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1 More on Correspondences

Let us restrict attention to correspondences that are nonempty- and compact-valued. As before,
we assume tthat X C R? and Y C R? are Euclidean spaces (with d,q € N).

1.1 Upper and lower hemi-continuity in terms of sequences

Definition 1. A correspondence I' : X C R =Y CRYis

> upper hemi-continuous at x € X if, for any open subset O C Y such that I'(z) C O, there
exists € > 0 such that I'(B.(z)) C O.

> lower hemi-continuous at « € X if, for any open subset O C Y such that I'(z) NO # &, there
exists € > 0 such that I'(2) N O # @ for all z € B.(x).

Proposition 1. I': X CR? =Y C RY is upper hemi-continuous (resp. lower hemi-continuous) if
and only if T71(0) = {z € X : T'(x) C O} (resp. I_1(0) ={x € X : T'(z)N S # @}) is open for
every open O CY.

Lemma 1. Suppose I' : X C R? = Y C RY is a nonempty- and compact-valued upper hemi-

continuous correspondence. Then, I'(S) is compact in' Y for any compact subset S of X.

Proof. Let O be an open cover of I'(S). We wish to find a finite subset of O that covers I'(.S).
Note that, for each € S, O is also an open cover of I'(z). Since I'(x) is compact, there exist a
finite subcover {O1(z),...,0n, (z)} C O such that T'(z) C %, O;(xz) = O(zx). By Proposition 1
in “4. Correspondences”, "1 (O(z)) is open in X for each z € X. Moreover, I'(S) C |J,cqO()
so that S C (J,esT71(O()); ie., {L71(O(x)) : © € S} is an open cover of S. By compactness
of S, there exists {x1,...,2,} C S such that {T=Y(O(z;)) : i € {1,...,n}} is a finite subcover of
S. But then, by definition of I'"!, {O(z,,),...,0(z,)} must cover I'(S). Therefore, {O;(z;) : j €
{1,...,nz, },i € {1,...,n}} is a finite subcover of T'(S). |

*Thanks to Giorgio Martini, Nadia Kotova and Suraj Malladi for sharing their lecture notes, on which these notes
are heavily based.
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Proposition 2* Let F': X = Y be a nonempty- and compact-valued correspondence.

(i) F is upper hemi-continuous at « € X if and only if, for any sequence (x,), in X and any
sequence (yp), in Y such that x,, — x and y,, € I'(z,,) for all n € N, there exists a subsequence

of (yn)n that converges to a point in F(x).

(ii) F is lower hemi-continuous at z € X if and only if, for any sequence (x,,), in X with ,, =z
and y € F(z), there exists a sequence (y,)n in Y such that y, — y and y,, € T'(z,) for all
n € N.

Proof. (i) Fix © € X. Suppose that, for any sequence (x,), in X and any sequence (y,), in Y
such that z,, — x and y,, € F(x,,) for all n € N, there exists a subsequence of (y, ), that converges
to a point in T'(z). By way of contradiction, suppose I' is not upper hemi-continuous at z. Then,
there exists an open subset O C Y with I'(z) C O and I'(B;*_, (2))\O # @ for all n € N. But then
there exist sequences (), in z and (y.,), in Y such that z,, — « and y,, € I'(z,)\O for all n € N.
Since I'(x) € O and each y,, belongs to the closed set Y\O, no subsequence of (y/,) can converge
to a point in I'(z) C O.

Conversely, suppose that I" is upper hemi-continuous at « € X. If (z,,), is a sequence in X with
xn, — x, then S := {x,x1,x9,...} is sequentially compact in X. Then, by lemma 1 above, I'(S)
is sequentially compact in Y. Thus, if y, € I'(x,,) for all n € N, then (y,),—being a sequence in
I'(S)—must possess a subsequence (yy, )i that converges to some y € I'(S). To show that y € I'(x),
we can use the same argument as in the proof of part (ii) of Proposition 5 in “4. Correspondences”.

(ii) Suppose I is lower hemi-continuous at € X. Fix a sequence (z,), in X with z,, — = and
y € I'(z). By lower hemi-continuity, for every k € N, there exists a d;, > 0 such that I'(z)NB}_, (y) #
@ for all z € By (). Since x, — x, there exists an n; € N such that ||z, — z| < é1, and for any
k=2,3,..., there exists an ny € {ng_1 +1,nk_1 +2,...} such that ||z,, — z|| < Jx. This gives a
subsequence (2, )r such that I'(z,, ) N B} (y) # @ for each k € N. Now pick any (y,), in Y such
that

Yn €T (wy,) N B2 (y) ¥n € {ngy...,nk11 — 1} Yk €N,

Then, we have y,, — y and y,, € I'(z,,) for each n € N.

