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theory of producers (i.e., firms).
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Overview of next four lectures

So far, you've covered choice theory and consumer theory. Now we turn our attention to the
theory of producers (i.e., firms).

1. Basics of producer theory a la MWG.

— In consumer theory, we think of the consumer’s objective as utility maximization. How will we
think about the firm’s objective in producer theory?

— Can you guess the key assumption we’ll maintain here about firms’ relation to the market?
2. A brief discussion of the theory of the firm

3. Intro to theory of non-price-taking firms

— In other words, intro to the theory of industrial organization.

— “Core 10" is the study of what happens when firms have some ability to affect prices.
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Technological feasibility

Assumptions 3.1:
(i) L commodities
(ii) Production plan y € Rt

— Net input: good / such that y; < O
— Net output: good j such that y; > 0

(iii) Production possibility set, Y C R of feasible production plans

(iv) Prices, p > 0, are unaffected by the activity of the firm.

Assumptions 3.2:
(i) Y is nonempty, closed and (strictly) convex.

(ii) Freedisposal:Ify € Yandy’ < y,theny’ €Y.
y y y y
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Efficiency

Definition: A production plan y € Y is efficient if there does not exista y’ € Y suchthaty’ > y
and y/ > y; for some .
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Efficiency

Definition: A production plan y € Y is efficient if there does not exista y’ € Y suchthaty’ > y
and y/ > y; for some .

Consider the case where there’s only one output, i.e., y = (q,—z) where g € R, and z € Rﬁ:1.
Definition: The production function f : RE—" — R is defined by

f(z) =maxq subjectto (g,—z) €Y
q
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Related definitions

Definition: The input requirement set
V(g)={zeR " (g.—2) € Y}

gives all the input vectors that can be used to produce output g.
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Related definitions

Definition: The input requirement set
Vig)={zeR{ " (q.—2) € V)
gives all the input vectors that can be used to produce output g.
Definition: The isoquant
QR(g)={zeR:"|ze V(q)and z ¢ V(q') forany ¢’ > q}

gives all the input vectors that can be used to produce at most g units of output.
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Cost minimization

Assumptions 3.7:
(i) L—1inputsinz
(ii) One output g = f(z)
(iii) f e C?

. . I—
(iv) Input price w € Ry
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Cost minimization

Assumptions 3.7:
(i) L—1inputsinz
(ii) One output g = f(z)
(iii) f e C?

. . I—
(iv) Input price w € Ry

Definitions: The firm’s cost minimization problem (CMP) is

Clw,q)= min w-zst. f(z)=gq
zeRL

and the associated value function C(w, q) is the cost function.
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Cost minimization

Definitions: The firm’s cost minimization problem (CMP) is

Clw,g)= min w-zst. f(z)=gq
ZGRL71

and the associated value function C(w, g) is the cost function.
Proposition 3.10 (Properties of the cost function)

(i) Cis homogeneous degree 1in w.

(ii) Cisconcavein w.

(iii) 1f we assume free disposal, then C is nondecreasing in g.

(iv) If f is homogeneous of degree k in z, the C is homogeneous of degree 1/k in g.
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Properties of homogeneous functions

9f s homogeneous of

Proposition 3.12 If f is homogeneous degree k, thenfori =1,...,n, 5

degree k — 1.
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Proposition 3.13 (Euler’s formula) If f is homogeneous degree k and differentiable, then at any x,

Z aX Xj = (X)
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Properties of homogeneous functions

Proposition 3.12 If f is homogeneous degree k, thenfori =1,...,n, % is homogeneous of
degree k — 1.

Proposition 3.13 (Euler’s formula) If f is homogeneous degree k and differentiable, then at any x,

Z aﬂx)x,- = kf(x)

0X;

i

Proposition 3.14 If the production function f is homogeneous of degree k, then

of (z) of (xz)
0z 0z;
MRTS;i(z) = affz) = af(fxz) = MRTS;j(«xz)

0z; 0z;
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Profit maximization

The firm’s profit maximization problem (PMP) is

7i(p) = max p - y subjecttoy € Y
y

and the associated value function 7t(p) is the profit function.
Single-output case:

ni(p,w) = max pf(z)—w-z
ZERL71
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Profit maximization

Proposition 3.16 (Properties of the profit function)
(i) Homogeneous of degree 1
(i) Nondecreasing in output price p
(iii) Nonincreasing in input prices w
(iv) Convexin (p, w)

(v) Continuous
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Profit maximization

Definitions: The unconditional input demand function

x(p,w) =arg max pf(z)—w-z
z€RLA

is the solution to the PMP. The output supply function

q(p, w) = f(x(p, w))

is the output level when profit is maximized.
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Profit maximization

Proposition 3.19 (Hotelling’s lemma) If 7t is differentiable, then for (p, w) € IREFJF,

o7t(p, w)
qlp,w) = “ap
p
o7t(p, w)
xj(p,w) = ——F——

ow;

