of G on the support. For (iii), note that the
identity function is (weakly) increasing so that FOSD implies that the mean of X is greater than
that of Y. The third characterisation can be generalised to deal with random vectors.

13.2 Second-order stochastic dominance

We now introduce a partial order among random variables with a common support and a common
mean. We first define the idea of a mean-preserving spread. Let F' and G be two CDFs with a
common support and suppose Z ~ F and Y ~ G.

Proposition 112. Let F and G be two CDF's with a common support [a,b] and a common mean.
The following are equivalent.

(i) G is a mean-preserving spread of F, denoted F >pps G.
(ii) E[Z|Y] =Y, where Z ~ F and Y ~ G.

(11i) Y is a garbling of Z; i.e., there exists a random wvariable W with E[W|Z] = 0 such that
YL Z 4w

(iii) implies that if ' >5/ps G, then we can obtain Z ~ F from Y ~ G in the following way: (i)
draw z from Z; (ii) draw w from W with E[W] = 0; and (iii) z := y + w. The figure below shows
an example of a mean-preserving spread of a random variable Z, which has equal probability mass
on three equidistant points. In this example, the distribution of W depends on the realisation of
Z. If the left-most point is realised, then w = 0 so that probability mass of Y = Z 4+ W lies in the
same location as Z (purple). In contrast, if the middle point is realised, then W ’splits’ this point
into three equidistance points with equal masses (red). Finally, if the right-most point is realised,
W splits the mass into two with weight 1/4 on the left and weight 3/4 on the right. The distances
are such that the mean is preserved.

39Given Z ~ F and Y ~ G, we also often say that Z first-order stochastically dominates Y if F >rosp G.

404 means that the two sides have the same associated CDFs.
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Figure 13.1: Mean-preserving spread.
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Proposition 113. Let F' and G be two CDFs with a common mean. The following are equivalent.
(i) F second-order stochastically dominates Gj i.e., F >sosp G.4!
(it) [TF (t)dt < [T G (t)dt Ve € [a,b] with equality at ¢ =b.
(iii) G is a mean preserving spread of F, i.e., F >pps G.
(iv) E[u(Z)] < E[u(Y)] for any convex function u : [a,b] = R, where Z ~ F and Y ~ G.

To understand the connection between (iii) and (iv), consider the following figure in which
Z ~ F has a degenerate distribution and Y ~ G is a mean-preserving spread of Z, i.e. F >yps G,
where G gives probability mass 1/2 to a low value and a mass 1/2 to a high value (the two points
are equidistance from Z so as to preserve the mean). Let us now consider integrating as per the
definition of SOSD. Under F, E[u(Z)] = [ u(z)F(dz) corresponds to the vertical height at z. Under
Y, Eu(Y)] = [u(y)G(dy) corresponds to the average of the heights at 7_ and 7,. We can see
from this figure that the latter is less than the former; i.e. F >gsosp G. Thinking of Z and Y as
lotteries, this also tells us that a risk-averse expected-utility agent prefers lottery Z over lottery Y.

Figure 13.2: F >pps G with Z ~ F and Y ~ G.
u()

J uly)G(dy)

- - >2, 1
Y- 20 Y+ Y

To understand how (ii), let us consider the case in which the random variable X has support
[0,1] with mean 1/2. Consider first the following cases:

(i) X has a degenerate distribution (i.e. X is a constant equal to 1/2);
(ii) X equals 1 and 0 with equal probabilities;

(iii) X ~ Uniform[0, 1];

“Given Z ~ F and Y ~ G, we also often say that Z second-order stochastically dominates Y if F >rosp G.
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(iv) X equals 1 /4 and 3/4 with equal probabilities;
We plot the CDF and and the integral of the CDF for each case below.

Figure 13.3: SOSD.

CDF Integral of CDF
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From the figure, we can deduce that
Fx >sosp F'g 2s0sp F'x >sosp Fyx,
where we may replace >sosp wiAth >MmPs; ie., Xisa mean-preserving spread of X, which, in turn,
is a mean-preserving spread of X, which, in turn, is a mean-preserving spread of X.
13.2.1 Hazard rate

Let T be a random variable that represents the time until a particular event (e.g., T is the length
of unemployment period and the event is finding a job). Let F denote its associated cumulative
distribution function so that F'(t) = Pr(T < t) denotes the probability that the event has occurred
by time t. The survivor function is the probability of surviving past ¢ and define

St)=1-F(@)=Pr(T >1t).

The conditional probability of leaving the initial state within the time interval ¢ until ¢ + h, given
survival up to time ¢ is given by

Pr(t<T <t+h|T>t).

Dividing above by h gives the average probability of leaving per unit time period over the interval
t until ¢ + h. Taking the limit as h N\ 0 gives the hazard rate function, denoted A(t); i.e.,

P < >
) ::}lli{‘% r(t_T<ht—|—h|T_t)

At each time ¢, the hazard rate function is the instantaneous rate of event occurring per unit of
time. Observe that
Pr({t<T<t+hin{t<T}) Pr¢<T<t+h) F{t+h)—F(®)

< >t) = = -
Pr(t <T <t+h|T >1t) Pr(i<T) Pr(t<T) 1—F(t)
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Recalling that F is right-continuous,

. Prt<T<t+h|T>t) ) 1 F({t+h)—F(@) f()
At) =1 =1 = .
(8) = Jimy h a0 1— F (1) h S ()
There exists a bijection between the hazard rate function and the CDF of T'. To see this, observe
that t dln(1—F (¢
Ny SO dm-Fa)
1—F(t) dt

Integrating both sides over [0, z] gives

: __[fdnQ=F®) - ) 4 a1 —
/O/\(t)dt— /O g = (- F) 40 - F(0)

— (1 F(2),

where we used that F'(0) = 0. Therefore, it follows that

F(z)=1—exp </ A(t) dt) . (13.1)
0
Observe that if we choose the hazard rate function to be constant so that A(¢) := A, then
F(z)=1-—exp(—Az),

which is the CDF for exponential distribution.

