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Maximum Likelinood EStimation for Parametinic AMOOIELS

b X has pmf (Pt +(X1Q), with knowa f,
©Q is Finiedimensional but Unichiown

DEF| ( covvect Speufication)

A wodel is Lopedty speified. when there is a Lnique Ge® sit. f(x1&)
Coinciades with the true density of X.

( misspecification)

A moded is W if no value of 0€®

(liketinood function (of iid data) )

n
ta(8) = £(xiy -, %n (0) = T £(xi1@)
joint density ( PMmE € the olata

(mLe) a function of parameter e ietinond
5 - = what valve of @ maximies the Wkélihoo
A MLE OpL Maximizes ""0f observing Sauple [X1 - X))’

.+ likelihood fuaction Lu(e) = I £(Xil19) )
e the {0g-likenood function Ln(9) = [09Lu(®) = ‘-;Z.bﬁf(xi 1)
DEF| ( Expected Likelinood tunction)
4ee) = E[1gf(xi8)]
——

paf of the 'V K, not ivdcxed by n

Theovem When o model IS (ovvectly spedified , g, Mmaximiies §(9),
o = aramﬂfog fxie)]
Gpw = APgmak @g?(me)
0O > Sample amloa

DEF| ( EHicient Score’) S = j:gib%\c(x.l o)
( Fisher information) TFog = E(Ss']




Theotem When a modeq is Lovectly spedtfied . Support Xdoesit ol pend
one, e int®, then E(:S] =0 ,var(sS)= r‘Fe.
proof. E[S] = E[ g€ (x16s)]

Leibnir vule
= Z-g(logF(x16.))
L(Bo)
2
= 39»@(8@)
=0 blc ©€@ , interior Sol Given by Foc -
Z g
vai(s)= E(s¢'] - (E0s1) = Te.
o

Theorear  ( Information matrix €quality )
d10q€(i8e) ologf(%iS0) _[ 2%
E[ i = ] = - t:l:——‘ﬂocaxc(xl@,)‘)
0690

29 00’
i\ — RN - -
Fisher inforomation Fo expeted Hessian

Theorem AsSume model is Corvectly Spedfied , SUppert XK doesn't olepend
on9, GEt® . If © is an abiased estimator of B , Hien
o~ =\
var(6) > (n)
T
CRLB
An estimator IS Ccramer- Rao eHiuent £ it is uabiased avd var(e )=(h%)_‘~
N AN N
Intuition: more curvatuve of (09 likelihood function wrt ©, move
I nformation oata provioles about © bic var(8) iS lower bounded

A~
by tue inverce of Flg. more Curvature SDniore pred Se estinate Of SuL

ASsymptotic Properties of mie
/MLE IS - Consisteat e
© asymptotically normal Jn (ém—a) 4, N(O ,q:e">

var(ém) = ("‘:Fg)-‘

. asymptotitally Cramer- Rao edicieat .



4. Based on the notation in the slides on Estimation, let us prove the Information Matrix Equality

. [62 log f(Xlt%)} o [alog F(X]6) Dlog £(X]60)
06000’ a 00 a6 '

Let f = f(]6p), V; means derivative with respect to the j-th element #), and V; mean
2nd-order derivative with respect to #%) and ). Suppose we can exchange the integral “ J”
and derivatives “V,”.

(a) By differentiating [ fdx = 1 with respect to §Y), show that E[V; log f] = 0.
(b) By differentiating E[V;log f] = 0 with respect to 6%, show that

E[Vjilog f] + E[(V;log f) (Vi log f)] =

which yields the Information Matrix Equality.

@) jJfaw = [ vfax = o0
€xchange [,V

f(\Zl \c)a* |
Notice: V‘jkoﬂ-C =% Vpc
f(\?‘ﬂ?_ _1{: ax By chain rule

S(YiloﬂF) £ d®
— N density f(x160)
a function of K
def

L e[ yroge] 7 Pepmietion” Foc of b it element
R £lxie.)

]

I

) 0 = %E[ugs]
"2V [ (Gtogf)y £ ax
Cﬂmmje‘f'vf%((woaf){ ) dx
Prmnwmef If(%glo‘a-F)F + (VJIOQ‘F)(VKF)?] ar

[ (Gioa€) £ ax + J@jiopf) (k) eix

Trone) S~
o [ (Gloge) (k) £ o

E[V\js:lf’ﬁf] = j (leog{)(vklofﬂ) { dn
= E[(leog{-_)(V\dDS'{:)l

S \S\W\e“




3. Suppose X follows a normal distribution with unknown mean p and variance o? > 0. The

density of X is
1 x—p)?
cxp(—( 2> ).
V2mro? 20

Given a random sample {X;,i = 1...n} drawn from X, find the MLE estimator for (s, o?).

f(@lp,0?) =

N Lt _
likelinova function: Ln(u.0*) = I‘;( ==e = ) blc random sawupling

>n ﬁ_ -t

2 e = 203>

= ( |
2 (K

n $ (Xim)*
(0g = likekhood function dn(u.e?) =-Z109(210*) — % ;v-"

MLE (G, ) Shouid Satisfy Foc :

an(Mtﬂ‘)') ( Al A
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o= fr
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=fF
o Ciace oterivative with (7*)
asauhole
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~_ n L. n _ cxé_/a)a
pug A =EZXi imto @ : 55T = i

n a
= gi= L3S (XL—J;\)a = _(/%’.E(XC‘_[AL‘Z_‘XC‘)a.
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To Show A, & 2 are e Wagimier of La(pn,0*), Need 1o Cheds Hessiay
ot 9= (8 o), §=(R §2)
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