1/55



Profit maximization

Definition The conditional input demand function

z(w,q) =arg min w-zst. f(z)=g¢q
ZER5:1

is the solution to the CMP.
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Profit maximization

Definition The conditional input demand function

z(w,q) =arg min w-zst. f(z)=g¢q
26R5:1

is the solution to the CMP.
Proposition 3.21 (Shephard’s lemma). If C is differentiable, then for w € Riﬂ

90C(w, q)

zi(w,q) = —3
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Profit maximization

Proposition 3.22 Suppose that the profit function is twice continuously differentiable. Then,

(i) 29 >0

(i) ax,pw <0

W

(III) an p,w) — ox; (p,w)

ow; ow;
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Profit maximization

Proposition 3.23 Suppose that the cost function is twice continuously differentiable. Then,

(i) 9z (w,q) >0

0 wi

.y 0zi(w,q) _ 9z(w,q)
(ii) S aw;

9 9C(w,q)  dz(w.q) > 0 Normal input
(i) 3 —3q = —8q = I
oo q < 0 Inferior input
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Comparative statics

Assumptions 3.24
(i) Two inputs (x1, x2)
(i) One output g = f(x)

(iii) f € C? and the Hessian Hy is negative definite.

(iv) £(0,x2) = f(x,0) = O, i.e., both inputs are necessary.

(v) Inada conditions on x;, X,
(vi) Output price p >0

(vii) Input prices w >> 0.
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Comparative statics

Consider the profit maximization problem

max pf(x) —w-x
x€RZ |

Exercise 1: Prove that 0x(p, w)/0wy < O.
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Comparative statics

Consider the profit maximization problem

max pf(x) —w-x
x€RZ |

Exercise 1: Prove that 0x(p, w)/0wy < O.
First order conditions

pfi(x) —w =0
pfa(x) —wp, =0

Hessian of profit is
H(x) = pHs(x)

which is invertible, so by Implicit Function Theorem, FOCs implicitly define
x(p,w) = (x1(p, w), x2(p, w)), which is C' near (x, p, w).
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Comparative statics

Then, we can rewrite FOCs as

pfilx(p,w)) —ws =0
pha(x(p,w)) —w2 =0

17/55



Comparative statics

Then, we can rewrite FOCs as

pfilx(p,w)) —ws =0
pha(x(p,w)) —w2 =0

Taking derivatives with respect to wy:

aX1 a
fli— fi =1
P11a —i—P12a W

0x ox:
sz17+sz2 2-0

ow ow
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Comparative statics

In matrix form:
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Comparative statics

In matrix form:

Inverting gives

aW1

M
291 b fufyy — fofy |—f1 fun | |O

S N [ '52]
p fufay — fafy | —fa1
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Comparative statics

In matrix form:

Inverting gives
2%31 p fufyy — fiofy |—f1 1 | |O

S N [ '52]
p fufay — fafy | —fa1

Note:
— fufy — fizfn > 0. Why?
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Comparative statics

In matrix form:

Inverting gives
§]-seenls 410
| pfufa—fofy |—fa fu ][O
1 1 fy
" p fufn — fify [—51]
Note:
— fufy — fizfn > 0. Why?
— fp <0

— Therefore, &%1 <0 18/55



Comparative statics

Exercise 2: Prove that 0g/0w; > 0.

Write output as

q(p, w) = f(x(p,w))
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Comparative statics

Exercise 2: Prove that 0g/0w; > 0.
Write output as

q(p,

Taking derivative with respect to wy:

ai — 2
owy 6W1 owy
_ 1 hfyp — fhfy
p fufaa — fafy

w) =

f(x(p, w))

0xq fzax
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Comparative statics

Exercise 2: Prove that 0g/0w; > 0.

Write output as

qlp,w) = f(x(p, w))
Taking derivative with respect to wy:

6q 6x1 aX2
T fr—=
aW1 1aW1 + 2aW1

_ 1 Al — fafn
p fiufaa — fiafa
So
d
sign <a"> — sign (fify — fofir)

w1
19/55



Comparative statics

To find sign (fifoo — f2f21), we return to the cost minimization problem

min w-x st f(x)=gq
x€RZ |
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Comparative statics

To find sign (fifoo — f2f21), we return to the cost minimization problem

min w-x st f(x)=gq
x€RZ |

Take FOCs of the Lagrangian

—wy + Afi(x)
—wy + Afr(x)
q—f(x)

0
0
0

where A = A(w, q) is the Lagrange multiplier.
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Comparative statics

Taking derivatives of these FOCs with respect to g

0A 0f; 0xq 0f; 0x2

At S At 2 20

30" "o aq T Vox, 9g

oA 0f 0 0f, 0

2 A0 R 0e 4

oq 0x; 0q 0x; 0q
of 0xq of 0xy
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Comparative statics

Taking derivatives of these FOCs with respect to g

oA
O\ 00
oq 0x1 0q
oA 0f, 0
—f + )\Jﬁ
oq 0x; 0q
1 8f 0 _
6x1 aq
In matrix form
A Ao h
Ay Afyy £
f f, O

0f; 0x2
72 _0
6x2 E)q
aX2 aq
of 0xy

aX2 aq N

=0

oq

9g
oA

dq
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Comparative statics

And then by Cramer’s rule,

0 A A
det 0 Afp f
M 1 L O A (fofy — f2fh)
0q Ay A £ Ay Af 1
det | |Ao A 6 7\f21 7\f22 2

h £ O
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Comparative statics

And then by Cramer’s rule,

0 A A
det 0 7\62 fz
ox; 1T f O B A (fofy — fofy)
oq My Mz R\ My A f
det | |Afy Afnp £ det | |Afq Afnp £
f h O f f,p O

Note:

— The denominator is positive because the matrix is the Hessian of a convex function.