13.3 Domination in terms of hazard rate and reverse hazard rates

Given two CDFs F and G, we say that F dominates G in terms of the hazard rate, denoted
F>pr G, if

e e
C1-F(2) T 1-G(2)

Similarly, we say that F' dominates G in terms of the reverse hazard rate, denoted F >rypr G, if

Ar (2)

=g (2) VzeR.

=:0g(z) Vz € R.

Note that (F,>ggr) and (F,>grpgr) are both partially ordered sets.
Domination in terms of hazard rate and reverse hazard rate both imply first-order stochastic
dominance.

Proposition 114. Suppose that F' >pgr G or F >ruyr G for some CDFs F and G. Then,
F >rosp G.

Proof. Recall 13.1. Then, by monotonicity of integral, it follows that if F' >y g G, then

F(z)=1—exp (—/OZ)\F(t)dt> <1-—exp (—/Z)\G(t)dt> _G(z) V2R

Hence, F >rosp G.
Observe that

_ dIn F (2)

or (2) dt

:>/:Oap(t)dt—lnF(z)<:>F(z)—eXp [/ZOOUF(t)dt],
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where we used the fact that lim,_, ., F'(2) = 1. Hence, if FF >grygr G, then

F(z) =exp {—/ or () dt} < exp [—/ oc (t) dt} =G (z) Vz eR.
Hence, F' >rosp G. [

13.4 Relation with domination in terms of the likelihood ratio

Given two CDFs F' and G, we say that F' dominates G in terms of the likelihood ratio, denoted

F>pr Gif
z

1) S—f(y) Vz,y e R:z <y.

9(2) ~ g()
Equivalently, F' >1r G is f/g is nondecreasing. If F' > r G, then the graph of densities f and g
can intersect at most once. Note that (F,>pr) is a partially ordered set.

We will show that domination in terms of the the likelihood ratio implies domination in terms

of both hazard rate and reverse hazard rate. Combined with Proposition 114, it follows that
dominance in terms of the likelihood ratio implies first-order stochastic dominance.

Proposition 115. Suppose that F >pr G for some CDFs F and G. Then, F' >gr G and
F > RrurG.

Proof. Suppose F' > r G. Then for all z < y,

1) ) W)

s >

g(z) — gy  f(?)

Hence, by monotonicity of integration,

1 1-F(2)  [*[(y) gy, 1-G(z) 1
@ TR ‘l ﬂ@@ZL YT T e @

It follows that Ap(z) < Ag(z) for all z € R; i.e., F >pg G.
We also have that, for all z < y,

g(y)
g(2)

Hence, by monotonicity of integration,

L _Fl)_ ["fGE, o [f9k),, Gl _ 1
AT Af@dZA d

It follows that op(y) > og(y) for all y € R; i.e., F >grpr G. [ ]

To recap, we have shown that

F>rG=F>ygrGand F >ryr G,
F>prG=F >posp G,
F>rar G = F >rosp G.

13.5 Order statistics

Let (Z;)7—, be a collection of n independent random variables with associated CDF and density
given by F' and f, respectively. Let (Z())r_, be a rearrangement so that Z) > Zg) > -+ > Zy).
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Each random variable Z(; is referred to as the kth order statistics. Let F{;) denote the distribution
of Z 1 with corresponding density function f(;). Our task is to express f(;) as a function of f.

13.5.1 Highest-order statistic

We derive the expression for F;) and f(;). The event Z;) < z is the same as the event that Z; < 2
for alli € {1,...,n}. Since each Z; is an independent draw from F, we have

Fay(2) = (F(2))" = F" (2).
Hence, using the chain rule, the associated density is

fay () =nF""1(2) f (2).
The following is then immediate.

Proposition 116. If F >rosp G, then F1y >rosp G(1)-

13.5.2 Second-order statistic

We now derive the expression for F(o) and f(2). The event that Z,) < z is the union of the following
disjoint events: (i) Z; < z for all s € {1,...,n}; (ii) n — 1 of Z;’s are less than or equal to z and
exactly one is greater than y. There are n different ways in which (ii) can occur. Hence,
Foy(2) = F"(2) + nF" 1 (2) (1 = F(2))
=nF" 1 (2) = (n—1)F"(2).

The associated density function is

for () =nn-1)(1=F(2) F"7* () f ().

Proposition 117. IfF EFOSD G, then F(g) EFOSD G(g).

13.5.3 kth-order statistic

In general, we have the following for the density of the kth order statistic:

o (@) = F ) ),

T G = = rm =

where the n!/(k—1)!(n—k!) is the number of different ways in which any draws of {Z;}?_; could have
been the kth order statistic. F"~%(z) is the probability that n — k draws are below z, 1 — F*~1(z)
is the probability that k — 1 draws are above z and f(z) is the density associated with drawing z.

Remark 27. The tradition in statistic is to worry about the smallest order statistics; i.e., Z(*) means
the kth smallest among (Z;)?_;. The density of the kth order statistic is defined as

Y (R (- F ) ().

IO 6= G
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