Conversely, suppose I' is not lower hemi-continuous at € X. Then, there exists an open
subset O of Y such that I'(z) N O # @ and, for every n € N, there exists an z,, € B;", (z) with
I'(z,) N O = @. Note that z,, — z, and pick any y € I'(z) N O. By hypothesis, there must exist
a sequence (yn), in Y such that y, — y and y,, € T'(z,) for all n € N. But since y € O and O is
open, y, € O for n sufficiently large, contradicting that I'(z,) NO = & for all n € N. [ |

Remark 1. In the class notes, we gave a sequential definition for the case in which, for some z € X,

F(x) could be empty and/or not compact.

Exercise 1. Define correspondences I'y,I's,I'3 : R = R as follows

r, () =40 ?fa:o,rz(e):: [0,1] ?fe:o,r?,(e):: {0} ?fQ:O.
{0} if0#£0 {0} if6#0 0,1] if0+£0

Which of them are upper hemi-continuous and which of them are lower hemi-continuous. Which of

them are compact-valued?
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Solution 1. I';: not compact-valued, not lower hemicontinuous, upper hemi-continuous. I's:
compact-valued, not lower hemi-continuous, upper hemi-continuous. I's: compact-valued, lower

hemi-continuous, not upper hemicontinuous.
Exercise 2. Let I': © =R, — X =R, be I'(9) := [0, 0]. Show that I" is continuous.

Solution 2. Fix § € ©. Observe that T' is compact-valued. Take a sequence (6,,), in © and
a sequence (p), in X such that 6, — 6 and z,, € T'(6,) = [0,60,] for all n € N. Define € :=
sup, ey |0, — 0| and let B.(0) (which contains all 6,,’s) denote the closure of the open ball centred

[07 max 9’]
0’€Bc(9)

which contains all x,,’s is compact, there exists a convergent subsequence (x,, )i of (zy), with limit

at 6 with radius e. Since the set

point z in the set above. By construction, we have 0 < z,, < 6,, for all n € N so that 0 < z < 6,
i.e., z € T'(). Hence, I is upper hemi-continuous at 6.

Fix 6 € ©. Take a sequence (6,,),, in © with 6,, — 6 and € F(#) (and such an z exists because
['(0) is nonempty). Let v := § < 1 and y,, = 70, for all n € N. Then, y,, € I'(f,,) for all n € N and

lim y, =~ lim 0, =~60 = =z.
n—oo n—oo

Hence, T" is lower hemi-continuous at 6 € ©.

Exercise 3. Let f : R4 — Ry be a continuous function and define I' : R — Ry by I'(d) :=
[0, £(0)]. Show that I' is continuous. Hint: Modify the proof from the previous exercise by letting

1(6) = 0.

Solution 3. Fix § € ©. Observe that T' is compact-valued. Take a sequence (6,), in © and
a sequence (%), in X such that 6, — 6 and x, € I'(6,) = [0, f(6,)] for all n € N. Define
€ = sup,en ||0n — 0] and let B.() (which contains all ,,’s) denote the closure of the open ball

centred at 6 with radius e. Since the set

which contains all x,,’s is compact, there exists a convergent subsequence (x,, )i of (zy), with limit
point x in the set above. By construction, we have 0 < z,, < f(6,) for all n € N so that, by
continuity of f, 0 <z < f(6); i.e., x € T'(9). Hence, T is upper hemi-continuous at 6.

Fix 6 € ©. Take a sequence (6,,),, in © with 6,, — 6 and = € F(#) (and such an z exists because
I'(#) is nonempty). Let v := 7oy < 1and y, = ~vf(0,) for all n € N. Then, y, € I'(d,) for all
n € N and

Jim g, = lim f(0,) =7f(0) = =,

where we used that f is continuous. Hence, I' is lower hemi-continuous at § € ©.

1.2 A simpler theorem of the maximum

Let us state a simpler theorem of the maximum that requires I' to be continuous everywhere and

we omit the result that solution correspondence is closed at each point.

-3-
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Theorem of the Maximum* Suppose © C R? and X C R? and let I' : © = X be a nonempty-
valued, compact-valued and continuous correspondence, and f : X x ® — R be a continuous
function. Then, the solution correspondence X* : © = X defined as X*(0) := arg max,cp() f(z,0)

is nonempty-valued, compact-valued and upper hemi-continuous.

Remark 2. To be precise, in class, we proved the version in which we only required I" to be continuous
at some 6y € O and obtained that: (i) X* is nonempty-valued, compact-valued, upper hemi-

continuous at 6, and closed at 6y; and (ii) f* is continuous at 6.

Remark 3. Let X = © := R and f(x,0) = x. Cousider the problem of maximising f with
respect to x given each of the three constraint correspondences in 1. Let X} denote the solution

correspondence given constraint correspondence I' : © = X:

z  if0=0 {1} if6=0 {0} if6o=0

Xi (0) = , X7, (0) = Ar, (0) = :
£ () {0} ifO+£0 £ () £ (9 {1} ifo+£0

{0} if0£0

Observe that: Xp (0) is empty (i.e., compactness of I' is necessary); X is not upper hemi-
continuous at 0 (i.e., lower hemi-continuity of " is necessary); XT, 1s not upper hemi-continuous at

0 (i.e., upper hemi-continuity of I" is necessary).