— We know that 0x;/0q is positive for “normal inputs”. So in this case, fi;f, — 5y > O.
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Comparative statics

And then by Cramer’s rule,

0 A A
det 0 7\62 fz
ox; 1T f O B A (fofy — fofy)
oq My Mz R\ My A f
det | |Afy Afnp £ det | |Afq Afnp £
f h O f f,p O

Note:

— The denominator is positive because the matrix is the Hessian of a convex function.

— We know that 0x;/0q is positive for “normal inputs”. So in this case, fi;f, — 5y > O.

— Recall that sign (a%) = sign (fif,p — Hfy), soif input 1is normal, a% > 0.
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Review of notation and definitions

Notation:
— Production plan y € Rt

— Net input: good / such that y; < O
— Net output: good j such that y; > 0

— Production possibility set, Y C R of feasible production plans
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Review of notation and definitions

Notation:
— Production plan y € Rt

— Net input: good / such that y; < O
— Net output: good j such that y; > 0

— Production possibility set, Y C R of feasible production plans

Definitions: Suppose there’s one output, i.e., y = (g, —z) whereg € R and z € Rﬁ:1.
— The production function f : RE-" — R is defined by
f(z) =maxgq subjectto (q,—z) €Y
q

— y € Yisefficientif y = (f(z), —z) for some z € RL[1. (This definition assumes that f is strictly
increasing in every z;.)
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Two assumptions on firm behavior
The firm’s cost minimization problem (CMP) is  The firm’s profit maximization problem (PMP) is

min w-zst f(z)=gq max pf(z)—w-z
zeRLT zeRH!
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Two assumptions on firm behavior

The firm’s cost minimization problem (CMP) is  The firm’s profit maximization problem (PMP) is

min w-zst f(z)=gq max pf(z)—w-z
z€RLA zERL
— Optimum: z(w, q) is the conditional input — Optimum: x(p, w) is the unconditional input
demand function demand function
— Value function: C(w, q) is the cost function. — Value function: 7t(p, w) is the profit function

— q(p,w) = f(x(p, w)) is the output supply
function
Questions:
— What is the relationship between these two problems? Profit maximization implies cost minimization:

z(w, q(p, w)) = x(p, w)

That is, assuming a firm minimizes cost is strictly weaker than assuming firm maximizes profit. — 24/5



Profit maximization implies cost minimization

n(p,w) = max pf(z)—w-z
zeRLA
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Profit maximization implies cost minimization

n(p,w) = max pf(z)—w-z
zeRLA

=max | max pg—w-zst f(z)=q
q |zeRL!

=maxpg— | min w-zst. f(z)=g¢q
q zeRL

CMP
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Profit maximization implies cost minimization

7(p, w)

max pf(z) —w-z
zeRLA

max | max pg—w-zst f(z)=q

q |[zeRL

maxpg— | min w-zst f(z)=gq
q

ZGRL71

max pq — C(w, q)
q

CMP
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Why is it worth studying CMP and PMP separately?

There are some settings where we might think profit maximization is an unreasonable assumption.
For example,
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Why is it worth studying CMP and PMP separately?

There are some settings where we might think profit maximization is an unreasonable assumption.
For example,

— Dynamics. For example, if there is learning by doing, this gives firm incentive to choose g > q(p, w)
today in order to decrease tomorrow’s costs (i.e., expand tomorrow’s prod. possibilities set).

— Managerial utility maximization. If larger firm gives more prestige/political influence, may have
q>qlp,w).

In these cases, we may assume that choices of inputs are z(w, g) for some g, but not necessarily
X(pv W)'
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Properties of CMP and PMP: Homogeneity

The firm’s cost minimization problem (CMP) is  The firm’s profit maximization problem (PMP) is

min w-zst f(z) =gq max pf(z)—w-z
ZERL71 ZERL71
— Optimum: z(w, q) is the unconditional input — Optimum: x(p, w) is the unconditional input
demand function demand function
— Value function: C(w, q) is the cost function. — Value function: 7t(p, w) is the profit function

— q(p, w) = f(x(p, w)) is the output supply
function
Properties:
— Cis homogeneous of degree 1in w

