ECON 6130: Macroeconomics 1
Problem Set 2

Problem 1

. In each period, the aggregate endowment in the economy is the total of each individual’s endow-
ment. That is, e +e?+¢} = 3. This is because at a given time period ¢, only one of the individuals
receives an endowment of 3.

. In the Arrow-Debreu equilibrium, markets open at t=0. Agents trade claims to consumption at
all time periods ¢. There is no trade at time ¢ > 0.

A competitive ADE is a set of prices {p;};2, and allocations {¢;}7°, such that -

— Given prices, the allocation is the solution of the following maximisation problem -

max Z Blog(ct)

{ei} 7
s.t. ZﬁtCi S Zﬁtei (1)
t t
ch > 0Vi t
— The market clears at all time periods -

Zégzze;‘:za Vi (2)

. In this case, market opens at every period ¢t. Each agent trade claims to consumption one-period-
ahead. That is, in period t, each agent trades claims for period ¢t + 1. Markets close at period ¢
and then open again at period ¢ + 1 and so on. The natural debt limit for each individual is as
follows -

Ap = "plel (3)
T=t

In the above equation, 7 is every period after ¢. The debt limit signifies the maximum amount
the agent can borrow at period t, if they do not consume anything after period 7, at prices p..

The price of a claim in period ¢ to one unit of consumption in time ¢ + 1 is given by Q;. An agent
i’s consumption claim in period is given by a.

A sequential trading equilibrium is a distribution of assets {aj,,} V i,¢, and allocation of
{¢i} V i,t, and pricing kernels @, such that



— Each consumer maximises utility in period t, -

max Y Blog(c)

{aj bidh 4
st o 4al,,Qr < el +alVit (4)
— ) < Ay
ch>0Vi t

— Markets clear for all ¢
da=> ¢ (5)
Z dt.+1 =0 (6)

4. If {¢{} is the ADE allocation under prices {p;}{2,, then there exists a pricing kernel Q. such that
Per1 = PrQq such that & = ¢ Vi, t and the associated assets hold.

5. The lagrangian for the utility maximisation problem given that markets clear at all time periods
is given as follows -

Cta Zﬁtlog Ct Zptct Zptet (7)

The budget constraint is binding given a concave utility function and ¢ > 0 since the INADA
conditions hold. Taking the derivative with respect to ¢! gives us for time period ¢

B -
— =A\py = B = APiCy (8)
t
and for time period ¢ + 1,
gt = )‘pt:rlciﬂ (9)
Dividing (9) by (8), we get
piric N i g
= —H} EH = B¢ = Pr+1Ci1q (10)
D¢y

Using the market clearing equality (3, ci = Y el for every time period), we get

Bp Z ¢t = P Z Ci+1 = [Opr Z € = Pri1 Z €i+1 (11)

= Bt = Din (12)

Since we are given that py = = B, p, = B? and so on, or p; = 3. Now, revisiting the budge
constraint, we have -



Y Bl => B (13)
t t

Note that ¢} is a constant for each i from (9). Therefore, for agent 1 we have,

t
1 1
- 10_5 =1 _353 = ¢ = ?)i——ﬁf) could simplify further (15)

Following a similar logic, we have for person 2

2 3 36(1 —
1 C_ 31 _553 — &= /ﬁ(_ 53@ (16)
and for person 3,
3 332 362%(1 —
10_521_653 — &= 51(_53@ (17)

6. All agents consumer a positive amount in each time period which makes them better off compared
to scenario of no trade since utility would to tend to negative infinity in time periods with no
endowment. Note that person 1 is better off then person 2 and so one because person 1 gets
endowed in period 1 and therefore the present value of the future endowments is the highest for
person 1.

7. From (10) in the previous answer we have,

Bﬁtci = ﬁt+10§+1 (18)

Since p; = 3,
B =", = 6=y (19)
Note that consumption is constant is over time and given by equations (15), (16), (17) before. For

a value of § = 0.9, the graph of prices (with price on the y-axis and time on the x-axis) is given

as follows -
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could simplify further


The consumption graphs with time on the x-axis is as follows -
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The blue line is the consumption path for agent 1, with red for agent 2 and green for agent 3. As
explained previously, the constant consumption paths are different for each of the agents because
agent 1 was the first to be endowed.

