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Exercise 14 Assume that =, = z and y, — y. TF:
(i) {zn +yn}tn — =+ y: True.

Proof. Fix some ¢ > 0. Then choose § = ¢/2. From the definition of convergence, 3 N,, N, €
Ns.t. Vn> N, |z, —x| <6, and Vn > Ny, |y, —y| <. Then taking N = max{N,, N,}, we have
that for all n > N, |z, +yp —z —y| < |zp — 2| + |yn — y| < 20 = €. Thus, {x, + yntn 2> 2+ y O

(il) xnyn — zy: True.

Proof. Fix ¢ > 0. Note first that since convergent sequences are bounded, |z,|,|ynl, |z],|y| < M
for some M > 0. Choose § = 55;. From the definition of convergence, 3 N,, N, € Ns.t. Vn >
N, |z, — 2| < d and Vn > Ny, |y, —y| < 6. Then choosing N = max{N,, N,}, we get that Vn > N,

[Znyn — Y| = [Tnyn — TYn — 2y + 2yn| = [(@n — 2)yn + (Y0 — Y)| < [(@n — )yn| + [(yn — )|
and since convergent sequences are bounded by M, we have that
€
2
Thus, z,y, — zy. O

3
[enyn — xyl <len —al|M]+lyn —yl[M] < S+ 5 =¢

i) z, — Yy, = —y: True.
(iii) y y

Proof. Note that if y, — vy, —y, — —y. Call z,, = —y,, Vn. Then z, — z = —y, and this problem

becomes x,, + z, — = + z, which was proved in part (i). O
(iv) i — %: False. Consider z,, = % zn, — 0, but i diverges, and does not converge.
(v) = — +: False. Choose x, =1V n, and this problem is identical to part (iv), which was shown to be

fyaﬁse by counterexample.

Exercise 18 False! Consider the sequence {x,,},, where:

{—1 n is odd
T, =

n n is even

—1 is the unique real number where (—1 — ¢, —1 + ¢) contains an infinite number of elements of {z,}, but
{z,} diverges by inspection.

Exercise 23 True!

Proof. We have that x,, — = € R. Take ¢ = 1. From the definition of convergence, 3 N € Ns.t. Vn >
N, |z, —z| < 1. Thus, we have that ¥ n > N, |z, | is bounded by |z|+ 1. Since there are only N < co terms
of x,, where n < N, we can define

b = max{|z| + 1, |z1],...,|zN]|}

and z, € [-b,b] V n, so {z,} is bounded. O



Exercise 27 True!

Proof. We have that {x,}, is bounded, which means that 3 b s.t. x,, € [=b,b] V n. Take a subsequence
{zn,}. For x,, € {zy,}, we have that x,, € {z,}, C [-b,b]. Thus, {x,,} is bounded. O

Exercise 28 False! Consider the sequence {x, },, where:

{—1 n is odd
Ty =

n-(=1)"? nis even

The subsequence {z,, | n is odd} is bounded by inspection, but the sequence is neither bounded above nor
below.

Exercise 29 False! Consider the sequence z,, = n. It is unbounded, and any infinite subsequence of it is
unbounded, as there is no infinite subset of the natural numbers that is bounded.

Exercise 31 You can not. Consider the following example. {z,}, is such that x,, = 1V n. Then max S,
exists and is attained at every element of {z,},. However, max{m € N | z,,, = maxS;} does not exist,
because sup{m € N | z,,, = maxS1} = oo ¢ N.

Exercise 32 False! Consider the sequence x,, = % By Proposition 9, limsup z,, = limz,, = 0. However,
given any M € N, sup{z,, |n > M} = 3 > 0, so sup{z,, | n > M} > limsupz, V M € N.

Exercise 33 First, the disproof:
Disproof. (Disproof by counterexample) Take z,, = % and y, = n. Then limsup z,y, = limsup1l = 1.

However, x,, — 0 and y,, diverges, so 0limsupy, = 0-oco which is undefined. [

A condition that would make this statement true is forcing x,, to converge to x > 0.

Exercise 1 This set of sequences includes only sequences that meet the following criterium: they must be
constant after some N < co non-constant terms. Formally, {z,}, is *-convergent to = € R if

INeNst. Vn> N, |z, —x|=0

Proof. FSOC, assume that there exists some {y, }, that fails to meet this criterium but is still x-convergent
to some y € R. Since y,, fails to meet the criterium, that means that V N € N,3n > N where |y, —y| > 0.
However, fixing any N, we can choose € < |y, — y|. Thus, {y,} is not x-convergent by definition. O