& z(w, q) = z(aw, q)
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Properties of CMP and PMP: Homogeneity
The firm’s cost minimization problem (CMP) is  The firm’s profit maximization problem (PMP) is

min w-zst f(z) =gq max pf(z)—w-z
ZERL71 ZERL71

— Optimum: z(w, q) is the unconditional input Optimum: x(p, w) is the unconditional input
demand function demand function

— Value function: C(w, q) is the cost function. — Value function: 7t(p, w) is the profit function

— q(p, w) = f(x(p, w)) is the output supply

function
Properties:
— Cis homogeneous of degree 1in w — 7tis homogeneous of degree 1in (p, w)
& z(w,q) = z(aw, q) < x(p,w) = x(ap, aw)

— If f is homogeneous of degree k, then C is
homogeneous degree 1/k in q. 27/55



Properties of CMP and PMP: Convexity/concavity

The firm’s cost minimization problem (CMP) is  The firm’s profit maximization problem (PMP) is

min w-zst f(z) =gq max pf(z)—w-z
ZERL71 ZERLA
— Optimum: z(w, q) is the unconditional input — Optimum: x(p, w) is the unconditional input
demand function demand function
— Value function: C(w, q) is the cost function. — Value function: 7t(p, w) is the profit function

— q(p, w) = f(x(p, w)) is the output supply
function
Properties:

— Cisconcavein w.
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Properties of CMP and PMP: Convexity/concavity

The firm’s cost minimization problem (CMP) is  The firm’s profit maximization problem (PMP) is

min w-zst f(z) =gq max pf(z)—w-z
ZERL71 ZERLA
— Optimum: z(w, q) is the unconditional input — Optimum: x(p, w) is the unconditional input
demand function demand function
— Value function: C(w, q) is the cost function. — Value function: 7t(p, w) is the profit function

— q(p, w) = f(x(p, w)) is the output supply
function
Properties:

— Cisconcavein w.

7t is convex in (p, w).

Proofs are symmetric. Only difference is that min versus max yields concavity versus convexity.
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Math review
Envelope Theorem

Suppose

x*(a) = argmax h(x, «)

and the value function is
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Math review
Envelope Theorem with constraint

Suppose

x*(a) = argmax h(x, &) s.t. g(x) =0

and the value function is
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Hotelling’s Lemma
Statement

Proposition 3.19 (Hotelling’s lemma) If 7t is differentiable, then for (p, w) € Rﬁﬁu

o7t(p, w)
q(p, w) = T
o7t(p, w)

ow;
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Hotelling’s Lemma
Statement

Proposition 3.19 (Hotelling’s lemma) If 7t is differentiable, then for (p, w) € Rﬁﬁu

o7t(p, w)
qlp,w) = “op
p
xi(p,w) = _on(p, w)

Both are simply applications of the Envelope Theorem!
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Hotelling’s Lemma
Proof

The firm’s profit maximization problem (PMP) is

max pf(z) —w-z
zeRH Part 2: Here, V = mand & = w;.

— Optimum: x(p, w) is the unconditional input
demand function

— Value function: 7t(p, w) is the profit function
— q(p,w) = f(x(p, w)) is the output supply

function

Envelope Theorem:

V() = ho(x* (), o)
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max pf(z) —w-z

zeRH Part 2: Here, V = mand & = w;.
— Optimum: x(p, w) is the unconditional input
demand function aW'T[(P, w) = —x;(p, w)
j

— Value function: 7t(p, w) is the profit function Part 1: Here, VV = mrand & = p.

— q(p,w) = f(x(p, w)) is the output supply
function

Envelope Theorem:

V() = ho(x* (), o)
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Hotelling’s Lemma
Proof

The firm’s profit maximization problem (PMP) is

max pf(z) —w-z

zeRH Part 2: Here, V = mand & = w;.
— Optimum: x(p, w) is the unconditional input
demand function aW'T[(P, w) = —x;(p, w)
j

— Value function: 7t(p, w) is the profit function Part 1: Here, VV = mrand & = p.

— q(p,w) = f(x(p, w)) is the output supply
function
0
—ri(pw) = F(x(p, w))
Envelope Theorem: P
= q(p,w)
V(&) = ha(x"(«), &)
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Hotelling’s Lemma
Theoretical implications

. ., .. . L
Proposition 3.19 (Hotelling’s lemma) If 7t is differentiable, then for (p, w) € R _,

o7t(p, w)
qlp,w) = 67
p
xi(p,w) = _on(p, w)
J ’ aVVJ

Theoretical implications:
— Symmetry of derivatives of unconditional input demand function:

O lpw) = _Pn(p,w)  nlp,w) ix,( W)
ow; TP = dw;dw;  dw;dw;  Oow; P
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Hotelling’s Lemma
Theoretical implications

. ., .. . L
Proposition 3.19 (Hotelling’s lemma) If 7t is differentiable, then for (p, w) € R _,

ort(p, w)
q(p,W)zia
p

(pow) = — 2P W)

xXjlpyw) =————
V) aVVJ

Theoretical implications:

— Signs of derivatives of unconditional input demand function:

2
= i(p,w) = _o°nlp,w) <0

2
ow; 6Wj
because 7t is convex, so its Hessian is positive definite, and positive definite matrices have

non-negative diagonal entries.
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Hotelling’s Lemma
Theoretical implications

. ., .. . L
Proposition 3.19 (Hotelling’s lemma) If 7t is differentiable, then for (p, w) € R _,

ort(p, w)
q(p,W)zia
p

(pow) = — 2P W)

xXjlpyw) =————
V) aVVJ

Theoretical implications:

— Signs of derivatives of unconditional input demand function:

o%n(p, w)
—xi(p,w) =——— <0

f]
because 7t is convex, so its Hessian is positive definite, and positive definite matrices have

non-negative diagonal entries. Likewise,
0 _ 0%7(p, w)

—qlp,w)=——F——20
apq(p ) op? 34/55



Hotelling’s Lemma
Empirical implications

. ., .. . L
Proposition 3.19 (Hotelling’s lemma) If 7t is differentiable, then for (p, w) € R _,

ort(p, w)
qlp,w) = ~op
p
(. w) on(p, w)
xj(p,w) = ————
J aVVJ

Empirical implications:

— Suppose you observe the response of profits to exogenous variation in input/output prices. Then,
assuming profit maximization, you know the firm’s input/quantity policy function.

— Or, vice versa.
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Hotelling’s Lemma
Empirical implications

. ., .. . L
Proposition 3.19 (Hotelling’s lemma) If 7t is differentiable, then for (p, w) € R _,

ort(p, w)
qlp,w) = ~op
p
(. w) on(p, w)
xj(p,w) = ————
J aVVJ

Empirical implications:

— Suppose you observe the response of profits to exogenous variation in input/output prices. Then,
assuming profit maximization, you know the firm’s input/quantity policy function.

— Or, vice versa.

— Suppose there are two inputs and you observe how input choices respond to exogenous variation in
wq. You know how input choices respond to w. 35/55



Shephard’s Lemma
Statement

Proposition 3.21 (Shephard’s lemma) If C is differentiable, then for w € RLZ!,

)
C ’
o, (w,q)

ZI'(W! q) =
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Shephard’s Lemma
Statement

Proposition 3.21 (Shephard’s lemma) If C is differentiable, then for w € RLZ!,

)
C ’
v (w,q)

ZI'(W! CI) =

Again, simply an application of the Envelope Theorem!
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Shephard’s Lemma
Proof

The firm’s cost minimization problem (CMP) is

min w-zst f(z) =gq
z€RLT

— Optimum: z(w, q) is the conditional input
demand function

— Value function: C(w, q) is the cost function

Envelope Theorem:

Here, V = C and o« = w;.
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Shephard’s Lemma
Proof

The firm’s cost minimization problem (CMP) is

min w-zst f(z) =gq
z€RLT

— Optimum: z(w, q) is the conditional input
demand function

— Value function: C(w, q) is the cost function

Envelope Theorem:

Here, V = C and o« = w;.

0
a_C(Wr q) = Zi(Wr q)
Wi
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Shephard’s Lemma
Theoretical implications

Proposition 3.21 (Shephard’s lemma) If C is differentiable, then for w € RLQ:

9 Cw.q)

zi(w,q) = dw:

Theoretical implications:

— Symmetry of derivatives of conditional input demand function:

0
6_w,-zj(p’ w) = a_w,-z"(p' w)
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Shephard’s Lemma
Theoretical implications

Proposition 3.21 (Shephard’s lemma) If C is differentiable, then for w € RLQ:

9 Cw.q)

Zi(Wv q) - dw:

Theoretical implications:

— Symmetry of derivatives of conditional input demand function:

iz_( W) = °C(w,q) 9*C(w,q) iz_( w)
ow; pw)= dw;jdw;  Owdw;  dw; i
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Shephard’s Lemma
Theoretical implications

Proposition 3.21 (Shephard’s lemma) If C is differentiable, then for w € RLQ:

9 Cw.q)

Zi(Wv q) - dw:

Theoretical implications:

— Symmetry of derivatives of conditional input demand function:

iz.( W) = *°Clw,q) _ 3*C(w,q) _iz_( w)
ow; P = ow;ow;  Owjdw;  0w; P

— Sign of derivatives of conditional input demand function:

)
5—2zi(w,q) <0
6w,-
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Shephard’s Lemma
Theoretical implications

Proposition 3.21 (Shephard’s lemma) If C is differentiable, then for w € R

++
0
zi(w,q) = 3 -C(w, q)
1
Theoretical implications:
— Symmetry of derivatives of conditional input demand function:
0 (p.w) 0°C(w,q) 0%C(w,q) 0 (p.w)
—2Zilp,w) = = = —2Zzlp,w
ow; P ow;0w; ow;ow; ow; P

— Sign of derivatives of conditional input demand function:

0w @) = s Clw,g) <O
zi(w, = —C(w,
ow; 9 ow? s
because C is concave so its Hessian is negative definite, and negative definite matrices have
non-positive diagonal entries. 38/55




