
Problem Set 10

Due: TA Discussion, 8 November 2023.

1 Additional Exercises

Exercise 1. Consider the problem of maximising u : R2 → R given by u(x1, x2) := x0.5
1 + x0.5

2

subject to the budget constraint; i.e.,

Γ :=
{
(x1, x2) ∈ R2 : px1 + x2 ≤ m, x1, x2 ≥ 0

}
,

where p, m > 0.

(i) Prove that a solution to the utility maximisation problem exists.

(ii) Prove that a solution must lie on the boundary of the set Γ.

(iii) Solve the Lagrangian as an equality-constrained one while ignoring the nonnegativity con-
straints. Does the solution to the Lagrangian identify a solution to the original problem?
Why or why not?

Exercise 2. Consider the equality-constrained optimisation problem from class notes:

max
x∈Rd

f (x) s.t. hk (x) = 0 ∀k ∈ {1, . . . , K} , (1)

gj (x) ≥ 0 ∀j ∈ {1, . . . , J}

were f : Rd → R, hk : Rd → R for each k ∈ {1, . . . , K}, and gj : Rd → R for each j ∈ {1, . . . , J} are
all C1 functions. Define the Lagrangian, L : Rd × RK × RJ → R, as

L (x, µ, λ) = f (x) +
K

∑
k=1

µkhk (x) +
J

∑
j=1

λjgj (x) . (2)

Say that a vector (x, µ, λ) ∈ Rd × RK × RJ is a critical point of L if it satisfies the following set of
equations:

(i) for all i ∈ {1, . . . , d},
∂L
∂xi

(x, µ, λ) = 0;

(ii) for all k ∈ {1, . . . K} ,
∂L
∂µk

(x, µ, λ) = 0;
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(iii) for all j ∈ {1, . . . , J},

λj ≥ 0
∂L
∂λj

(x, µ, λ) ≥ 0, λj
∂L
∂λj

(x, µ, λ) = 0.

Let S denote the set of all critical points of L and SX denote the projection of S onto the first d
components of S; i.e.,

SX :=
{

x ∈ Rd : ∃ (µ, λ) ∈ RK × RJ , (x, µ, λ) ∈ S
}

.

Now consider the following problem:
max
x∈SX

f (x) . (3)

Show that if a the problem (1) attains a global maximum at some x∗ ∈ Rd such that hk(x∗) = 0
for all k ∈ {1, . . . , K}, gj(x∗) ≥ 0 for all j ∈ {1, . . . , J}, and the constraint qualification holds at x∗,1

then a x◦ ∈ SX that solves (3) is also a global maximum.

Remark 1. This should convince you that the “usual” approach you use to solve for constrained
optimisation using Lagrangian works if (i) a global maximum exists and (ii) the constraint quali-
fication is met at global maxima.

Exercise 3. Consider the consumer’s problem of maximising utility u : R2 → R given by u(x1, x2) :=
x1 + x2 subject to the budget set

B (p1, p2, m) :=
{
(x1, x2) ∈ R2

+ : m − p1x1 − p2x2 ≥ 0
}

,

where m, p1, p2 > 0.

(i) Write the constrained optimisation problem and the associated Lagrangian.

(ii) Show that the constraint qualification is satisfied. Hint: Argue that any optimum must ex-
haust income and then that the constraint qualification constraint holds no matter what other
constraints bind.

(iii) What can you say about critical points that solve the Lagrangian in this case?

Exercise 4. Suppose a firm’s production function is given by g : R3 → R, where

f (x1, x2, x3) := x1 (x2 + x3) .

The unit price of firm’s output is p > 0 and the price of each inputs are wi > 0 for i ∈ {1, 2, 3}.

(i) Describe the firm’s profit-maximisation problem, and derive the equations that define the
critical points of the Lagrangian of this problem.

(ii) Show that the Lagrangian as has multiple critical points for any choice of (p, w1, w2, w3) ∈
R4

++.

(iii) Show that none of these critical points identifies a solution of the profit-maximisation prob-
lem. Explain why.

1The relevant constraint qualification is the one that allows for both equality and inequality constraints.
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