Econ 6190 Problem Set 7

Fall 2024

1. Let {X;...X,} be a sequence of i.i.d random variables with mean p and variance o?. Let
p= %Z?:l Xi; and &% = %Z?:l(Xi — f1)?.

(a) Suppose EX? < 00,i=1,...n. Show 6> 5 0% as n — oo.

(b) Imposing additional assumptions if necessary, find the asymptotic distribution of
Vn(6? — o?)
by using delta method. Carefully state your results.

2. |Hansen 8.10] Let X ~ U[0,b] and M,, = max;<,, X;, where {X;,i = 1...n} is a random sample
from X. Derive the asymptotic distribution using the following the steps.
(a) Calculate the distribution F'(z) of U|0, b].
(b) Show

1<i<n 1<i<n

Zn=n(M,—b)=n (maxXi—b) = max n (X; —b).
(c) Show that the cdf of Z,, is
Gu(w) = P{Z, < a} = (F(b+ )"

(d) Derive the limit of G,(z) as n — oo for < 0. [Hint: Use lim,, oo (1 + £)" = €|
(e) Derive the limit of G, (x) as n — oo for x > 0.

(f) Find the asymptotic distribution of Z,, as n — oc.



(a) Note: [ 2 1 = EX; directly by Chebyshev’s Law of Large numbers since we assumed

EX? < 00,i=1,...n. Moreover,
1 n
~2 § : 2 ~AN2
g = — X — [

Since EX? < o0, it follows by Khinchin’s Law of Large numbers 1 37 | X2 % EX?. We've shown
5 . Tt follows by continuous mapping theorem that

62 BLEX? — [EX,)? = var(X) = o2

C b} Note we can write 02 = EX? — (EX)* = h(EX? EX), where h(a,b) = a—b? is a smooth function

of both a and b. Similarly, write 6% = h(fiz, i ), where fiy = £ 3> X? | fiy = £ 3> X, Thus by Taylor
=1

i=

expansion:
a
Hah(awb) | a= /7'2 ) n , )
b= i EZ(XL_EX)
\/77(6'2 — 0'2) = P) \/ﬁ [:r% ’
U CLAVINY LY (X EX)
b = /11

[ 7 EX?
where ( 'Ifz ) lie on the line between ( {LQ ) and ( )
M [ EX

(I

Now assuming E < o0, which requires EX?* < oo, it follows by multivariate CLT

that N
FY(XE-EXY) X2
Vn =1 — N(0, var )
Ly (X; - EX) X
i=1

(i EX?
Also note 'tfz LS under assumption EX* < oo, so
[ EX

9 9
(,)ah(a, b) | o= /12 aah(av b) | a= EXZ
B b=in ) | 5 b=EX B ( 1 >
= ﬁ ﬁ - _ :
sh(a,b) | 0= i sh(a,b) | 0= EX? 2EX

It follows by continuous mapping theorem that

roerisf e =) 20)

X2 B var(X?)  cov(X? X)
v X ~\ cov(X, X)) var(X) '

It can be further verified that

1 ' X2 1 ) , ,
N (5 T E——

which simplifies to

where

V2 = var [(X — EX)?].

Such verification is algebraically tedious and not required.



a . (a) This is a uniform distribution, so

0 ifz<O
Fl)=PX <z]=q% if0<z<b
1 ifz>0.

(b) Since both n and b are constants,

max n (X; —b) = n max (X; —b) =nmax (X;) —b= 27,

1<i<n 1<i<n 1<i<n

as required

()
Gn(x) =P{Zn < T}

=P {n (max X; — b> < m}
1<i<n
b

=P { max X; < L + }
1<i<n n
=P{X1 <Tib .. X, < 5+b}
n n
= [P {X,— <I4 b}] (by i.i.d assumption)
n
T n
=[FC+0)]
[P +0)
as required

(d) Note X; ~ U[0,0]. If 2 <0, £ +b < b, hence

Gola) = W”]”: 1+ 2] e

Lk

as n — 0.
(e) If x>0, £+b>b, hence
Gu(z)=[1"=1.

(f) Based on results from (d) and (e), we can conclude

es <0

G,(z) =
1 >0

as n — oQ.