Remark 4. The theorem does not tell us that X™* is lower hemi-continuous—and it cannot. To see
this, suppose X =0 :=[0,1], ['(#) := [0, 1] for all § € O, and f(x,0) := x6. Then,

0,1 f6=0

X (0) = =0
{1} ifé6#0

which is not lower hemi-continuous (but it is, nonempty-valued, compact-valued and upper hemi-

continuous).

Proof of Theorem of Mazimum. Fix 0 € ©. Because the set I'(f) is nonempty and compact, and
f(z,0) is continuous in z, extreme value theorem tells us that f(-,0) attains a maximum at some
x* € T'(0); i.e., X*(0) is nonempty. Moreover, since X*(6) C I'(d) and I'(#) is compact, X* () is
bounded. To show that X*(6) is closed, take any convergent sequence (z), in X*(6). Because
I'(9) is closed, x} converges to some z* € I'(§). Because f*(0) = f(z},0) for all n € N and f is
continuous, we must have f(z*,0) = f*(0). Hence, z* € X*(0); i.e., X*(0) is closed. Since we
chose 6 arbitrarily, it follows that X* is nonempty-valued and compact-valued.

To show that X* is upper hemicontinuous, fix § € © and take any sequence (6,), in © that
converges to . Choose some z, € X*(0,) for all n € N. By upper hemi-continuity of I', there
exists a subsequence (z, )i of (z,)n such that z,, — z € I'(¢). Fix any z € I'(f). Since T is lower
hemi-continuous, there exists a sequence (z,, ) such that z,, — z and z,, € I'(f,,) for all kK € N.
Since f(@n,,0n,) > f(2n,,0n,) for all k € N and f is continuous, we must have f(z,0) > f(z,0).

Since this holds for any z € I'(f), we must have x € X*(0); i.e., X* is upper hemi-continuous. W
Remark 5. In class, we proved the result by relying on the following lemmata:

Lemma 3 X* is closed at 6.
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Lemma 4 Suppose Z C R and Y C RY and let Fy, F, : Z = Y with Fi(2) N Fy(z) # @ for all
z€ Z. Define F' : Z 3Y by F = FiNF;. If F] is compact-valued and upper hemi-continuous

at zg € Z, and if F5 is closed at zg, then F' is upper hemi-continuous at zg.

We used the fact that I is lower hemi-continuous (as well as the fact that f is continuous) to prove
lemma 3. We then obtained the result by letting F; = I' and F» = X™* in lemma 4. We did so to
highlight why we require f to be continuous (i.e., not just upper semi-continuous), as well as to
obtain the additional result that X* has a closed graph.

Remark 6. Recall that for existence of a maximum, we only need the objective function to be
upper semi-continuous. So what can we get if we only have that f is upper semi-continuous? Let
X =10,1], © :=(0,1], T'(§) := [0, 6] for all § € © and

1—2z ifxze€l0,0.5)

f(z,0) = _ .
3—2x ifxel0.5,1]

Observe that f is upper semi-continuous (and in particular, not lower semi-continuous), and

(0} if6e(0,05)
(0.5} if6 e (0,05)

which is not upper hemi-continuous at 0.5. However, observe that

1 if 6 € (0,0.5)
f*(0) = max f(x,0) =
2€l'(6) 2 if 6 e (0,0.5)

is upper semi-continuous.

Proposition 2. Suppose © C R% and X CR? and let T : © = X be a nonempty-valued, compact-
valued and upper hemi-continuous correspondence, and f : X x © — R be an upper semi-continuous

function. Prove that f*(0) == max,cr(g) f(7,0) is upper semi-continuous.

Proof. Take any sequence (6,,), in © with 8,, — 6 for some 6 € ©. Toward a contradiction, suppose
that f*(0) < limsup,,_,o f*(6n). For each n € N, take x,, € I'(,,) be such that f(z,,60,) = f*(0n)
which exists because ¢ is upper semi-continuous and I'(6,,) is compact (why?). Thus, there exists
a subsequence (f(Zn,,0n,))k of (f(xn,0n))n such that f(z,,,0,,) — limsup,,_, . f*(0n) (why?).
Hence, there exists an € > 0 and K € N such that

f(xn,,00,)— f*(0) >eVk > K.

Then, by upper hemi-continuity of I', there exists a subsequence (xnkz) ¢ of (xn,)r that converges
to a point z € I'(#). Then,

limsup f (n,,00n,, ) = £ (0) = € & limsup f (wn,,00,, ) > f (2,60) = [ (0),

£— 00 £— 00

which contradicts the upper semicontinuity of ¢ (which requires the inequality above to hold with
<). |
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