Shephard’s Lemma
Theoretical implications

Proposition 3.21 (Shephard’s lemma) If C is differentiable, then for w € RLQ:

)
C ’
ow, (w,q)

zi(w, q) =

Theoretical implications:

— Sign of derivative of marginal cost with respect to input prices:

0 9C(w,q) _ 0zi(w,q)
ow;, 0q 0q

39/55



Shephard’s Lemma
Theoretical implications

Proposition 3.21 (Shephard’s lemma) If C is differentiable, then for w € R++,

Zi(qu) — C(qu)

ow;
Theoretical implications:
— Sign of derivative of marginal cost with respect to input prices:

9 9C(w,q) _ 2 3C(w,q) _ dz(w,q)
ow; 0q dg Oow; oq

If %"‘q’) > 0, we call it a normal input; if 62’7‘”) < 0, we call it an inferior input.
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Shephard’s Lemma
Empirical implications

Proposition 3.21 (Shephard’s lemma) If C is differentiable, then for w € RLQ:

Zi(qu) — C(qu)

ow;
Empirical implications:

— If you observe how total costs respond to exogenous changes in input prices, then you know the input
policy function (and under a weaker assumption than before!)
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A broader view

Utility maximization Cost minimization

max u(x)st.p-x<w min w-zst f(z) =gq
x€RL z€RL
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Utility maximization Cost minimization
max u(x)st.p-x<w min w-zst f(z) =gq
x€RL z€RL

— They are both constrained optimization problems, so why don’t the properties of utility maximization
map directly onto cost minimization?
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A broader view

Utility maximization Cost minimization
max u(x)st.p-x<w min w-zst f(z) =gq
x€RL z€RL

— They are both constrained optimization problems, so why don’t the properties of utility maximization
map directly onto cost minimization?

— It matters whether it’s the objective or the constraint that’s linear and whether prices appear in the
objective or in the constraint.

— But there are some direct analogs....
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A broader view

Expenditure minimization Cost minimization

e(p,u) = min p-xs.t.u(x) >0 C(lw,q) = min w-zst f(z)=gq
x€RY z€RL!
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A broader view

Expenditure minimization

e(p,u) = min p-xst u(x) >0
XER&

Proposition 2.55
(i) eis homogeneous degree 1in p.
(i) eis concavein p.

(iii) eisincreasingin 1.

Cost minimization

C(lw,q) = min w-zst f(z)=gq
zERLH

Proposition 3.10

(i
(ii
(iii

(iv

)
)
)
)

C is homogeneous degree 1in w.
C is concave in w.

C is nondecreasing in g.

If f is homogeneous of degree k in z, the C is

homogeneous of degree 1/k in g.
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A broader view

Expenditure minimization Cost minimization
e(p,u) = min p-xs.t.u(x) >0 C(lw,q) = min w-zst f(z)=gq
x€RY z€RL!

Proposition 2.55 Proposition 3.10

(i) eis homogeneous degree 1in p. (i) Cishomogeneous degree 1in w.

(”) e is concave in p. (ll) C is concave in w.

(iii) eis increasingin . (iii) Cis nondecreasingin q.

(iv) If f is homogeneous of degree k in z, the C is

homogeneous of degree 1/k in g.

— There's something called Shephard’s Lemma for EMP and something called Shephard’s Lemma for CMP.
The two are exactly the same.
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Profit maximization without and with market power
— No market power:

max pf(z)—w-z
zeRLH
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Profit maximization without and with market power

— No market power:

max pf(z)—w-z
zeRLH

— Output market power:

max p(f(z))f(z) —w -z
zeRL

Assume that p’(q) < O for all g.
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Profit maximization without and with market power

— No market power:
max pf(z)—w-z
zeRL—
— Output market power:

max p(f(z))f(z) —w -z
z(EHRL"

Assume that p’(q) < O for all g.

— Input market power:

max pf(z) —w(z) -z
zeRL—

Assume that aW’ z) > 0and aW’ z) — Oforall i # .
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Profit maximization without and with market power

— No market power:

max pf(z)—w-z FOC: pVf(z) =

zERL—

— Output market power:

max p(f(z))f(z) —w -z
z(fﬂ{L"

Assume that p’(q) < O for all g.

— Input market power:

max pf(z) —w(z) -z
zeRL—

Assume that aW’ z) > 0and aW’ z) — Oforall i # .

w
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Profit maximization without and with market power

— No market power:

max pf(z)—w-z FOC: pVf(z) =
ZERL —1
— Output market power:
max p(f(z))f(z) —w -z FOC: [p(f(z)) +p’(f(2)f(2))IVFf(z) =w

z€RLH
Assume that p’(q) < O for all g.

— Input market power:

max pf(z) —w(z) -z
zeRLH

Assume that aW’ 2 > 0and aW’ z) — Oforall i # .
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Profit maximization without and with market power

— No market power:

max pf(z)—w-z FOC: pVf(z) =
ZERL —1
— Output market power:
max p(f(z))f(z) —w -z FOC: [p(f(z)) +p’(f(2)f(2))IVFf(z) =w

z€RLH
Assume that p’(q) < O for all g.

