ECON 6130 — Prelim exam — Fall 2023

October 11, 2023

Name:

This is a closed-book exam. Some questions are harder. Don’t worry if you cannot answer them all

and plan your time accordingly. Good luck!

Where does the return on stocks come from?

Historically, broad stock market indexes such as the S&P 500 have outperformed risk free assets
such as short-term government bonds. Many people attribute this equity premium to vague factors
like “the economy is doing great”, etc. We will investigate what drives the equity premium in a
simple model using the tools that we have learned in class.

Consider an infinite-horizon endowment economy with a unit mass of identical agents. There is
a unique consumption good that is tradable but non-storable. Each agent is endowed with a stream

y of consumption goods that evolves according to

Yt+1 = Tt+1Yt,

where x;y1 is a random variable that is equal to x > 0 with some probability ¢ and equal to 2; > 0

with probability 1 — ¢. The draws are independent across time and x; > x;. Each agent maximizes

> Blul(a),
t=0

where, as usual, 0 < 8 < 1, and wu is strictly increasing, strictly concave, differentiable and satisfies

the Inada condition.



1. (5 points) Define an Arrow-Debreu equilibrium in this environment. Use s; to denote the draw

of the stochastic event in ¢ and s' = (sg,...,s;) to denote the history of events up to time ¢.



2. (10 points) Show that for any asset with a stochastic dividend process {d; (st) its price

}t27+1v
in period 7, in units of period 7 goods, is given by

= X i () a (),

t>741 st|s7 u' (yr (s7))

where m; (s']s7) is the conditional likelihood that history s' is realized.



@, where

3. (15 points) From now on, assume that preferences are CRRA such that «’ (¢) = ¢~
« is the coefficient of relative risk aversion. The price of the entire endowment process from

7+ 1 onward (the whole equity market) is thus given by

pr(sT) = Z Z 5t_7y7; ((Z:)) Yt (St) Tt (8”87) . (1)

t>7+1 st|s™ Y

Given the structure of the economy, this price is recursive and only depends on the (known)
endowment y, at 7. Denote by P¢(y) the price (1) of equity when the current endowment is
y. Show that

P?(y) = By™ [q ()™ (P* (zny) + yan) + (1 = q) (miy) ™" (P° (i) + ya)|

Further show that we can write P°(y) = wy for some constant w that only depends on

parameters. Find w.



4. (5 points) Consider now a risk-free asset that pays one unit of consumption good in period

7+ 1 only, regardless of the state of the world. What is the price p/ (s7) of that asset in period

77 Define its rate of return as
o — 1—pf (ST).

Pk (s7)

What is 77?7 Does it depend on ¢ or on s7?



5. (5 points) We are interested in figuring out the return on equity and how it compares to the
return on risk-free assets. Define the realized return on equity in state xz;, for ¢ € {h,l}, as
e _ P (ymi) +yxzi — P (y)

I

‘ Pe(y)

The expected equity return is then r¢ = ¢rf, + (1 — ¢) r{. Compute the equity premium r®— rf

as a function of parameters.



6. (10 points) If the agent is risk neutral (o = 0) is the equity premium positive or negative?
If the agent has log preferences (o = 1) is the equity premium positive or negative? What
happens to the equity premium if there is technological improvement, in the sense that both
x; and xjp are multiplied by A > 17 Suppose that the economy is doing great, but that risk
disappears (zp = x; > 0), what happens to the equity premium? What can you conclude
about the relation between risk and the outperformance of equities compared to risk-free
bonds?

P.S. This analysis, in a slightly more complicated setup, was initially done by Mehra and Prescott
(1985). They showed that with realistic parameters the model was not able to capture the large

magnitude of the equity premium in the data. This sparked a large literature that is still ongoing.
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