. Suppose the price of an asset at period 0 is pJ. The price of one unit of consumption delivered in
period ¢ is p?. So,

> > 0.05
0 — Aodt — t . — 2
Do ;:0 Dy ;:o £°0.05 ] (20)

. The optimisation problem of the social planner who maximises total welfare is given as follows -
max > DaBfog(er) + XaBlog(e) + (1= = Ao)Blog(c})]

Ct +

s.t. Zcz < Zei‘v’ t (21)

ch>0Vi t

where A1, Ay, A3 are the pareto weights.
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10. The lagrangian for the social planner’s optimisation is given as -

11.

L= Z[)\lﬁtlog(c%) + AofBllog(c?) + (1 — A\; — Xo)Bllog(cd)] — ut[z el — Z ] (22)

Taking the derivative, we get -

A A B
1 1 1 1
c = — ¢ = 23
t ] Ht t s (23)
o3t Ao B
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Cy He
Given the market clearing condition, in a given time period we have,
st g
2 o3 — 4, == 26
He e 3 (26)
Substituting this in (23)-(25), we get,
2 =3\ (28)
cf =3(1 =X — X9) (29)

Given the ADE prices, we can substitute the pareto efficient bundles in each consumer’s budge
constraint to get -

> Blef =) Ble} since p, =B (30)
3\ Xt:ﬁt = _353 (31)
= A\ (1 — 53) (32)
Doing the same for the rest, we get
.5 o
=200 o

For the CE allocations to be the same as allocations for the social planner, we need the above
restrictions on the pareto weights, p;, = /' and that each consumer’s budget constraint is satisfied.

The consumption sequence will not remain constant since the endowments change according to
the time period. In this case, the total endowment is 3 for periods ¢t = 0, 3,6.. and 4 for the rest
of the periods. Therefore, for time periods t = 0, 3, 6.., using the market clearing conditions we
get i—z = 3 and i—z = 4 for the other time periods. Therefore, we have c¢i = 3\; V i in periods

t=0,3,6.. and c. = 4)\; Vi in the other periods.
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2 Problem 2

1. For wy(c) to be concave, we need that
Avg(x) + (1 = Avg(y) < vp(Az + (1 = Ay)) (35)

for two pareto optimal solutions (z1,x2) and (y1,y2). We have,

vp(x) = Bu(z1) + (1 — O)w(z2) (36)

vp(y) = Bu(yr) + (1 — O)w(ys) (37)

Avg(x) 4+ (1 = MNwg(y) = Au(z1) + A1 — O)w(w2) + (1 — AN)fw(y1) + (1 = A)(1 — Ow(y2) (38)
= 0 u(z1) + (1= Nu(y)] + (1 = 0)[dw(z2) + (1 — Nw(y:)] (39)

< Ou(A(z1) + (1= N)(y1)) + (1 — O)w(Axe + (1 — A)(y2)) since u,w are concave (40)

= Avg(x) + (1 = Ava(y) < vo[Az + (1 — Ay] (41)

2. The Lagrangian of the optimisation problem is as follows -

L = 0u(c") + (1 — 0)w(c?) — Nc' + & — (] (42)

The FOCs are as follows -
Ou'(ct) = A= (1 —0)w'(c?) (43)
Given that u, c are concave, the budget constraint must be binding that is ¢! + ¢ = ¢ that is
d
oL _ )
8L / 1.1 /(.2
— E:ve(c)zeu(c):(l—e)w(c) (44)

3 Problem 3

1. Fori =1, u(c') > u(cl). Since u(.) is increasing, it must be that ¢t >l = piel > piel. Which
in turn implies that, Y~ pect > >, prc! since all prices are strictly positive.

2. Following the same logic as above, since u(.) is increasing, for ay i, u(d@) > u(d) = ¢ > d.
And we have, p,ct >ptcl — > Optc >y OptcZ

3. Let ¢! be each consumer i’'s endowment and since the Budget constraint binds,
Et: D_hiel = zt: D> e (45)
— Z bl + Z Z pici (46)
Zptc 1 Z Zptc = Zptc (47)
-y Z et < Y (43)

(48) violates the feasibility condition and therefore {¢i}?°, is pareto optimal.
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