— Input market power:

max pf(z) —w(z) -z FOC: pfi(z) = w{(z)z + wi(z)
zeRL—

Assume that aW’ z) > 0and aW’ z) — Oforall i # .

43/55



MRTS with and without market power

— No market power:
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MRTS with and without market power

— No market power:

— Output market power:
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MRTS with and without market power

— No market power:

filz)  w
f = =
pVfi(z)=w = 2 " W
MRTS

— Output market power:

pUF(2)) + P (RN VF(2) = w = = 2
MRTS
— Input market power:
filz)  w/(z)zi + wi(z)

fir(z) — wi(zi)zir + wi(zi)

~——
MRTS 44/55



Profit maximization implies cost minimization

7i(p, w)

max pf(z) —w-z
zeRLA

max | max pg—w-zst f(z)=gq

q |zeRt

maxpg— | min w-zst f(z) =gq
q

ZGRL71

max pq — C(w, q)
q

CMP
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Profit maximization implies cost minimization (with output market power)

m(w) = max p(f(z))f(z) —w-z
zeRL

=max | max p(qlg—w-zst. f(z)=gq
q |zeRL

=maxp(gq)g— | min w-zst. f(z)=gq
q zERL

~
CMP

= mqaxp(q)q— C(w,q)
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Profit maximization implies cost minimization* (with input market power)

n(p,w) = max pf(z) —w(z)-z
zeRL

=max | max pg—w(z) -zst f(z)=q
q | zeRL!

=maxpg— | min w(z)-zst. f(z)=gq
q zeRL

CMP*
=maxpq — C(a)
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Quantity choice under perfect competition

m(p, w) = max pq — C(w,q)

FOC:

0

Price equals marginal cost. Zero profit on the marginal unit.
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Quantity choice with output market power

Quantity choice:

FOC:
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Quantity choice with output market power

Quantity choice:
mi(w) = m;?Xp(q)q — C(w,q)
FOC:

[p(@™) +p'(¢™)q™] = aan(W’ q™)

Marginal revenue equals marginal cost.
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Quantity choice with output market power

Quantity choice:
mi(w) = m;?Xp(q)q — C(w,q)
FOC:
m / m m a m
[p(@™) +p'(¢™)q™] = ==C(w,q")

Marginal revenue equals marginal cost.

d
= p(q") = 5 Clw,q") —p'(g™) q"
<0
d m
> a—qC(W,q )

Positive profit on the marginal unit.
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Quantity choice with output market power

Quantity choice:
ni(w) = m;?Xp(q)q — C(w,q)
FOC:
m !/ m m a m
(p(@™) +p'(¢™)q ]ZafC(w,q )
q
Marginal revenue equals marginal cost.
0
= p(q") = 5-Clw,q") - p'(g™) q"
—
<0
0
> 7C(W’ qm)
aq

Positive profit on the marginal unit. How much profit?
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Price choice with output market power
Equivalently, price choice:

mpaxpD(p) — C(w, D(p))
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Price choice with output market power

Equivalently, price choice:

mlgxpD(p) — C(w, D(p))

FOC:
[P0 (p™)+ D(p™] = 5 Clw, D(p™)D' (5™
w O . D(pm
P g < ) = T pim)
P"—5gCw.D(P™)  D(pm)
p ~ D’(pm)pm

“Lerner Index”: L=——
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Price choice with output market power

Equivalently, price choice:

m[;'axpD(p) — C(w, D(p))

FOC:
[P"D'(p™) + D(p™)] = Equ(w, D(p™)D'(p™)
m_ 0 my_ _ D(p™)
p _aiqC(W,q )— D’(p’") pm <1—i€_€> aan(W,D(Pm))
P"—5gCw.D(P™)  D(pm)
p ~ D’(pm)pm

“Lerner Index”: L=——
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Price choice with output market power

Equivalently, price choice:

mpaxpD(p) — C(w, D(p))

FOC:
m / m m a m / m
[p™D'(p™) + D(p™)] zaqu(w,D(p ))D'(p™)
0 D(p™)
pm— 2w, gm) = — 2" m (€ N2 o Dl
X 0gq D'(p™) p <1+€> g (w,D(p™))
P — 54 Clw, D(p™)) D(p™)
= = TR o Question: What happens in the limiting cases
P D’(p™)p : . .
1 (perfectly elastic and perfectly inelastic
“Lerner Index”: L=—— demand)?
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Input choice with input market power

Let’s make our lives easier by simplifying the problem: Suppose there’s only one input (or at least,
there’s only one input market in which the firm has market power).

max pf (z) — w(z)z
z
Since w(z) is increasing, we can define its inverse z(w) and rewrite the problem as

mvexpf (z(w)) —w - z(w)
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Input choice with input market power

Let’s make our lives easier by simplifying the problem: Suppose there’s only one input (or at least,
there’s only one input market in which the firm has market power).

max pf (z) — w(z)z
z
Since w(z) is increasing, we can define its inverse z(w) and rewrite the problem as

mvexpf (z(w)) —w - z(w)

FOC:
pf'(z(w))z'(w) = 2" (w)w + z(w)
f'(z(w)) z(w)

p 1
w z'(w)w

W) 1 Ten
w €z,w €z,w

w = (1 fg:y) pf'(2(w)) < pf”(z(w))

where €, > 0 is the elasticity of input supply. e



Taking a step back

— Most markets don't actually have a monopolist or monopsonist.
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— It depends on the interpretation of D(p).
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Taking a step back

— Most markets don't actually have a monopolist or monopsonist.

— Only Ford can make the F-150, but many other firms sell trucks that are good substitutes for F-150.
— In that case, is knowing how monopolists sets price against demand curve D(p) actually any use?

— It depends on the interpretation of D(p).
— If D(p) is the demand for pickup trucks, then no.

— But it is useful for thinking about oligopoly if D(p) is the residual demand for pickup trucks taking
other products’ prices as fixed.

— In this case, we can use monopoly pricing to derive Ford’s best-response pricing of F-150 taking all
other trucks’ prices as given.
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Oligopolist as monopolist facing residual demand curve

Suppose the only two pickup trucks available are Ford F-150 and Chevy Silverado. Demand curve is

Dy (px, p—k) =1— pi +0.5p_x

foreach k € {F, C}.
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Oligopolist as monopolist facing residual demand curve

Suppose the only two pickup trucks available are Ford F-150 and Chevy Silverado. Demand curve is
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foreach k € {F, C}.

Assuming constant marginal costs, Ford’s choice taking p¢ as given is
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Oligopolist as monopolist facing residual demand curve

Suppose the only two pickup trucks available are Ford F-150 and Chevy Silverado. Demand curve is
Dy (px, p—k) =1— pi +0.5p_x

foreach k € {F, C}.

Assuming constant marginal costs, Ford’s choice taking p¢ as given is

”;«’;\X(PF — ¢r)Dr(pF; pc)

FOC is
1—prF+0.5pc — (prF—cF) =0

_1+cr | pc
T2 T

PF
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Oligopolist as monopolist facing residual demand curve

Suppose the only two pickup trucks available are Ford F-150 and Chevy Silverado. Demand curve is
Dy (px, p—k) =1— pi +0.5p_x

foreach k € {F, C}.

Assuming constant marginal costs, Ford’s choice taking p¢ as given is

”;«’;\X(PF — ¢r)Dr(pF; pc)

FOC is
1—prF+0.5pc — (prF—cF) =0

_1+cr | pc
T2 T

PF

This is Ford’s best response to Chevy'’s choice of price. 53/55



Properties of monopoly pricing

— What point on the demand curve does monopolist choose?
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€
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p">0% >0
Se<—1
Elastic part of the demand curve.

— As long as demand is inelastic,
to an elastic part of the demand curve.
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Properties of monopoly pricing

— What point on the demand curve does monopolist choose?

pm_(1+e>c,
€

14 €

3

p">0% >0

Se<—1
Elastic part of the demand curve.

— As long as demand is inelastic, g—g > 0, so increase price (i.e., decrease quantity) until you get
to an elastic part of the demand curve.

— Inefficiency? Yes, any deviation from p = a%, C(w, D(p™)) means quantity is inefficient.
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Properties of monopoly pricing

— What point on the demand curve does monopolist choose?

pm_(1+e>c,
€

14 €

3

p">0% >0

Se<—1
Elastic part of the demand curve.

— As long as demand is inelastic, g—g > 0, so increase price (i.e., decrease quantity) until you get
to an elastic part of the demand curve.

— Inefficiency? Yes, any deviation from p = a%, C(w, D(p™)) means quantity is inefficient.

— p™ is weakly increasing in marginal cost.
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Proof: p™ is weakly increasing in marginal cost.
— Suppose ¢, (q) > ¢/(q) forall g > 0.

— Let (py, g1) and (pz, g2) denote the corresponding monopoly prices and quantities.

— Key idea: Both (py, 1) and (p, g2) are points on the demand curve, so both feasible for both
monopolists.
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— Combining the two:

[e(q) —alg)] — [e(g2) —alg)] = 0
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Proof: p™ is weakly increasing in marginal cost.
— Suppose ¢, (q) > ¢/(q) forall g > 0.

— Let (py, g1) and (pz, g2) denote the corresponding monopoly prices and quantities.

— Key idea: Both (py, 1) and (p, g2) are points on the demand curve, so both feasible for both
monopolists.

pigi — ailqr) = pag2 — ai(q2)
P2G2 — &(q2) = pigh — ()

— Combining the two:
[e(q) —alg)] — [e(g2) —alg)] = 0

which implies

r [cl(x) — c/(x)] dx > 0
—_———

q2
>0 Vx
55/55

SO g = G, which means p; < po.
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